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Question 1

Let us write a general s stages RK method for (2) as

Ky =F(Y(0))
Ko = F(Y(0) + hag1 K1)
K3 = F(Y(0) + h(as1 K1 + asa K3))

Ks = F(Y(O) + h(alel + CLSQKQ + ...+ ass_le_l)
Y1 =Y(0)+h(b1 K1 + ... + bs Ks)

By definition of F', we have that

We set k1 = f(to,y0) and we have

Then, we have

Y0+h(l21K1 = ( t0+ha21 )

Yo + haz k1
Thus

K, — 1
> 7 \f(to + has1,yo + hasiki) ) -
Reproducing this process until the s — th stages, we find that

o ()

with ks = f(t() -+ h(asl + ago + ... + ass_l),yo + h(aslkl —+ ...+ ass_lks_l)).
Therefore we have that

AT 1 1 1 _ to+ h(by + ... + bs)
= (yo) h (bl (kn) 02 <k2> Tt 0 (k2)> = <y0 4 h(biky 4 o+ boky) )

Thus, this is a s stages RK method provided
i—1 s
ci:Zaij, IZZbi.
j=1 i=1

Question 2

The exact solution of the ODE is :

y(tn) = yoe* .

A 2 stages RK method applied to (3) yields :



k1 = Ayo
k2 = Ayo + hA%a21yo

and
y1 = yo + h(b1kr + baks).

From the thoery we know that 25:1 b; = 1, also Z;Zl asj = ¢z and bacy = % This lead to :

<h;>2> |

Finally,

y1 = p2(Ah)yo.

By induction, we get

YN = (pQ()\h))Nyo~
Then

y(tn) = yn = yo (€N = 2())Y) = o (M = pa(AR)) (NN 4 NNy (Ah) -+ (p2(AR) V)

0
Assuming p2(Ah) < 1 and since |e® — pa(z)| < 522 Vo > 0, we have

1

30
1

ly(tn) —yn| < §|)\|3h3N|y0|.

In the real domain, we can check that |p2(z)| < 1. The inequality |1 + x + “"—;| < 1 is equivalent to :

1172
“l<lta+ <1 (1)

This gives two separate inequalities to solve : 1 + = + %2 > —1and z (1 + %) < 0.
Concerning the first one, the discriminant is A = 4 — 16 = —12 < 0. Since it is negative and the coefficient of z? is
positive, this quadratic is always positive. So this inequality is satisfied for all real x.

Moving to the second one, we have (2 + z) < 0. So, we need to find where the product is negative. The roots are
r=0and x = —2.

Using a sign chart :
— For x < =2 : 2 <0 and (2 + ) < 0, so the product is positive
— For -2 <2 <0:2<0and (24 ) > 0, so the product is negative
— Forz>0:2>0and (2+ ) > 0, so the product is positive
Therefore, (2 + z) < 0 when —2 < = < 0. Substituting = h), we get that h < —%.



