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Question 1

Let T > 0, u0 : [0, 1] → R and u : [0, 1]× [0, T ] → R such that
∂u

∂t
(x, t)− ∂2u

∂x2
(x, t) = 0, 0 < x < 1, 0 < t ⩽ T ;

u(0, t) = 0, 0 < t ⩽ T ;
u(1, t) = 0, 0 < t ⩽ T ;

u(x, 0) = u0(x), 0 < x < 1.

(1)

We assume u0 and u are smooth and we want to prove that if u0(x) ⩾ 0 ∀x ∈ [0, 1] then u(x, t) ⩾ 0 ∀(x, t) ∈ [0, 1]×[0, T ].
Let u−(x, t) := max{−u(x, t), 0}. Prove that

1 d

2 dt

∫ 1

0

(u−(x, t))2dx+

∫ 1

0

(
∂u−

∂x
(x, t))2dx = 0.

Hint : multiply the heat equation by u−(x, t) and integrate between x = 0 and x = 1.

Question 2

Consider the time dependent advection-di�usion problem : Given T, ϵ > 0, �nd u : [0, 1]× [0, T ] → R such that
∂u

∂t
(x, t)− ϵ

∂2u

∂x2
(x, t)− ∂u

∂x
(x, t) = 1, 0 < x < 1, t > 0;

u(0, t) = 0, t > 0;
u(1, t) = 0, t > 0;
u(x, 0) = 0, 0 < x < 1.

(2)

Let M,N be large integers, h =
1

N + 1
, τ =

T

M
, xi = ih, i = 0, 1, . . . , N + 1, tn = nτ , n = 0, 1, . . . ,M .

(a) Proceed as in the lecture to write a di�erence scheme (write the PDE at time tn+1, use a backward Finite

Di�erence Formula for
∂u

∂t
and a centered FDF for

∂u

∂x
,
∂2u

∂x2
).

Write the scheme as
(I + τA)u⃗n+1 = τ 1⃗ + u⃗n, n = 0, 1, . . . ,M − 1,

where u⃗n has components un
i , i = 1, . . . , N , which are approximations of u(xi, tn) and where A has to be de�ned.

Assume h ⩽ 2ϵ.

(b) Prove that ||u⃗n+1||∞ ⩽ ||u⃗n||∞ + τ , so that ||u⃗M ||∞ ⩽ T .

(c) Prove that un
i ⩾ 0, i = 1, . . . , N , n = 1, . . . ,M .

(d) Let U⃗n ∈ RN with components u(xi, tn). Prove that, under reasonable assumptions on u,

(I + τA)U⃗n+1 = τ 1⃗ + U⃗n + τ r⃗n+1,

where ||r⃗n+1||∞ ⩽ C(h2 + τ), with C independent of h and τ .

(e) Prove that ||U⃗M − u⃗M ||∞ ⩽ CT (h2 + τ).



Question 3

Graded Exercise for Group 3

Implement the scheme studied in Question 2. The Matlab �le heat.m implements the heat equations, modify the
�le as required.

Check convergence : �x an ϵ = 0.01 and play with the space and time step to provide a three digits approximation of
u(x = 0.9, t = 0.5).

What happens when :

� T = 100, ϵ = 0.01, N = 99, M = 100?

� T = 100, ϵ = 0.01, N = 19, M = 100?
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Question 1

Following the hint, ∫ 1

0

∂u

∂t
(x, t)u−(x, t)dx−

∫ 1

0

∂2u

∂x2
(x, t)u−(x, t)dx = 0,

integrate by part the second term,∫ 1

0

∂u

∂t
(x, t)u−(x, t)dx+

∫ 1

0

∂u

∂x
(x, t)

∂u−

∂x
(x, t)dx = 0.

Since
∫ 1

0
∂u
∂t (x, t)u

−(x, t)dx = −
∫ 1

0
∂u−

∂t (x, t)u−(x, t)dx and
∫ 1

0

frac∂u∂x(x, t)∂u
−

∂x (x, t)dx = −
∫ 1

0
∂u−

∂x (x, t)∂u
−

∂x (x, t)dx we have,

1 d

2 dt

∫ 1

0

(u−(x, t))2dx+

∫ 1

0

(
∂u−

∂x
(x, t))2dx = 0.

Thus for any T > 0 :
∫ 1

0
(u−(x, T ))2dx =

∫ 1

0
(u−(x, 0))2dx and since u0(x) ⩾ 0 then

∫ 1

0
(u−(x, 0))2dx = 0 and∫ 1

0
(u−(x, t))2dx = 0 ∀t > 0 and u−(x, t) = 0.

Question 2

(a) The di�erence scheme reads
un+1
i − un

i

τ
− ϵ

un+1
i−1 − 2un+1

i + un+1
i+1

h2
−

un+1
i+1 − un+1

i−1

2h
= 1, n = 1, . . . ,M − 1, i = 1, . . . , N ;

un
0 = 0, n = 1, . . . ,M − 1;

un
N+1 = 0, n = 1, . . . ,M − 1;
u0
i = 0, i = 0, . . . , N + 1.

(1)

(b) Let k be such that |un+1
k | ⩾ |un+1

i | for every i = 1, . . . , N . Then,(
1 +

2τϵ

h2

)
un+1
k = un

k +
(
− τ

2h
+

τϵ

h2

)
un+1
k−1 +

( τ

2h
+

τϵ

h2

)
un+1
k+1 + τ.

Since h ⩽ 2ϵ, this implies(
1 +

2τϵ

h2

)
|un+1

k | ⩽ |un
k |+

(
− τ

2h
+

τϵ

h2

)
|un+1

k |+
( τ

2h
+

τϵ

h2

)
|un+1

k |+ τ

and therefore
||un+1||∞ = |un+1

k | ⩽ |un
k |+ τ ⩽ ||un||∞ + τ.

(c) Let k such that un+1
k ⩽ un+1

i , for every i = 1, . . . , N . It su�ces to show that un+1
k ⩾ 0. Then(

1 +
2τϵ

h2

)
un+1
k = un

k +
(
− τ

2h
+

τϵ

h2

)
un+1
k−1 +

( τ

2h
+

τϵ

h2

)
un+1
k+1 + τ

⩾ un
k +

(
− τ

2h
+

τϵ

h2

)
un+1
k +

( τ

2h
+

τϵ

h2

)
un+1
k + τ

and thus
un+1
k ⩾ un

k + τ ⩾ 0.



(d) Assume that u(x, t) is C4 in space and C2 in time. Then

Un+1
i − un

i

τ
− ϵ

Un+1
i−1 − 2Un+1

i + Un+1
i+1

h2
−

Un+1
i+1 − Un+1

i−1

2h
= 1 + rn+1

i ,

with

rn+1
i ⩽

h2

12
max

(x,t)∈[0,1]×[0,T ]
|∂

4u

∂x4
(x, t)|+ τ

2
max

(x,t)∈[0,1]×[0,T ]
|∂

2u

∂t2
(x, t)|+ h2

6
max

(x,t)∈[0,1]×[0,T ]
|∂

3u

∂x3
(x, t)|.

(e) Setting e⃗n = U⃗n − u⃗n, we have
(I + τA)e⃗n+1 = e⃗n + τ r⃗n+1

and thus
||e⃗n+1||∞ ⩽ ||e⃗n||∞ + τ ||r⃗n+1||∞ ⩽ ||e⃗n||∞ + τC(h2 + τ),

which implies
||e⃗M ||∞ ⩽ ||e⃗0||∞ + C τM︸︷︷︸

T

(h2 + τ).

Question 3

Convergence,

M N u(x = 0.9, t = 0.5)
200 100 9.379287e− 02
400 200 9.392789e− 02
800 400 9.399461e− 02
1600 800 9.402778e− 02
3200 1600 9.404431e− 02

As t grows, the solution converges to the solution of the di�usion convection problem seen in Problem Sheet 7 exercise
1, but re�ected with respect to the y-axis since the advective term is with the minus sign. As for the di�usion convection

Figure 1 � Numerical solution for t=1,2,3,4,10,100.

problem, the numerical solution oscillates if h is too large (N too small).

Figure 2 � Numerical solution for N=19,99.


