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Question 1

Graded exercise for group 3

Let f € C°([0,1]) and let u € C*([0, 1]) be such that

—u" (x) = f(z), O<z<l, (1)
w(0) = 0, /(1) = 0.
Let N >0, h =

(2)
v and @; = ih, i =0,1,..., N + 1. Let u; be the approximated value of w(z;),i=1,...,N+1. The
finite difference method leads to the linear system Aii = f, where f € RN+ A € ROV+DX(N+1) are defined by
% _% U1 f(z1)
_% % 0 U2 f(x2)
A= : :
0 % % _% uN f(zn)
11
~“n 7 UN+1 Bf(@ns1)

Extend the convergence proof of the lecture to this particular case.
Hint : Use the fact that @ € RY defined by w;

= w satisfies A% > 1 and Question 2, and prove that AU =
where U € RV*! has components u(z;) and

F+

~ 5y (u) () +u(51))
h

1 (U(4)(a2) +u® (52))

7= :
2
_lej (u(4)(aN) 4@ (5N))
h2, m
gu" (ant1)
Question 2
Let
(€51 -
—B1 (%) -2 0
A - )
0 —BN—2 QaN—1 —YN-1
—Br-1 an

with ; >0,7=1,....,Nand 8; >0, >0,i=1,
Also a; > 71 and ay > By_1-

...,N— 1 and (67 > ﬁi,1 +’yi, 1= 2,...,N— 1.
Prove that A2 > 0= 2> 0.



Question 3

Consider the problem, given f :[0,1] — R, find »: [0,1] = R

—u’(z) = f(z) O0<z<1,
{u(O) =0 wu(l)=0. 3)

Let N be a postive integer, h = ﬁ, x; =1ih,1=0,1,..., N + 1, and the schema (Numerov 1924)

—ui—1+2ui—uiy1 _ f(®i—1)+10f(z)+f(Tigr)
: h? = : 12 = t= 1?"'7N7 (4)
ug = 0 UN+1 = 0.
Prove that Vf € C*[0,1], 3C > 0, V0 < h < 1,
max_|u(z;) — us| < Ch™. (5)

1<i<N
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We have
h2 1 h3 "
u(zy) = u(eny1) — b’ (zy11) + - U (@Nt1) — —u"(an+1),

for some xn < any1 < Tny1, and thus

2

w(@y 1) — u(zn) = gf(xN_H) + %u’”(ouvﬂ)-

h

Therefore, AU = f+ 7, with

h2
Y (U(4)(041) +ul (B1))

=
I

_hj (u(4)(aN) +u® (5N))
24 )

"
—u"(«
(i)
where z; < a; < Tit1, and z;_1 < ﬁl <z, t=1...,N.
. 1 1
Hence, ||7]|oo < Ch?, with C' = max (02132(1 E|u(4)(x)|, ax, 6|u”’(x)|)
Then, note that A satisfies the assumption of Question 2, we thus conclude that Av > 0= 7 > 0.

Using Aw@ > 1 and proceeding next exactly as in the lecture, we get that if A7 = §, then

_ S A 3
18]loe < [[@llool1Flloc < 5119loc-

—

Since A(U — 1) = 7, we conclude that
[|U — ]| oo < Ch?.

Question 2

Let zp s.t. 2z < z;, i = 1,..., N. Then it sufficies to show that z; >
— If k=1, (A2)x > 0 writes a121 = 7121 that is (a1 — y1)21 =
Since ay > ; this implies z; > 0.
— If k=N, (Az2)r > 0 writes ayzy = BNv_12N-1.
If any = Bn—1, 2v > zy—1 thus zy = zy_1.
If anN > ﬁNfl, QANZN > 5]\77121\[ that is (aN — BNfl)ZN > 0 so ZN > 0.
— Ifke2, ..., N—-1, (Az)k > 0 writes agzr = Br_12p-1 + VeZh+1 = Br—12k-1 + Y2k
0 (ap —Yi)2k = Br—12k—1-
We know ayx — yr = Br—1-
If ap — vk = Br—1, 2k = 2zx—1 thus 2z, = z_1.
if o — & > Br—1, (ax —Yk)2k = Br—12k that is (ax — vk — Br—1)2r = 050 2 > 0.
Repeat the process for k — 1 instead of k and so on until we reach k& = 1.
In all cases z; > 0.

0.
0.



Question 3

Fori=1,...,N,
2 h6
w(zir1) = u(x;) + ha'(z;) + ?u”(xi) +..+ au(e’)(ai) T <y < Tigl,
h2 h6
u(zi—1) = u(z;) — hu'(z;) + ?U”(mi) +ot aU(G)(ﬂz‘) zi—1 < Bi <z,
then,
—Ui—1 + 2u; — u; h? h*
flag) = —u(z;) = : h2 =+ QZ“M)(%‘) +E(“(6)(ai) +u?(8:)),
! !
=7 ()

by rearranging the terms,

—U;—1 + 2U; — Ujq1
72

h? h*
= f(zi) + QEfH(xi) + a(f(4)(ai) + 1M(8)).
Notice that,

f@im1) —2f (@) + f(@iy1) h*

() = 72 E(f(@ (7)) + fP()  zi<v <@g Ti1 <6 < .
Thus,
—Uj_1 + 2u; — U1 _ f(xifl) + 10f(x1) + f(l’iJrl) .
h? 12 v
and
il < |19 )
6 ogast ’

Finaly, setting U = (u(z1), ..., u(zy))’ you get the system of equations A(U — @) = 7 and

- 1 1
10 = lloo < glI7lleo < g5/ (@) 2%
N———

c



