Exercise Set Solutions #13
Combinatorial Number Theory (2025)

E1. Show that for any infinite set £ C N, the set of differences E — F is intersective.

Solution: Enumerate E = {n; < ny < ...}. Let A C N with d(4) = § > 0. Let
N > 671, and consider the sets (A — n1),...,(A — ny). Since Nd(A) > 1, there must
be 1 < i < j < N such that d((A—n;)N(A—mn;)) > 0. Shifting by n;, we conclude
d(AN(A—=(nj —n;))) >0,and n; —n; € E— E.

E2. Show that if R C N is intersective, then for any A C N with d(A) > 0 there is n € R such that
d(AN(A—n))>0.
Hint: Let 6 = d(A). Consider N = N( )+ 1, where N( ) satisfies (ii) of Corollary 84. Then
by partitioning the set A into sets A; each of length N, show that |A4;| > %N for “many”
ieN.

Solution: Let A C N with d(A) = §. Pick N = N(
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Claim: |A4;| > %N for ¢ in a set of positive density.

To prove the claim, since A has upper density J, then for large N, |AN[1, M]| > %M, or
equivalently, for large k,
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Suppose for sake of contradiction that [{0 < i < k: |A;| > N}] < (k‘ + 1) for large k.
Then we have
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yielding a contradiction. This implies the claim.

By the choice of N and the claim, for all 7 in a set of positive density, there are a; € A; and
n; € RN[1, N] such that {a;,a; +n;} € A. Using the pigeonhole principle we see that n;, =n
for some n € R, for i in a set of positive density. This concludes the proof.

E3. Prove the family of intersective sets is partition regular.

Solution: Let us first prove the following claim: if R is intersective, then for every § > 0,
there exists N () € N such that if Ny, Ny > N(0) and 4; C {1,..., N;} with |A;] - |Az| >
0 N1 N2, then (Al — Al) N (AQ — Ag) NR# 0.

Let C = Ay x Ay C{1,...,N1} x{1,...,Na}. Then |C| > §N1N2. By symmetry, we may



assume N1 < Ny. We can partition C' into diagonal slices

No—1 No—1
c= |J ©@n{@az+n):ze{l,....NM}H= |J Cu
n=—(N1—1) n=—(N1—1)

By the pigeonhole principle, there exists n such that
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Write C, = {(z1,21 +n),..., (@p,2p +n)} with 1 <2y < --- < 2p < Ny and k > IN;. By
the compactness principle for intersective sets, if IVy is sufficiently large, there exists r € R

and 1 <14 < j < k such that z; —x; = r. Since ), C A1 x Ay, it follows that z;,z; € Ay
and (z; +n), (zj +n) € Ay. Hence, r € (A1 — A1) N (Ay — Aa).

Now suppose R C N is an intersective set and R = R; URy. Assume R; is not an intersective
set. Then there exists A C N such that d(4) = a > 0 and Ry N (A — A) = (. Hence,
there is a sequence N, — oo such that A, = AN {l,...,N,} satisfies |[A,| > §N, and
Ry N (A, — Ay,) =0 for every n € N. Let B C N with d(B) = > 0, and let M,, — oo such
that B, = BN{l,..., M,} satisfies |B,| > gMn for n € N. Then for any n € N such that

min{M,, N,} > N (O‘Tﬁ), the claim above implies that RN (A, — A,) N (B, — By) # 0. In

particular, R N (B, — By) # (. Since B is an arbitrary set of positive upper density, this
implies that Ro is an intersective set.



