Exercise Set #10
Combinatorial Number Theory (2025)

E1l. For f,g,h: Zx — C, define
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(i) Prove A
T(f,9.h) = > f(©IEI(-E).
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(ii) Suppose || flloos [|19]|oos [|Plloc < 1. Show that

IT(f, 9. Wl < mind] flloo, I3llocs 1 2lso}-

Solution: (i) We start from the right hand side. Using the definition of the Fourier transform
and the Fourier inversion formula, we have

(ii) We focus only on the proof of |['(f, g, k)| < || f|les and note that the proofs of the others
two follow from similar arguments. Using part (i), we have that

L(f,9.h) = > f(©IEA(-E).
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To finish the proof, we utilize the Cauchy—Schwarz inequality and Plancherel’s identity to




get

ID(f.9, W) < IF1%] D 9(QR(=¢)
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as desired.

E2. By a randomly generated subset of Zy we mean a set A where each n € Zy has a 50% proba-
bility of being an element in A. Imagine flipping a coin N times and including the number n
in A if the nth coin flip is “heads” and excluding the number n from A if the nth coin flip is
“tails”. The next problem says that, almost surely, a randomly generated set is pseudorandom.

Let € > 0. Prove that the probability that a randomly generated subset of Zy is e-pseudorandom
converges to 1 as N — oo.
Hint:Use Hoeffding’s inequality: For independent random variables X7, ..., X} with |X;| <1,

t2
P(ISk — B[Syl 2 1] < 2exp <_2k> |

where S, = Zle X;.

Solution: We want to prove

]P’[ sup A(ﬁ)’ >e] —0

E€Zn\{0}

as N — oo.

Fix € € Zn \ {0}. From the definition of the Fourier transform, we have that

A =1 3 tame (-55).
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Let X,, be the random variable X,, = 14(n)e (—%) so that NA(£) = Sy = 27]:7:1 Xp. The




variables X1,..., Xy are independent and satisfy | X,,| < 1. Moreover,

ElSx] = S E[La(n)]e (-%) - ;i GIE

n=1

since £ # 0. Therefore, by Hoeffding’s inequality,

P HA(@‘ > e} =P[|Sy —E[Sn]| > Ne] < 2exp (-iN) .

Now, supgez,\ {0y ’fl(&)‘ > ¢ if and only if there exists £ € Zy \ {0} with )fl(f)‘ > €. Hence,

P| sup ‘/1(5)‘>6 :P[EISGZN\{O}, fl(f)‘>e}
¢eZn\{0}
< Y P HA(g)’ > e]
¢eZn\{0}
< 2(N —1)exp (—622N> .

This goes to 0 when N goes to infinity, so we are done.

E3. Prove Dirichlet’s approzimation theorem: for any a € R and any @ € N, there exist p,q € Z
with 1 < ¢ < @ such that
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Solution: For k € {0,1,...,Q}, decompose ka into its integer and fractional parts, i.e.

ko = |ka| + {ka},

with {ka} € [0,1). Divide the interval [0, 1) into @ sub-intervals of length é each:
1 1 2 Q-1 )
0,1)=0,=u|=, 2 u---u|¥—=1).
0.1 { Q> [Q Q) [ Q

Since we have () + 1 fractional parts, by the pigeonhole principle, two of them belong to the
same sub-interval, i.e. there there exist k, k" € {0,1,...,Q} such that k < k¥’ and

(Ko} — {ka}| < 22.




Set p:= |k'a] — |ka] and ¢ := k' — k. Then we have
lgo = pl = |[K'a — ko — ([K'a] — [ka])]
= [{¥'a} - {ka}]
1

< —.

Q
Dividing by ¢ yields the result.



