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Question 1

Consider a particle of mass m attached to a spring of stiffness k. The position of the particle is denoted X (¢). Newton’s
equation, together with initial conditions, writes :

mX"(t)+kX(t) =0, 0<t<T,
X(0) = Xo, (1)
X'(0) = V.

1. Check that

2. Let N be the number of time steps, h = % and t, = nh where n = 0,1,..., N. Let X,, be the approximation of
X(t,) obtained using the Newmark’s scheme :

X —2X,+ X, _ X 2X X, _
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h? 4
How can X; be computed ?

3. Prove that

1m<Xn+1h_ Xn)2+ %k_(Xn+l2+Xn>2 _ 1 (Xn _Xn—1)2+ 1 (Xn+Xn—1)2.

Question 2

Let f € C°([0,1]), a € C°(]0,1]), a(z) > 0 and u € C?([0, 1]) be such that

_% (a(m)g@)) =f(z), O<z<l, (3)

Let N > 0. h = ﬁ and x; = ih, i = 0,1,..., N + 1. Let u; be the approximation value of u(z;), ¢ = 0,1,..., N.

Consider the finite difference scheme
1 Uiyl — Uj U; — Ui—1 .
75 (a(xH—%)Jrha(xz—%)h) :f(xl)) ZZO,l,...,N,

with Ug = 0= UN+1-
— Check that A is symmetric positive definite.
— The matlab file diffin.m implements the method when a(z) = 1. Implement the scheme when a(z) =1 + z and

u(z) = z15%. Check numerically that : mazi<i<n|u(z;) — u;| = O(h?)

Question 3

Graded Exercise for Group 2



(a)

(b)

(c)

Let f € C°[0,1] such that
—u"(z) +u/ (z) +u(z) = fz) 0<z<l,
w0)=0 4/ (1)=0

and prove that,

! / 2 2 d 1 1 2 _ ! d
| @@y + w@)e + 5@ = [ @t

Let Q0 C R? open, bounded, 7 unit external normal, @ € R2, f € C°(Q), I'_ = {# € 9Q; @ - 7t < 0}, assume there

exists u € C?(12) such that

— Ai(D) +a - Vi(#) + a(@) = f(&) VEeq,

and prove that,

()12 + ((x))? LG 2)i(2)da
Lava@iF + @@+ [ a-amilas= [ faa@.

Q/T_

Let T > 0, Q C R? open, bounded, 7 unit external normal, @ € R? iy € C°(Q), f € C%Q), I_
0Q; 1 - it < 0}, assume there exists @ € C%1(Q x [0,T]) (C? in space and C! in time) such that

T L I .

E(w,t) — AU(Z,t)+a-Vu(z, t) =0 V(&t) e Qx[0,T],

@(Ft)=0 VEel_ 0<t<T

u(Z,t
augi, ) —OVF eI T_0<t<T
7

u(Z,0) = Up(Z) V¥ e
and prove that,
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(aE’,T))Qder/ /||Va’(f,t)|\2da:dt+/ / g 7S oy - f/(ao(f))%.
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