Exercise Set #6
Combinatorial Number Theory (2025)

E1. Provide a proof for the following properties that are mentioned in the lecture notes without a
proof.

(i
(ii

(i

) (ANB)—q=(A—-q)N(B—q);
) (AUB) —q¢=(A—-q)U(B—q);
) A —q=(A—-q)

(v AcCB = A—qCB-—q.

Solution: (i) Observe:

(ANB)—n={meN:n+mec AN B}
={meN:n+me Aandn+m e B} (1)

By definition we have that (ANB) —g={neN: (AN B)—n € q}, so by (1),
(ANB)—q¢={neN:(A—n)N(B—n) € q}.
On the other hand,

(A—gn(B-q)={neN:A—negtn{neN:B—-ne€q}
={neN:(A—n)eqand (B—n)€q}.

We therefore have to show:
(A—n)N(B—n)€eq <= (A—n) € qand (B—n) €q.

The direction = holds because ¢ is upward closed, and the direction <= holds because ¢
is closed under finite intersections.

(ii) Similarly to above, we have (AU B) —n = (A —n)U (B —n), so
(AUB)—q¢={neN:(A—n)U(B—n)€q},
while
(A—qu(B—-q)={neN:(A—n)eqor (B—n)cq}.

If (A—n)U(B —n) € q, then (A—n) € g or (B—n) € g, since q is partition regular. On
the other hand, if (A —n) € ¢ or (B —n) € g, then (A —n)U (B —n) € g, since ¢ is upward
closed. Thus, (AUB) —q¢=(A—¢q)U (B —q).

(iii) We claim A€ —n = (A —n)¢ for n € N. This once again holds by a similar argument to
part (i). Therefore,

A°—qg={neN:A—neqg}={neN:(A-n)eq}.




By definition,
(A-—q)f={neN:A-neqg}*={neN:A—ndq}.
But for n € N,
(A-n)feq < A—né¢q
by Corollary 36 in the lecture notes, so A° — q¢ = (A — q)°.

(iv) First, AC B = A—n C B—n for all n € N. Therefore, if A—n € ¢, then B—n € q,
since ¢ is upward closed. It follows that

A-—q={neN:A-neq¢gtC{neN:B-necq}=B—q.

E2. Let (x,)nen be a sequence in a compact Hausdorff space X. Recall that p- lim, ey z,, is defined
by
T =p- lirrl\llmn <= V U C X open neighborhood of z,{n € N: z, € U} € p.
ne
Show that for any p, q € SN,
0+ 0 e =7l B

In particular, if p is idempotent, then

- lim z,, = p- lim (p- lim x .
p oy I P nEN(p meN n—l—m)

Solution: For n € N, let y, = ¢-limnmeN Tntm, and let y = p-lim,en yn. We want to show
(p + @)-limpen T = y.
Let U C X be an open neighborhood of y, and let A = {n € N: z,, € U}. Note that

Aep+q <= A—q€p
<— {neN:A-negq}ep
<— {neN:{meN:m+necAlecq}tep
<— {neN:{meN:x,m €U} eq}ep.

By the definition of the limit along p, we have
{neN:y, U} ep.
Let n € N such that y, € U. Then by the definition of the limit along ¢, we have
{meN:zpmeU} €q.

Therefore,
{neN:{meN:z,yneUteqtD2{neN:y,cU}.

Since p is upward closed, we deduce

{neN:{meN:z,meU}€q}ep.




Thus, by (2), A€ p+q.

The set U was an arbitrary open neighborhood of y, so (p+¢)- lim,,ey x,, = y by the definition
of the limit along p + q.

E3. If A is an IP-set then for every m € N the set {n € A:m | n} is an IP-set.

Solution: Let A C N be an IP-set and 21 < x3 < ... € N such that FS(z;)°, C A

For j=0,1,...m—1,let C; :=={n € N:n=j mod m}. Then
N=CyU---UCy_1.

By the pigeonhole principle one of the cells, say C}, contains infinitely many terms of the
sequence. This yields
Y1 <y < ... € Ch,

such that (v;)72; C (z4)52,. Define (2;)32, by

znn=yn+..-+Ynm
22 = Ym+1 + .-+ Yom

Zn = y(n—l)m+1 + ...+ Ynm

Then by construction, we have

e 21 <2z9<..€N

km = 0 mod m, ie. (z,)22; € mN and thus

e Forany n e N, z, = k+---+k
——

m times

FS(ZZ)?il C mN.
o FS(%)°, C FS(v:)2; € FS(z)°; € A Indeed, a finite sum of z;’s yields a finite sum
of y;’s.

Combining these results we get FS(2)°; C mNNA = {n € A: m|n}, which shows that the
latter is an IP-set.




