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Question 1

Consider an s-stages implicit Runge-Kutta method for solving y/(t) = f(t,y(t)), y(to) = yo € R?

]{31' :f(thrcih,yOJthaijkj) iil,...,87 (1)

j=1

s
Y1 =1yo+ hzbiki
i=1
Here ¢;, bi,aij € R and satisfy cp=0,¢= Zj’:l Qij .

Assume f : R x R? — R is Lipschitz continuous (with constant L and norm || - ||) with respect to the second variable.
Prove that there exists a unique solution of (1) if A <

L max 3051 laij]

Indication : consider the fixed point iteration

kngrl) = f(to + cih,yo + hzaijkg('m)) m=0,1,2,.. @)

j=1

and use Banach fixed point theoreml

Question 2

Graded exercise for group 3

Finish the proof of Theorem 1 to obtain the third order conditions.

Question 3

Consider the ordinary differential equation given by
{ g(t) =My(t), 0<t<T, 3)
y(0) = wo,

with A < 0. Let N be a positive integer, let h = % be the time step and ¢, = nh where n =0,1,..., N.
Consider now an order 4 RK scheme with 4 stages to approximate . Let

2 .’ES .’E4

p4(1’)=1+1’+5+§+1.

— Prove that yn = (p2(Mh)) N yo.
— Prove that there exists C' > 0 such that YA < 0,Vh > 0 such that |ps(Ah)| < 1, VT > 0 and Vyo € R,

ly(tn) — yn| < CIAPTh |yo|.


https://en.wikipedia.org/wiki/Banach_fixed-point_theorem
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Question 1

Equation can be written in compact form as
K(7rz+1) — F(K(m)),
with
K(m) :(k§m)77kgm))T7 FZ(K):f t0+cih7 yO"’hZaijkj 3
j=1

for all K = (kl,...,k ) € R% (recall k; € Rd)
Now take K = (z1,...,2,)7 and K = (Z1,...,%,)T € R?%. By the Lipschitz continuity of f in the second variable,

IE:(K) = Fy(K)|l < Lh ||y aij (2
j=1

s
<LhY laglllz — %
j=1

Define the norm
151 i= o 1]
Then for every 7, ||z; — Z;|| < | K — K||. Hence,

S

|F(K) = F(E)) < Lh( Y laysl) 1 — K]

=1
Taking the maximum over i = 1,...,s,

IF(K) — F(K)| = max || Fi(K ) — Fi(K)|

(Lh max Z las;| )||K K.

Therefore, F' is a contraction whenever

hL max Z la;;| < 1.

1<i<s

By the Banach fixed point theorem, the iteration K(m+1) = F(K(m)) converges to the unique fixed point K*, which
is exactly the solution of (2).

Question 2

In the formalism introduced during the lecture, we have that

3
y(to + ) = o + hfo + fofo+h( /(for fo) + Fofofo) + O(HY).

We denote the numerical solution



yi(h) =yo+hY_ biki(h)

i=1
®(h)
We have the following expansion

h3

y1(h) = yo + ®(0) + h®'(0) + %24)”(0) + F<I>’”(0) + O(hY).

To have a method of order 3, we need to derive an expression for ®"/(0),

O (h) =3 bik'(h)+h > _ bk} (h)
=1 1=1

choosing h equal zero, implies that we have to derive an expression for k/'(0).
Again from lectur formalism ¢ = hzsizl a;jk;(h),

k;l(h)—fﬁ y0+1/h Zaw +hzalj +f yo-HPz Zazg j —|—hZa”k”
which leads to,
K/ (0) = f"(yo) (f W0), F(w0)) Y aijair +2f (wo) ' (o) f(wo) > ajan.

J.k=1 j,k=1
Then we have finished, it is enough to put all the elements togheter and evaluating |y(to + h) — y1].

Question 3

The exact solution of the ODE is :

y(tn) = yoe V.

A 4 stages RK method applied to (3] yields :

k1= Ayo

k2 = Ayo + hA\%a21yo

ks = Ayo + h(as1 + as2)Nyo + h*as2a21 2 yo

ks = Ayo + h(aa1 + asz + asz) \*yo + B (asza21 + aszasy + aszas2) N>yo + hPaszassas ANyo

and
y1 = Yo + h(b1k1 + baka + bsks + bakys).

Using explicit expressions of the k; and the 4-th order conditions, we have that

y1 = pa(Ah)yo
By induction, we get

yn = (pa(AR))N
Then

y(tn) —yn = yo ("N — (pa(AR))N) =

Yo
Assuming ps(Ah) < 1 and since |e* — py(z)| <

( — pa(Ah)) (e’\h(N_l) + M=y (AR) + ... + (p4()\h))N_1) .
22’ Vo > 0, we have

1
ly(tn) —yn| < §|)\|5h5N|yo|-
Below, we plot the stability domain of the method in the complex plane, i.e. for A € C the set Srx defined by

Srx ={z=hA:|pa(z)| <1}.
We compare it to the stability domain of the forward Euler scheme

Sp={z=h\:|1+2| <1}.
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FIGURE 1 - Stability domain of the forward Euler scheme (left) and a 4-stages RK method of fourth order (right).



	
	
	

