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Question 1

Let T' >0, up : [0,1] = R and w: [0,1] x [0,7] — R such that

ou 0%u
u(0,t) =0, 0<t<T; (1)
u(l,t) =0, 0<t<T;

u(z,0) =up(x), 0<z<l.

We assume ug and u are smooth and we want to prove that if ug(z) > 0 Va € [0, 1] then u(z, t) > 0V(x,t) € [0,1]x[0, T].
Let v (x,t) := max{—u(z,t),0}. Prove that

1d [t _ L ou
(u (as,t))Qd:L’qL/O (W(I,t))Qd?E:O.

2.dt J,

Hint : multiply the heat equation by u™ (x,t) and integrate between z = 0 and z = 1.

Question 2

Consider the time dependent advection-diffusion problem : Given T, e > 0, find u : [0, 1] x [0,7] — R such that

ou %u ou
a(x,t) e@(m,t)—%(x,t)zl, 0<z<l1, t>0
w(0,8) =0, t>0; (2)
u(l,t) =0, t>0;
u(z,0) =0, 0<z<l.
Let M, N be large integers h—L —zx-—ihi—01 N+1,t,=n7,n=0,1 M
i g g ’ _N+17T_M7 (2 I T My byt y lp = NT, R Rt I .
(a) Proceed as in the lecture to write a difference scheme (write the PDE at time ¢,41, use a backward Finite
0 ou  9?
Difference Formula for — and a centered FDF for —u, —u)
ot Ox’ 0x?

Write the scheme as
(I+7A)a" ™ =r1+a", n=0,1,...,M —1,

where @™ has components u}', i = 1, ..., N, which are approximations of u(z;,t,) and where A has to be defined.
Assume h < 2e.
(b) Prove that ||#" || < ||#"||eo + 7, so that || ||e < T.
(¢) Provethatu? >0,i=1,...,N,n=1,..., M.

(d) Let Um € RN with components u(z;, t,). Prove that, under reasonable assumptions on u,
I+ 7'%1)[7”"'1 =71+ 0" + it

where || *1]| < C(h? + 1), with C independent of h and 7.
(e) Prove that [|UM — @M||, < CT(h? + 7).



Question 3

Graded Exercise for Group 3

Implement the scheme studied in Question 2. The Matlab file heat.m implements the heat equations, modify the
file as required.

Check convergence : fix an € = 0.01 and play with the space and time step to provide a three digits approximation of
u(z = 0.9,¢t = 0.5).

What happens when :
— T =100, e =0.01, N =99, M = 1007
— T =100, e =0.01, N =19, M = 1007
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Question 1

Following the hint,

quz(xt) (xtda:—/82xt) “(x,t)dx =0,
integrate by part the second term,
O ?9? (z,t)u~ (z,t)dz + 01 %(x,t)%(x,t)dx = 0.
Since [y 5¢ (x, t)u™ (2, t)dw = 01 0u” (z,t)u (z,t)dz and [,
fracoudz(z, t) ' (z,t)de = — [y 25 (2, £) % (2, t)dx we have,
1d

2 dt

Thus for any 7' > 0 : fo ~(z,T) de—f
fo xthm—OVt>0andu( t) = 0.

Question 2

(a) The difference scheme reads

n+1 n n+l n+1 n+1 n+l  n+l
Ui T U Yo 2up T gy ugy —uty 1
T h? 2h ’
ug = 0,
n —
un =0,
u? =0,

(b) Let k be such that [u} ™| > |ul"*!| for every i = 1,..., N. Then,

27e n+1 n n—i—l
<1+ﬁ> :“’fJF( 2h+h2> +(

2¢, this implies

(14 25 gt < gl + (= o+

Since h <

and therefore

" oo = Jup ™ < Juf| + 7 < |00 + 7.
(c) Let k such that ujt' < ul*!, for every i = 1,..., N. It suffices to show that u}*'
2T€ T TE TE
R (s (5 )
(+h2 uet (Tt )i T gy e
n T TE n n
>“k+(*%+ﬁ)uk+l+<2h+h2) oy
and thus

(x,0))%dx and since ug(z) >

o ) 1%7_95 2y _
(@ 0) dm+/0(ax( 1))2dz = 0.

0 then fo

— 1. M—1

n=1,...,M —1;

n=1,...,M —1;

i=0,. .. N+1.
T TE\ a1

2 h2> Uit T

e it (g g+ 7

n+1
Upyy T 7

(2,0))%2dz = 0 and

> 0. Then



(d) Assume that u(z,t) is C* in space and C? in time. Then

+1 n+1 n+1 n+1 n+1 n+1
Uty UM 207 4 U Ut —urt

7 41 41 7 _ n+1
_ =147
T n? 2h T
with
h? 0*u T 0%u h? 03u
ntl t — —(z,t — ——(z,1)].
‘ 12 (2.0)€0a1%[0,7] |8x4 (z,6)] + 2 (e,)el0 1% [0.7] | ot2 (@, 2)] + 6 (2610 % [0.7] |5$3 (, )]

(e) Setting & = U™ — @", we have
(I+71A)e" Tt = 4 rmt!

and thus
1E oo < 11E% oo + 71" 1o < 11E%]100 + TC(R2 + 1),
which implies
18% oo < N1E%]]oc + C ZM(h® + 7).
T

Question 3

Convergence,

M N | u(x=0.9,t=0.5)
200 100 9.379287e — 02
400 | 200 9.392789%¢ — 02
800 400 9.399461e — 02
1600 | 800 9.402778e — 02
3200 | 1600 9.404431e — 02

As t grows, the solution converges to the solution of the diffusion convection problem seen in Problem Sheet 7 exercise
1, but reflected with respect to the y-axis since the advective term is with the minus sign. As for the diffusion convection

Numerical solution
© o o o o o
oW oR o N

o

o

FI1GURE 1 — Numerical solution for t=1,2,3,4,10,100.

problem, the numerical solution oscillates if h is too large (IV too small).

Numerical solution

FIGURE 2 — Numerical solution for N=19,99.



