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Question 1

Consider an s-stages implicit Runge-Kutta method for solving y/(t) = f(t,y(t)), y(to) = yo € R?

]{31' :f(thrcih,yOJthaijkj) iil,...,87 (1)
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Y1 =1yo+ hzbiki
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Here ¢;, bi,aij € R and satisfy cp=0,¢= Zj’:l Qij .

Assume f : R x R? — R is Lipschitz continuous (with constant L and norm || - ||) with respect to the second variable.
Prove that there exists a unique solution of (1) if A <

L max 3051 laij]

Indication : consider the fixed point iteration

kngrl) = f(to + cih,yo + hzaijkg('m)) m=0,1,2,.. @)

j=1

and use Banach fixed point theoreml

Question 2

Graded exercise for group 3

Finish the proof of Theorem 1 to obtain the third order conditions.

Question 3

Consider the ordinary differential equation given by
{ g(t) =My(t), 0<t<T, 3)
y(0) = wo,

with A < 0. Let N be a positive integer, let h = % be the time step and ¢, = nh where n =0,1,..., N.
Consider now an order 4 RK scheme with 4 stages to approximate . Let

2 .’ES .’E4

p4(1’)=1+1’+5+§+1.

— Prove that yn = (p2(Mh)) N yo.
— Prove that there exists C' > 0 such that YA < 0,Vh > 0 such that |ps(Ah)| < 1, VT > 0 and Vyo € R,

ly(tn) — yn| < CIAPTh |yo|.


https://en.wikipedia.org/wiki/Banach_fixed-point_theorem

	
	
	

