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Chapter 1

The Axioms

Zermelo-Fraenkel Set Theory is a first order theory with equality whose language only contains
a single binary relation symbol denoted by “€” and called epsilon. The objects over which the
variables range are called “sets”. When the relation x € y holds, we say that “x is an element
of y” or that “z belongs to y”.

Whether we consider Zermelo Set Theory (denoted Z), Zermelo-Fraenkel Set Theory (denoted
ZF), or Zermelo-Fraenkel Set Theory plus the axiom of choice (denoted ZFC), all three of them
consist in infinitely many axioms.

o Z corresponds to axioms (0)— (7)
o ZF corresponds to axioms (0)— (8)

o ZFC corresponds to axioms (0)— (9)

ZFC

Axioms of Zermelo-Fraenkel 4+ Choice

0. Set Existence

dr x ==z

(1) Extensionality

VxVy(Vz(zex«—»zey)ﬁxzy)
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(2) Comprehension Schema

VaVwi.. Ywu,dygVz(z ey «— (z €z A )

where ¢ = Q@ 2w, ..w,) 15 any formula whose free variables — if any — are among
x,z, Wi, ..., w,. Moreover, y is not free in .

(3) Pairing

VaVydz(z ez A y € 2)

(4) Union
VaHbV:EVy((;U EY AYEQ) > TE b)

(5) Infinity
Jx(Fy(yex AVzzéy) AVz(zex — zu {z} ex))

(6) Power Set

VeIyVz (Vu (uez > uea) > zey)
(7) Foundation
Vm(ﬂyyexﬁﬂy(yex A ﬂEIz(zex A zey))>
(8) Replacement Schema

VA Yw; ... Yw, [Vm(weA—»El!ygo)—>EIBVx(meA—>EIy(yeB A cp))]

where ¢ := V(4 Aw,,....w,) 18 any formula with free variables among z,y, A, w1, ..., wy,, and
where 3!y ¢ abbreviates

Jy (W(x,y,A,wl,...,wn) A Yz ((,0(.%, 2, A7 Wi, .- -, wn) -z = y))) .

(9) Choice
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1.1 Extensionality and Comprehension

Set Existence is not really needed since first order logic proves it without any hypothesis. i.e.,
formally, one has
Fdzxx = x.

So, it is redundant and should as well be omitted.
Extensionality says that what makes a set is its elements. This means that two sets that have

the same elements are the same sets. In other words, if two sets are different, there must
exist one element that belongs to one of them but not the other one.

Comprehension Schema is not a single axiom, but one axiom for each £-formula ¢. So these
are countably many axioms. The first idea that comes to mind is that given a “property
P” | to form the “set of all sets that satisfy the property P”. Since the theory we work
in is expressed in first order logic, such a property should be conveyed by a first order
formula — e.g. ¢ — with a single free variable, say x, and the “set of all sets that satisfy
the property P” becomes now

{ | ¢}

which is a notation for 3y Vz (x € y < ). But this does not work for it leads to Russell’s
paradox!:

take ¢ := x ¢ © — which is a notation for —x € x — and form y = {z | ¢}; i.e.,
y=A{r|z¢a}.

One comes to the following contradiction
(yey«—ydy).

For this reason, instead of claiming the existence of {z | ¢}, an instance of the Compre-
hension Schema requires a preexisting set z in order to form

{xez|p}.
In other words, it is the universal closure of
Jpz(zey —— (zez A ).

Notice that it is also required that y be not free in ¢ in order to avoid paradoxes that
would arise for instance from

EIny(a;ey<—>(x€Z A 9U¢3/))

!The same paradox was discovered a year before by Ernst Zermelo who did not publish it but rather make it
known to members of the University of Gottingen such as David Hilbert.
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as soon as z would be a non-empty set.
Since there exists a set, we are entitled to form a set y that satisfies Vo x ¢ y.

Definition 3. The empty set is the unique set y defined from any set z by

g:={rez|z#x}.

Notice that the empty set is unique by Extensionality.

On the other hand, there is no Universal Set. Or in other words, the collection of all sets
is not a set.

Theorem 4.
Z}\-. —3zVx x € z.

Proof of Theorem [4; Towards a contradiction, we assume JzVz x € z and form, by an
instance of the Comprehension Schema,

{rez|xé¢ux}

which is no different than
{z |z ¢}
which leads to Russell’s paradox.

[1H

Notice that Set Existence, Extensionality and Comprehension Schema together
prove that the empty set exists. But they cannot prove that another set exists.

Indeed, consider the following L-structure M = <{®} ,EM> where eM= @, i.e.,
MEo¢o.
One has

o M = Set Existence
o M |= Extensionality
o M | Comprehension Schema.

Hence,

M = {Set Existence, Extensionality, Comprehension Schema}
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and

MEVYz z=0.
Therefore

{Set Existence, Extensionality, Comprehension Schema} £ 3z = # .

1.2 Pairing, Union and Replacement

Pairing is an axiom that, given two sets, provides a pair of sets. It reads
VaVydz(z ez A y € 2)

which only says that given sets x and y, there exists some set z that contains both of them.
In fact, this axiom does not say z = {x,y} but {z,y} < z. In order to obtain exactly the
set {x,y}, it is enough to apply Comprehension Schema:

{z,y} ={aez|a=2 v a=y}

This set is unique by Extensionality.

Example 5. So, now we can build infinitely many sets, for instance
o {o}=1{9,9}
o {{g}} = {{a}. {o}}
o {tieth) = {{a}}, Hal}), ete

Notation 6. We recall that given any set y and any formula o,

o dz €y ¢ abbreviates Jx(x €y A )
o Yz €y ¢ abbreviates Vr(x € y —> ).
Notation 7. Given any sets, x,y,

o x €y abbreviates Vzex zey

o x Sy abbreviates (Vzex zey A Jzey z¢ x).

Pairing allows to define the ordered pair which is a starting point to defining sequences
of sets.
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Definition 8. Given two sets, x and y, the ordered pair (x,y) as the set

{{z}, {z, 93}

What, we need is to recover = and y, from any set of the form {{z},{z,y}}. Indeed, in case
x # y, then we have {{x}, {x,y}} is a set that contains two different elements: a singleton
and a pair. The element inside the singleton is x and the one inside the pair that is not =
is y. In case x = y, then {{z},{z,y}} = {{z}, {z,2}} = {{z},{z}} = {{x}} is a singleton
whose element is also a singleton containing .

Formally, we show

Lemma 9.
=2z
(z,y) = (@,y) — and
y=1"

Proof of Lemma@: (<) is obvious. For (=) we distinguish between = = y and x # y.

o If z =y, then (z,y) = {{z},{z,y}} = {{z}, {z,2}} = {{z},{z}} = {{z}}. Therefore,
by Extensionality one has,

{{z}} = {{l’l} , {m/,y’}} > {z} = {x'} and {x'} = {w’,y'}.
which leads to both z = 2/ and v/ = 2/ = z.

o If x # y, then (z,y) = {{z},{z,y}} and {a} # {z,y}. Therefore, since {{z},{z,y}} =
{{z'},{2',y'}}, one must have 2’ # ¢’ and also {z} = {2’} and {z,y} = {2, 4’} which
leads to to both z = 2’ and y = v/.

(]@

Union claims that given any set a, there exists some set b that contains — at least — all
elements of elements of a:

VaEIbVa:Vy((a: EY AYEQ) > TE b).
By Comprehension Schema and Extensionality, we define the unique following set

Uaz{xebHyea x €y}
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o= o Utite = (o))
o Jio} -2 o Uit (21 = (2. (2})
o Utton} - (2} o Uit} (2. (21} = {2, {2}).

Notation 11. Given any non-empty set a,

ﬂaz{era]Vyea a:Ey}.

Notation 12. Given any sets, x,y,

o x Uy abbreviates U {z,y}

o x Ny abbreviates ﬂ {z,y}
o x Ny abbreviates {z € x | z ¢ y}.

Replacement Schema talks about a given a formula ¢ that “behaves as a class-function” on
any given set A. This means that for every element x in A there exists a unique element
y (somewhere in the universe!) that ¢ relates to x. So, ¢ behaves as if it were a function
that maps elements of A to other elements of the universe. Replacement Schema then
says that there exists a set B that contains all elements of the form y related to some x
from A. Namely,

VA Yw; ... Vwy, [Vw(:veA—>E|!ygo)—>EIBVx(xeA—>EIy(yeB A gp))]

where © 1= (4 A w,... w,) i any formula whose free variables are among z,y, A, w1, ..., wy,

and where 3!y ¢ abbreviates the formula that says: “there exists a unique y s.t. ¢”. i.e.,
ay <()0(x,y,A,w1,...,wn) A Vz (SO(‘/E; 2, A7 Wi, .-y wn) —z= y))) :
By Comprehension Schema and Extensionality, given any A, w1, ..., wy, one obtains

a set that behaves as the range of A by this class-function. Namely,

{y eEB|dre A ‘P(x,y,A,wl,...,wn)} .
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From there, given any sets A and B, one can obtain the cartesian product A x B.

Definition 13. Given two sets, A and B, the cartesian product A x B is defined as

Ax B={(a,b)|aec A A be B}.

This is well defined, since for each b € B we have
Vae A3z = = (a,b)

So, by one instance of the Replacement Schema and one instance of the Comprehen-
sion Schema, we obtain

Ax{b}={x|Jac A z=(a,b)}.
Again,
Vbe BIX X = A x {b}

So, by one more instance of the Replacement Schema and another one instance of the
Comprehension Schema, we obtain

{X|3beB X =Ax{b}}

. By Union, we obtain

AxB=|J{Ax {b}|be B} ={(a,b) |ac A A be B}.

1.3 Relations and Functions

Definition 14. Given any set R, we define

o dom(R) ={z |3y (z,y) € R} (: {mEUURHy (x,y)eR})
o ran(R) = {y | 3z (x,y) € R} (: {yeUURHx (x,y)eR}).

o A set that satisfies R < dom (R) x ran(R) is called a (binary) relation.

Notation 15. Given any relation R, we write
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o R for
R = {(y,z) € ran(R) x dom(R) | (z,y) € R}.

o xRy for (z,y) € R.

Definition 16. A set f is a function iff f is a (binary) relation that satisfies

Vz e dom(f) Iy eran(f) (x,y)e€ f.

Notation 17. Given any sets f, A, B we write f : A — B to say that f is a function
with dom (f) = A and ran(f) < B

o for x € A, f(x) stands for the unique y € B such that (z,y) € f;
o forCc A,
e f | C stands for f n (C x B)
e f[C] stands for {ye B|3dx e C f(x) =y} (i.e., f[C] ={f(z)]|xeC}).

Since we deal with sets, a subset of a given set may also be an element of the same set.
Therefore, as shown in the next example, we need to distinguish between f [C] and f(C) .

Example 18. Let f : {@,{0}} — {2,{a}} be such that f(&) = & and f({D}) =

> ( ;= Weenie)e) - {{ie) (oo} {{iet}h o) 0}}} -
{{{Q}}a{{{g}}v{{g}ﬂ}}D

We have

o f({2}) =2 o fl{o}] = {a}.
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Well-orderings and Ordinals

2.1 Well-orderings

Definition 19. A function f: A — B is

o injective if f~1 < ran(f) x A is a function®

o surjective if ran(f) = B

o biyjective if f is both injective and surjective.

Definition 20 (strict partial order).
o A strict partial order is a pair (A, <) such that < is a binary relation that satisfies

transitivity : Ve AVye AVze A (x<yAny<z)—z<2)

irreflexivity : Ve e A —z < x.
o (A, <) is a total ordering of A if in addition to being an ordering, one has

Vee AVye A (z#y— (z<y v y<uz)).

Notice that any strict partial order is also anti-symmetric since it satisfies

Vre AVye A ﬁ(x<y/\y<:c)

!This is equivalent to say that Yo € A Va2’ € A (f(z) = f(2') — x = 2). Injective functions are also called
one-to-one (1-1).
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Indeed, (ac <y Ay< ar) would yield = < z by transitivity, contradicting irreflexivity.

Definition 21 (order isomorphism). Given orderings (A,<a4), (B,<p), an order isomorphism
s any bijection f : A — B that satisfies

Vee AVye A (x <ay<— f(z)<p f(y))

Notation 22. We write (A, <4) ~ (B, <p) when there exists an order isomorphism f : A — B.

Definition 23 (well-ordering). We say <a well-orders A — or equivalently (A, <a) is a well-
ordering — if (A, <a) is a total ordering that satisfies

VBC A (B#@—»EI:L‘GBV@/EB y#:Aa:).

In other words, a total ordering of A is a well-ordering if any non-empty subset of A admits a
< 4-minimal element?.

Example 24.

o (N, <) is a well-ordering;

)

Q, <) is not a well-ordering;
) is not a well-ordering;
)

(
(

o (Z,<
(R

, <) 1s not a well-ordering;

(@)

every finite total ordering is a well-ordering;

o no dense ordering (with at least two elements) is a well-ordering.

Notation 25. If x € A, and (A, <) is an ordering, we write [2]5 for the set of <-predecessors
of x inside A. Namely,

[Fli={veAly<uz}.

Lemma 26. If (A, <) is a well-ordering and x € A, then ([£]3], <) is a well-ordering.

2This < 4-minimal element is unique since <4 is total on A.
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Proof of Lemma Immediate.
LI26

Lemma 27. If (A, <) is a well-ordering and x € A, then

(4,<) # (13, <)-

Proof of Lemma Towards a contradiction, we assume f: A — [£]] is an isomorphism.

A

We consider the following set (which is non-empty since it contains x)

{ye Al fly) #y}

together with a its <-least element and discuss whether f(a) < a or a < f(a).

o if f(a) < a holds,

then we have both

. f(f(a)) < f(a) since f is an isomorphism, and
e f(f(a)) = f(a) since f(a) ¢ {ye A| f(y) # y} holds by <-minimality of a.
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A contradiction.

o if a < f(a) holds,

then we have
fHa) <a «— f(fa) < f(a)

— a< f(a)

which leads to both f~'(a) < a and f~'(a) € {ye A| f(y) # y}, contradicting the <-
minimality of a.

U217

Lemma 28. If (A,<4) and (B,<p) are well-orderings and (A,<a) ~ (B,<p), then the iso-
morphism is unique.

Proof of Lemma Towards a contradiction, we assume that there exist two different isomor-
phismsf:AMBandg:AMB.

Take a the < 4-least element inside {x € A | f(z) # g(z)}.

We first assume g(a) <p f(a):
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We consider f~! (g(a)): since f is an isomorphism we have
Fg@) <aa — f(F(9@)) <b f(@)
— g(a) <B f(a)
which shows that f _1(g(a)) <4 a holds; which also, by < 4-minimality, means that

FH(g(a) ¢ {z e Al f(z) # g(2)} .

Therefore, we have

g(f @) = (5 (9@))
= g(a).

Since ¢ is injective, this leads to f~! (g(a)) = a, contradicting f~! (g(a)) <4 a.
The other case: f(a) <p g(a) leads mutatis mutandis to the same contradiction.
Oes

Theorem 29. If (A, <4) and (B, <pg) are well-orderings, then only one of the following occurs:
(1) (A, <a) ~ (B,<B)
(2) Jac A ([Q]XA7 <4) ~ (B,<B)
(3) 3be B (A <4) ~ ("15”.<B)

A B “3* B A Pl
Y Y R

Proof of Theorem The idea of the proof is that an isomorphism must necessarily map the
<a-least element of A to the <p-least element of B, then the <4-least element of A \ {a} to
the <p-least element of B \ {b}, etc. If we need to stop the process because of lack of element
either on the “A side” or on the “B side”, then we fall into cases (2) or (3), otherwise we reach
case (1).
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Formally, we set
f=A(z.y) e Ax B (13", <a) ~ (5" <)}
Towards a contradiction, we suppose that f is not a function. Hence, there exist (z,y) € f and

(z,y') € f with y # 3/. By symmetry, we assume y <p y’. We have

o [F3 ~ [M5” o [134 ~ [L]5" o [45" = Wﬁj?

from which we obtain
15" ~ 5
which contradicts Lemma [27] therefore f is a function.

Towards a contradiction, we now assume that f is not injective. i.e., there exist (x,y) € f and
(2',y) € f with z # 2’. By symmetry, we assume z <4 2’. We have

o 15t~ 15 o [E5 ~ Y5 o [ = [

from which we obtain
150 ~ 15

A A

which also contradicts Lemma therefore f is injective.
We now show that dom (f) is an <4-initial segment of A. i.e.,
(2" € dom(f) A w<a2') — z € dom(f).
Indeed, consider (2/,y) € f and z <4 2’. Then, since (z/,y’) € f, one has
(154 <a) ~ (415 <)

so that there exists some unique isomorphism g : [2]54 — [ZI]EB .

For y = g(z), it appears that g | [£]3* : [£]3* — [¥]5? is an isomorphism, hence (z,y) € f,
which completes the proof that dom (f) is an <4-initial segment of A.

We show that ran (f) is an <p-initial segment of B. i.e.,

(v € ran(f) A y<py) — yeran(f).
Indeed, we consider (z/,y") € f and y <p y'. Since (z/,y’) € f, one has
(154 <a) ~ (I15%, <5)

so that there exists some unique isomorphism g : [2] 54 — [y—l]gB .
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For x = g~ '(y), we obtain that g | [£]3% : [£]3* — [¥]5? is an isomorphism, hence (z,y) € f,

which completes the proof that ran (f) is an <p-initial segment of B.

To prove that f is an isomorphism, it remains to show that

Vo € dom (f) Yy € dom(f) ($ <ay <« f(z) <p f(y))

o if # <4 y, then there exists a necessarily unique isomorphism g : [¥]34 — [M]EB.
Now consider g(z) € ran(g) = [M]EB. Therefore, we have g(x) <p f(y) and since
g I ERA [ — [@]E,B is an isomorphism, it follows by unicity of the isomorphism

that g(z) = f(x), hence f(z) <p f(y).

o if f(z) <a f(y), then take the unique isomorphism g : [¥]34 — [M]EB and consider
g (f(2)) € dom(g) = [4]3%. g ! [M]AA : (f(x)) 134 — ]EB is an isomor-
phism. Hence, by unicity of the isomorphism f(g (f(x))) = f(x), so that g1 (f(x)) =x

and z € dom (g) = [£]3*, which gives z < y.

So, we have proved that f is an isomorphism from some initial segment of (A, <4) to some
initial segment of (B, <p). By construction — the very definition of f — both initial segments
cannot be proper, which yields to the three cases of the theorem.

]2

2.2 Ordinals

If someone is left with a box of apples and a box of oranges and needs to answer the question
whether there are the same number of apples than oranges, then that person has two different
ways of coping with that problem:

(1) She can count on one hand how many apples there are, and on the other hand how many
oranges there are, then compare these two numbers.

(2) She can also take one apple and one orange and throw them away, and repeat that process
until either there is no more apple but still oranges, or no more oranges but still apples,
or both boxes become empty at the same time.

The first way of dealing with her issue requires to be able to well-order the apples as well as
the oranges. She needs to decide which apple is the first, which other one is the second, etc.
The second way of solving this problem relies on the existence of a bijection between two sets
(counting up to one is enough!).

o The first notion corresponds to the notion of ordinal number,

o the second one to the notion of cardinal number.
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A canonical presentation of ordinal numbers is through transitive sets that are well-ordered by the
membership relation (€). Where a transitive set is nothing but a set on which the membership
relation is transitive.

Definition 30 (Transitive set). Let A be any set. A is transitive if it satisfies
YV Yy (($ey A yeA)—>xeA).

or equivalently
Yz (a:eA—»ng).

Example 31.

o The following sets are transitive:
2 e {2} » {2, {2}, {{2}}}
o The following sets are not transitive:

 {{o}} » {o,{{o}}}  {{9},. {{o}}}



Well-orderings and Ordinals 31

Definition 32 (Ordinal). Let o be any set. « is an ordinal if and only if
(1) « is transitive, and

(2) (a,€4) is a well-ordering 3.

Example 33.

o The following sets are ordinals:

o J L4 {Q} C {gv{g}}

o The following sets are not ordinals:

 {{o}}  {{9}. {2, {2}}} » {,{2}, {{o1}}

Theorem 34.
(1) If a is an ordinal and x € o, then x is an ordinal and x = [£|5~
(2) If o and 8 are ordinals and (a,€,) ~ (B,€3), then a = 3.

(3) If a and B are ordinals, then only one of the following assertions is satisfied:
(a) a=p (b) aep (c) Bea.
(4) If o, B, are ordinals, then
(aeB A Bey) — aen.

(5) If A is a non-empty set of ordinals, then

dJae AVBe A (aeﬂvazﬁ).

Proof of Theorem

(1) We assume « is an ordinal and z € a.

3¢, stands for {(z,y) e a x a |z € y}.
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o (z,€,) is a well-ordering:
irreflexivity: given any y € z, since y € z € a and « is transitive it follows y € «,
and since (o, €,) is a well-ordering, this gives y ¢ y.
transitivity: Given any y, € z,y2 € x,ys € x, since x € a and « is transitive it
follows y1,y2,y3 belong to «, and since («, €,,) is a well-ordering, this gives

(Y1 €Y2 A Y2 € y3) — Y1 € Y3.

totality: Given any y € x and z € x, since x € o and « is transitive, we have y € «
and z € « and since (o, €,) is a well-ordering we obtain

YEZV Y=2 Vv Z€Y.

well-foundedness: Given any y € x with y # @, by transitivity of «, for all z € y,
one has z € a. Therefore, y € « and since (a, €y) is a well-ordering, there exists
a €o-minimal inside y. Since €,Z€,, a is also €,-minimal inside y.
o z is transitive:
Consider z € y and y € x, then by transitivity of «, one has x,y, z all belong to «.
Since (a, €4 ) is an ordering, one has

(zey nyex)— z€eux.
o x = [%]$~ holds by the very definition of [Z|5.

€ assume « an are ordinals, (o,€,) ~ ,€p). Let (o, €q) — ,E e the
2) W d g dinal B,€3). Let f B,€3) be th
(unique) isomorphism. If f() =~ holds for all v € «, then

B=ran(f)={f(y) [vea}={y[vea}=qa.

So, towards a contradiction, we assume f is not the identity function and consider ~ the
€-least element inside « such that f(v) # . Notice that since f is an isomorphism, for
every 0 one has 6 € v «— f(0) € f(y). Therefore, § € v — 0 € f(v), i.e., v S f(7).
Also, for every 6 one has f~1(0) € v «— 0 € f(v). Hence if § € f(v), then f=1(9) € ~
and f~1(0) € v implies f(f~1(0)) = f~1(0), so that § = f~1(6), hence 6 € ~, which shows
f(%) €. So we have come to v = f(v), which contradicts our hypothesis.

(3) If o and S are ordinals, then (a,€,) and (8,€3) are well-orderings. By Theorem [29| only
one of the following occurs:

(a) (o, €q) ~ (B,€p) which leads to a = 8 by Theorem

(b) Iy e a ([*15,€a) ~ (B,€5). By Theorem [34][(1)] v is an ordinal and v = [*]5*. So
that (v,€.) ~ (,€3) holds which leads to v = 3 by Theorem Hence S € a is
satisfied.
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(c) Iyep (a,€q) ~ ([1]?,65). By Theorem [34/|(1)| v is an ordinal and v = [l];ﬁ. So
that («,€4) & (7,€5) holds and by Theorem ~v = « holds as well, which shows
«a € .

(4) holds because v being an ordinal is a transitive set.

(5) Since A is a non-empty set of ordinals, take any « € A. Then, either
VBeA (aefB v a=p)
in which case we are done, or
IBeA (a¢p na+#p).

By Theorem this leads to 36 € A S e a. ie., Ana # . Let § be the e-minimal
element in A N «, it satisfies

VBeA (6eB v i=0).

L1B4

Example 35. Notice that there is a formula ¢, with a single free variable x such that g, ()
if and only if x is an ordinal. For instance ¢, is the conjunction of the following 5 formulas:

(1) V2Vy ((z€y A yex) — z€x) x s a transitive set
(2) Vy(lye x — —y e y) (x,€y) is irreflexive
(3) Vyrex Vysex Yysex ((y1 €y2 A Y2 €y3) — Y1 € y3) (x,€,) is transitive
(4) VyexVzex (yez v zey v y=2) (x,€) is total
(5) Vycaz(y#0—3IzeyVi ey (z€2 v z=12)) (x,€4) is well-founded

From now on, we may use the formulation “z is an ordinal” for ¢ _(z).
Theorem 36 (There is no set that contains all ordinals).

ZF - —3AVa (“a 1s an ordinal” — « € A).

Proof of Theorem Towards a contradiction, we work within the theory

ZF u {HAVoz (“‘a 18 an ordinal” — o € A)} )
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By Comprehension Schema and Extensionality this theory yields
JAVa (“a is an ordinal 7 «—— « € A).

Let us call On this supposedly set of all ordinals. we have
o On is transitive by Theorem
o (On, Q) is a well-ordering since it satisfies

e irreflexivity: for all ordinal a, a ¢ « holds for (o, €,) is irreflexive;

e transitivity: holds by Theorem

e totality: holds by Theorem
e well-foundedness: holds by Theorem

Since it is both transitive and well-ordered by €, On is an ordinal, which leads to On € On, a
contradiction to irreflexivity.

L1B6

Lemma 37 (A transitive set of ordinals is an ordinal).
If A is a set of ordinals that satisfies

VYae AVBea [eA,

then A is an ordinal.

Proof of Lemma A is transitive and by Theorem [34] (A,€4) is a well-ordering, therefore A
is an ordinal.

UEB7

Theorem 38. If (A, <4) is a well-ordering, then there exists some unique ordinal o such that

(A, <a) ~ (a,€q)-

Proof of Theorem 38}

Unicity: assume that o and 8 are two ordinals that satisfy
(Aa <A) ~ (avea) and (Av <A) ~ (ﬁaeﬂ)'

This leads to
(av Ea) A (67 eﬁ)
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and to a = § by Theorem
Existence: we consider
B = {ac A|3Ja“ordinal” (%], <a) ~ (a,€q)}

and let f be the class-function that assigns to each a € B the unique ordinal « such that
(4134, <4) ~ (a,€q). By Comprehension Schema, f[B] is a set.

o f[B] is transitive because if b € a € B, then ([%]3*,<4) ~ (a,€,) holds for some

a. Let g : [%]3* — « be the unique isomorphism and 3 = g(b). One has then
g 1 [215% : [P]3* — B is an isomorphism that witnesses ([2]37, <4) ~ (B, €5).
o f[B] is a set of ordinals.

Therefore, by Lemma |37 f[B] is some ordinal a.

It remains to show that B = A. Towards a contradiction, we assume that A~ B # @& and
let a be the < 4-least element in AN\ B. It follows that [2]34 is an initial segment of (A, <4),
therefore f[[%]3*] is an initial segment of f[B] = «, hence a transitive set of ordinals,
i.e., an ordinal 4. Since ([4]34, <4) ~ (d,€;5), it follows that a € B, a contradiction.

LB

2.3 Order Type, Successor Ordinals and Limit Ordinals

Definition 39 (Type). Given any well-ordering (A, <a),

type (A, <4) is the unique ordinal o such that (A, <a) ~ (@, €q)-

Definition 40 (Supremum). If A is a set of ordinals, then

sup A = UA.

Definition 41 (Infimum). If A is a non-empty set of ordinals, then

inf A = ﬂA.
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Notation 42. From now on,
o we use greek letters such as a, 8,7, to denote exclusively ordinals.

o We also write a < 8 forae 8, anda < foraef v a= (.

Lemma 43.
(1) Va Vp (a<fB«—— acp).
(2) If A is a set of ordinals, then sup A is the least ordinal o that satisfies Ve A [ < a.

(3) If A is a non-empty set of ordinals, then inf A is the least ordinal of A.

Proof of Lemma

(1) holds since ordinals are transitive sets.

(2) supA = UA is a transitive set of ordinals, hence an ordinal «. Clearly, if 5 € A, then

B c UA, hence by Lemma 8 < «, which shows V3 € A 8 < «. For all v < a,

YyE Q= UA, hence there exists some 5 € A such that v € 8. Since v < « implies v < 8

for some S € A, « is the least ordinal that satisfies Ve A [ < a.

least ordinal § that satisfies Vaoe A o < 6.

(3) If A is a non-empty set of ordinals, let a be the least ordinal in A, then one has
ac mA c a.
&3

Definition 44 (Successor). Given any ordinal c,

Sa=au{a}.

Lemma 45. For each ordinal o,

(1) Sa is an ordinal. (2) o < Sa. (3) V8 (B < Sa— f<a).
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Proof of Lemma Immediate.
LEs

Definition 46 (Limit Ordinal). Given any ordinal «,
o « 1s a successor ordinal if a = SB for some ordinal 5;

o « s a limit ordinal if & # @ and « is not a successor ordinal.

Example 47. The following sets are successor ordinals:

o {2} o {o,{2}.{@.{o}} {2.{2}.{@.{a}}}}
o {o,{a}} o {2,{2},{2,{7}}}

Notation 48. We agree to use the following denominations for the following sets:

0 0:=0

o 1:= 50 = {2} = {0}

o 2:= 51 = 5{o} = {2, {o}} = {0,1}

o 3:=952="5{@,{g}} ={9,{9},{9,{o}}} ={0,1,2}.
o FEte.

So, for the moment, we are able to produce every single integer. But we cannot exhibit the set
of all integers, i.e., {0,1,2,3,...,n,5n,...}. For this we need the axiom of Infinity.

Infinity claims that there exists a set that contains the empty set and is closed under = — Sz.
Namely,
Jz(Iy(yex A Vzzé¢y) AVz(zex - zu {z} €x))

Therefore, this set contains infinitely many elements since it contains — at least — all the
ones we would describe as the integers.

Definition 49 (Integer). An ordinal «v is an integer if and only if

VB<a B=(2 v Iy B=25Y).
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Notation 50 (w). The set of all integers is denoted w.

By Comprehension Schema, we obtain w which is unique by Extensionality. Notice that
w is a transitive set of ordinals, therefore it is an ordinal. Moreover, w is a limit ordinal since
for each o € w, « is an integer and so is S, hence w is not a successor ordinal.

2.4 Classes

A collection of sets that can be described by a 1lst order {€,=} —formula is called a class.
Formally, a class C is nothing but a formula ¢c with one free variable — that may or may not
have other free variables that behave as parameters. But we may now use expressions such as
x € Cor z < C to denote respectively pc(x) or Vy € x pc(y).

Example 51.

o 'V stands for the class of all sets. i.e.,

V={z|xz=uxa}.

o On stands for the class of all ordinals. i.e.,

On = {z | “zis an ordinal”} .

A class that is not a set is called a proper class. For instance, both V and On are proper classes.
If C and C’ are classes, we may write C = C’ which stands for Vz (pc(z) — ¢c(x)) assuming
wc and o are the two formulas that characterize respectively the classes pc and pcr. We may
also write C n C’ for the class characterized by the formula (pc A ¢cr). Or even F: C — C' to
denote a class-function from C to C'. i.e., a formula YF(y) — With at least two free variables
x, y — that satisfies

YV (goc(x) — dly (SOC'(?J) A @F(x,y)))'

2.5 Transfinite Induction and Recursion

In the following we prove results about classes. Since these classes are defined by formulas and
one cannot quantify over formulas but rather over sets, the following theorems are in fact not
really theorems for Z. Precisely, each such theorem is a “theorem schema”, i.e., a single theorem
for each class that we consider.
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Theorem Schema 52 (Transfinite Induction). If C < On is a non-empty class, then

C has a €-least element.

Proof of Theorem Take any a € C.

o if a mn C = @, then « is the e-least element in C.

o if a n C # @, then by Theorem there exists some e-least element inside . This
element is also the e-least element inside C.

()59

Theorem Schema 53 (Transfinite Recursion). Given any F : V. — V| there exists a unique
G : On — V such that for each ordinal o

Va G(a) =F(G | a).

Proof of Theorem

Uniqueness: Assume there exist two different class-functions G1 and Gg. By Theorem the
non-empty class {a € On | G1(a) # Gz(a)} has a least element 5. By construction, one
comes to the following contradiction:

G1(8) =F(G1 ! B) =F(Gz | B) = G2(B).

Existence: we construct functions that are approximations of G on some proper initial segment
of the ordinals. i.e., for each ordinal 3, we construct gg : § — V such that

Va < gsla) =F(gs | a).

So, gg is a function with domain 8 and ranges over some set obtained by one instance of
the Replacement Schema. Notice then, that for each 3, such an approximation gg is
unique by the same argument as the one used in the proof of the uniqueness of G. Also,
notice that if 3 < ~, then, by uniqueness of gz, one has g, | 8 = gg. Finally define
G(a) = gg(a) for some (any) 8 > a.

B3

Example 54. The addition on ordinals Add : On x On — On is defined by making use — for
each ordinal o — of Addg : On — On, defined by transfinite recursion
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o Adda(0) =
o Adda(S8) = SAdda(f)
o Addq(B) =sup{Adda(y) | v < 5} for B a limit ordinal.

Finally, one defines Add(a, ) = Addq(f)
Of course we write o + (3 instead of Add(«, ).

To see that Addg, : On — On is defined by transfinite recursion, consider F : V — V defined
by: for any set f,

o if f € On x On is a function with dom (f) = 8 € On and ran(f) < On, then

e if =0, then F(f) = a,
o if =56, then F(f) = f(0) u{f(0)},
e if (3 is limit, then F(f) = Umn (f).

o Otherwise, F(f) = @.
It turns out that the unique G : On — V such that for each ordinal 3, one has G(8) = F(G | /)
is precisely Addq(5).

2.6 Ordinal Addition, Multiplication and Exponentiation

Definition 55. The ordinal addition : On x On — On is defined by
initial step: a+0 =«
successor step: a + S0 = S(a+ )

limit step: a+ 8 =sup{a+~v |~y < B} (for 5 a limit ordinal).

Notice that
o the ordinal addition restricted to w x w is nothing but the usual addition on the integers.

o the addition is not commutative:
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e l+tw=sup{l+n|n<w}=w e w+1l=>5w=wu{w}

o the addition is associative.

Exercise 56. Given any ordinals @ < [3, there exists some unique ordinal § such that a+6 = 8
1.e.,

Ya e On V3 € On (agﬂ—»ﬂ!deOn a—i—(S:B).

Exercise 57. This definition of the ordinal addition via recursion is equivalent to the following:
Given any ordinals o, 3:
a+d=type(ax{0}u B x{1},%)
where
i<
(&9 = (£,7) = or
1=1 and £ <&

Definition 58. The ordinal multiplication : On x On — On is defined by transfinite recursion
by

initial step: a-0 =10
successor step: a-(f+1) = (- f) + «

limit step: a8 =sup{a-v |~y < B} (for 8 a limit ordinal).

Notice that

o the ordinal multiplication restricted to w x w is nothing but the usual multiplication on
the integers.

o the multiplication is not commutative:

e 2. w=sup{2-n|n<w}=w

e w2=(wl)4w=((w0)+w)+w= (0+w)+w = (sup{0+n|n<w})tw=w+w.

o the multiplication is associative.
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Exercise 59. This definition of the ordinal multiplication by recursion is equivalent to the
following: Given any ordinals o, :

a- 6= type(a x B, %)

where
¢<(¢
&5 ¢,¢) = or
(= and &< €.

Exercise 60. The Fuclidean division: Given any ordinals 0 < a, 3, there exist unique ordinals
v and § < B such that
a=p-v+54.
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Definition 61. The ordinal exponentiation : On x On — On is defined by transfinite recursion
by

initial step: o’ =1
successor step: ot = af . o

limit step: o = sup {a? | vy < B} (for B a limit ordinal).

Proposition 62. Given any ordinals ., 3,7,

P o = abft.

Proof of Proposition |62k The proof is by induction on 7.
initial step: a?-a’ =af -1 = of = 10
successor step: o - a0t = af . (a7 - a) = (&P -aY) - a = aftT . a = BN = 0+

limit step: o a7 = o’ -sup{a’ | § <~} =sup{a”-a’ |5 <7} =sup{a’° |5 <y} =Pt
(for v a limit ordinal).

L162

Proposition 63. Given any ordinals o, 3,7,

Y
(0/3> — B

Proof of Proposition The proof is by induction on ~.
initial step: (aﬁ)o =1=0a%=af0
successor step: (04”8)(7+1) = (@) af = a7 af = P 7HE = of (D)

limit step: (ozﬁ)7 = sup{(ozﬁ)(S | § < 7} = sup {(aﬂ"s) |6 < 7} = a7 (for 4 a limit ordinal).
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(163

Exercise 64. The Cantor Normal Form: Given any ordinal 0 < «, there exist a unique integer
k, a unique sequence of non-null integers (n;)i<k and a unique sequence («;)i<k that satisfies

azap>...>a1>a)=0

such that

i=0
a=w ng+...+w* -nyg = (Zwo‘lnl)
i=k



Chapter 3

Extension by Definition and
Conservative Extension

3.1 Extension by Definitions

This section deals with what we really do when we introduce new symbols that were not in the
original language of set theory. For instance, so far we have introduced

o constant symbols such as

1) @ 2) w (3) 1,2,3,...

o function symbols such as

HA{}: v - V 4 n: VxV —» V (7) +: OnxOn — On
. — {z} (z,y) — zny (,8) = a+p

(2) x: VxV — 'V (5) S: On — On (8) -: OnxOn — On
(r,y) +— zxy a — Sa (,) +— a-f

3) u: VxV — 'V Gy: v - V 9 N: VN{g} - V
(x,y) = zUy r - Yz x — Na

o relation symbols such as

(1) < 2) ¢ (3) <.

Are we entitled to do so? It is time to clarify this point. Indeed, we started with the original
language of set theory whose signature — apart from equality — is reduced to {€}, and gradually,
we switched to the languages {€, @}, {€, 3, <}, {€, 9, S, {}}, etc. But each of these introductions
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of a new symbol was accompanied with a precise definition of it, in a language that did not make
use of it. For instance, when @ was introduced, it was as a shortening for the formula with one
free variable: Vz z ¢ x. This made sense since we had proved the existence of the empty set:
namely Z ., dz Vz z ¢ x. So, strictly speaking, we did not absolutely need the introduction of
this constant symbol. We could have still worked in the original language by, instead of having a

formula of the form ¢(z1, ..., z,, &), using directly the formula 3z (Vz z¢x Ap(xr,... Ty, ac))
This way of introducing new symbols to the language and modifying the original theory accord-
ingly is called an extension by definition. It leads to the extension of the original theory to a
richer language. But making sure that the extended theory — which of course proves strictly
more formulas than the original one (it proves @ = @ for instance) — does not prove any other
formula in the original language than the ones that are provable in the original theory. In other
words, the extended theory works as a conservative extension of the original one.

In the following, we identify constant symbols with 0-ary function symbols.

Definition 65. Let £ be any first order language and 7 any L-theory. An L'-theory 7' is an
extension by definition of 7 if there exists some integer n, languages (L;)i<n and for each
1 < n an L;-theory J; such that

oL=LySL1S...S L, =L
0o T =HCHhG.. S FHh=79

o for eachi <mn, Lit1~L; ={R} or Liy1 ~ L; = {f} where R and f stand for respectively
a k;-relation symbol or a k;-function symbol L.

o if Liy1~\ L; = {R}, then there exists some L;-formula ¢y, . ., y whose free variables
are among x1,...,Ty,, such that

c%Jrl = Z U {Vl‘l oo V:Eki ((,0(9617._.@%) «—> R(J)l, v ,l‘ki))}

o if Liv1~\L; ={f}, then there exists some L;-formula O(z1,....z1,. y) Whose free variables
are among x1,...,%k;, Y, such that

(1) Z V... V[Ekl E”y (p(th’xki’y)
and

(2) 24_1 = 2 U {VIl o .VSC]% Vy (@(xl,...7mki,y) «—> f(:Cl, 500 ,:L“ki) = y)}

We identify constant symbols with 0-ary function symbols.
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Lemma 66. Let £ be any first order language, 7 any L-theory and ' any extension by
definition of .
If Q,[)Exl k) is any L'-formula whose free variables are among x1, . .., xy, then there exists some

L-formula ¥z, ... 2,) whose free variables are among 1, ...,x) and such that

T’ . Var... Vo (wémh...,zk) S 1/}(x1,...,a:k))'

Proof of Lemma We assume .7 is as in Definition in particular 7' = 7,.
Without loss of generality, we may assume that every atomic formula occurring inside ¢E$1 3

o Tk)
is of the following two forms:

o R(z1,...,2m) with z1,..., 2z, variables ot==z with ¢ a term and z a variable.

Indeed,

o if R(t1,...,t,)is an atomic formula whose free variables are among x1, ..., x and t1, ..., ty,
are terms, then for different variables 21 ...z, such that {z1,...,zn} " {z1,..., 21} = O
we have

I—CR(tl,...,tm) —> Vz1... V2, (( /\ t; = Zj) — R(zl,...,zm))
1<jsm
or equivalently
b R(t1, ..y tm) «<— J21...32, (( /\ tj = zj> A R(zl,...,zm)>
1<j<m
o if t;1 = t9 is an atomic formula whose free variables are among x1,...,x and t1,ty are

terms, then for different variables z1, zo such that {z1, 22} N {z1,...,2} = & we have
.t =ty «— Vz1V2o ((tl =21 A tg = 22) —> z] = 2’2)
or equivalently

. t1 = to «— Jz1329 (tl =21 ANta =20 AN 27 =ZQ).

The proof is by induction on n.

if n = 0: ¢ = ¢/ works.
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----------

L;-formula, then by induction hypothesis there exists some L-formula that satisfies the

if n =i+ 1: the proof is by induction on the height of 1/1{331 o)’ If wgwl 8) is already some

requirements. So we assume that wle o
3eeey

induction on ht (¢').

) is not a L;-formula. The proof is now by

if ht (¢') = 0: we distinguish between ¢/ := R(z1,...,x;) and ¢/ :=t = .
if ¢’ ;= R(x1,...,xy): there exists

o some L;-formula ¢, such that
Tii1=T U {Vxl ..V ((pR(:Ul, ooy xp) «— R(xq, .. ,xk))}
o and by induction hypothesis, some L-formula 1 such that
TV Vo (Vi zp) < Pr(@1, .. k).
which shows that
Tiv1 BV Vag (@Z)(:m, cooy ) «— R(xq, ... ,xk))

if 1’ := t = z: the proof goes by induction of ht (t) (notice that z € {z1,...,zx}).
if ht (t) = 0: one necessarily has t := ¢ where ¢ is a constant symbol not in £;.

o some L;-formula ¢, such that

Tiv1 = T, o{Wy (cly) < c=y))}
and
i =3y ee(y)
o and by induction hypothesis, some L-formula 1 such that
Ti by ($(y) — e(y)).

which shows that
Ti1 V2 (Y(z) «— c=2).

if ht (t) > 0: there exist a function symbol f, some non-null integer r and terms

Ui, ..., U, such that
t=f(ug,...,u.).
if f € Liy1 \ Li: there exists some L;-formula ¢ (z1,...,2,,y) such that
Tiv1 = Fu {Vazl .V, Vy (gof(xl,...,xr,y) — f(x1,...,2p) = y)}

T, b Vap... V. dly gpf(:vl,...,:vr,y).

Since for all integers integer 1 < j < r the inequality ht (u;) < ht (¢) holds,
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by induction hypothesis we have L-formulas

wul(xlw"axlmy)? """ 7wur($1?"'7xk7y);
such that for each integer 1 < j < r,
Tivib Vo .. Vo, Yy (Uj(l'l, Cey L) =Y wu]-(xlv . ,xk’y))_

Since ¢y is a L;-formula, we obtain by induction hypothesis some £-formula
Yy(x1,...,zp,y) that satisfies

T+ Vap...Vz,. Yy (<pf(:z:1,...,mr,y)<—>¢Jf(:v1,...,xr,y)).

Remember that z € {x1,..., 21}, so z = x; holds for some 1 < <k
This leads to

f(ula"'au’r‘) = I
Tii1 = Vap...Vay vyul .- -Vyu,.
wU'(l'la"wa)yu') N
( < 1</]\,<T g J 1/1f(yu17-~-7yuw$l)
if f € £;: there exists some integer ¢/ < i and some L;-formula ®, (1, s Ty Y)
such that
%/+1 = %/U{Vajl...VJ:r vl} (QOf(QTl,...,l’r,y)‘—’f(l'l,.--,xr):y)}

Ty b Var.o Vo Ay o (21,000,200, ).
hence,

Tiv1 2 Vxp...Vz, Vy (cpf(:rl,...,xr,y)<—>f(x1,...,xT)=y)
Ji bk Yoo Vo Ay g (21,0020, ).

Since for all integers integer 1 < j < r the inequality ht (u;) < ht (t) holds,
by induction hypothesis we have L-formulas

wul(x17--'7xk7y)7 """ 7¢UT<$17"'7xk7y)7
such that for each integer 1 < j < r,
%-ﬁ-l}_c Vl‘l .. VSUk V?J (Uj(iUl, oo )‘Tk) =Yy wu]‘(xlu v 7xkay))'

Since ¢y is some Ly-formula (i' < i), we obtain by induction hypothesis
some L-formula ¢ ¢(x1,...,z,,y) that satisfies

Ty b Var.. Nz Yy (ep(z,. .z y) «— Yp(21, .., 20, Y).
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Remember that z € {x1,..., 2k}, so z = x; holds for some 1 <1 < k.
This leads to

f(ula"'auT)::El
Tiv1 = VYar...Vay Yy, VY,
¢U'($17"'7x7“7yu'> N
<(1</]\<r ’ ! wf(yuunwyumwl)

if ht (¢') > 0 then

if ¢/ := —0 then by induction hypothesis there exists some L-formula Vo (z,

----- Tp)
whose free variables are among x1, ...,z such that

Tiv1 BNz Vg (0(z,. .. xp) < ¢9(:r1,--.,:rk))
which immediately leads to
e%_;’_l l_c V.CCl .« e Vwk (wle,...,xk) <> _‘¢0(m1,,mk))
if ¢’ = (01 * 02) where * € {A, v,—>, «—} then by induction hypothesis there
exists L-formulas 1y, (@1,28) and vy, (@1, 28) whose free variables are among
xi,...,x, such that

Tiv1 = Vay ... Vo, (Hl(xl, Cey X)) —— Ve, (r1,...,mk))

Tiv1 = Vay .. Vo, (Qz(l‘l, Cey X)) —— Vo, (a:l,...,a:k))

which immediately leads to
c%+1 l_c Vxl Ce. ka (wl «—> [wgl ES ¢92](m1,...,xk) )

if ' :== 3y O(y, x1,...,xx) then by induction hypothesis there exists some £-formula
Yo (y, 1, ..., xk) whose free variables are among vy, x1, ...,z such that

C7iJrl V... Vg (Q(yv L1y ,LUk;) « ¢9(ya L1y ,.Z'k;))
which immediately leads to
,%4_1 [ le .. V:L'k (T/Jl > 3y¢9(1'1, ey :ck))

if ¢ 1= Vy O(y,x1,...,xx) then by induction hypothesis there exists some £-formula
Yoy, x1,...,2x) whose free variables are among y, z1, ...,z such that

Tiv1 F Nz Vo (0(y, @1, ..., @) < Yo(y, @1, ..., 7))
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which immediately leads to
Tiy1 Vo Vo, (O —— Yy (e, ..., o).

166

3.2 Conservative Extensions

Definition 67. Let L = L' be any first order languages 7 be any L-theory and ' any L' -theory

such that < T'.
T is a conservative extension of 7 if for every closed L-formula ¢

T o = T o

Theorem 68. Let L < L' be any first order languages 7 be any L-theory and ' any L' -theory
such that 7 < J'.

If 7' is an extension by definition of .7, then 7' is a conservative extension of 7.

Proof of Theorem We prove that .7’ . ¢ <= 7 . ¢ holds for every closed L-formula ¢
by distinguishing on the two directions of “ <= ".

(<) is trivial.
(=) A direct syntactic proof consists in translating, for every L-formula ¢, every proof of

7' ¢ into some proof of .7 , . This is extremely tedious.

We give a proof that relies on the completeness theorem for first order logic. In order to
prove 7' - ¢ = 7 . ¢, we proceed by contraposition and show that 7 \£ o = T’ t£ ¢
which comes down to showing 7 ¥ ¢ = 7’ ¥ . For this purpose, we consider some
L-structure M such that M = .7 but M # ¢ and we simply extend? this model to some
L'-structure M. i.e.,

o |M'| = |M]| and
o for each relation symbol R € £, RM = RM'

2In other words, M’ restricted to the language £ (by dropping the interpretation of the extraneous material)
is nothing but M.
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o for each function symbol f e £, fM = fM'

So we assume

Oﬁzﬁogﬁlg...§£i+1zﬁl O,?:%;,%;...;Z_H:y/

The proof is by induction on the number of steps that lead from £ to £’. So we assume
M, is an extension of M from £ = Lg to L;.

if £i11 ~ Li = {R} then there exists some £;-formula ¢, (21, ..., zk,) whose free variables
are among i,..., T, such that

24_1 = Z U {V.%'l Va;kl (QOR(.%'l,. . .,xki) «—> R(.%'l,. . ,xkl))} .

Then M; extends to M1 by setting:
o for every symbol from L;, the interpretation is unchanged and
o RMit = {(ar,...,ax,) | Mi | @ [ar/z1, .. ap, ]}

if Liy1 ~\ L; = {f} then there exists some L;-formula ¢, . ,y) whose free variables are
among 1, ..., Tk, Y, such that

Tiv1 = T30 {Vor .. Nag, Yy (ep(z1,... a0, y) < fl@1,...,25,) =y)}
and
T =Ny Ny, Ay op(xn, .. 2, Y).

Then M; extends to M;,1 by setting:

o for every symbol from L;, its interpretation is unchanged and

o since M; = J; and J . Va1 .. . Vay, Ay pf(x1,..., 2k, y) both hold, it follows
that
M; eV Ny, Ny pp(zr,. .., 28, Y).

we set for each (a1, ...,ax,) € M|
fMi“(al, ...,ak,) = the unique b s.t. ¢y [ai/x1,...,ax, /L, b/y].

(168



Chapter 4

axiom of Choice and Cardinals

4.1 Axiom of choice, Zorn’s Lemma and Zermelo’s Theorem

The axiom of Choice (AC) asserts that given any family! F of non-empty disjoint sets there
exists a set that contains exactly one element from each element of the family.

Vo

Vyvy'

Vylyex — Jzz€ey)

A

yeET
A
/
yex
A
Iz(zey A z€y)

—y=y

—>HCVy<y€:L‘—>EI!z(zey A zec))

By Comprehension Schema and Extensionality, one easily obtains a set ¢ formed of exactly

one element from each element of F and no other.

It is also very easy to see, that given any family of the form F = {4;|i e I} — also denoted
F = (A;)ier — where each set A; is non-empty, there exists a choice function

el

i.e., a mapping that satisfies f(i) € A; for every i € I.

or even function — whose domain is the set I.

ta family is nothing but a set. The notation F = (A;):er stands for F is the range of some class-function —
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Lemma 69 (ZF).
AC

=

VX (VzeXz#0—3f: X > | JX VzeX f(z)ex).

Proof of Lemma
(AC=3f: X — UX (a choice function)) if X = @, then the empty function? works. If X
is a non-empty set whose elements are also non-empty, then we form
Y ={{z} xx|ze X}

which is obtained by defining a class-function F : V.— V by F(z) = {z} x z and setting
Y = F[X].

If X is a non-empty set whose elements are non-empty, so is also Y, but in addition, any
two different elements of Y are disjoint. So, by AC, there exists some set C' that contains
exactly one element from each set {x} x x that belongs to Y. Define f : X — UX by

f = C (remember any function comes as its graph). i.e.,

f(z) = the unique a € = such that (z,a) € C.
(FF:X—- UX (a choice function) = AC) is immediate.

L69

Definition 70 (Partial Order). (X, <) is a partial order if
o X is a non-empty set and

o < is a binary relation (we may assume < < X x X ) that satisfies:

(1) (reflezivity) VeeX z<zx
(2) (anti-symmetry) VieXVyeX (z<ynry<az)— z=y)
(8) (transitivity) Vee X VyeXVzeX ((z<ynAry<z)—z<2).

(Do not confuse with the definition of a strict partial order — see Definition

2The empty function is &.
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Definition 71 (Chain). If (X, <) is a partial order, then C < X is a chain if C # @ and C is
totally ordered by <, i.e.,
Vee(CVyeC ($<y v yéa:).

Definition 72 (Antichain). If (X, <) is a partial order, then A € X is an antichain if any two
different elements of A are <-incomparable, i.e.,

Vie AVye A (z<yvy<az)—z=y).

Definition 73 (Inductive partial order). Let (X, <) be any partial order. (X, <) is inductive if
every chain C € X admits an upper bound in X, i.e.,

dre X Vye C y <.

Kuratowski-Zorn’s Lemma. Every non-empty inductive partially ordered set (X, <) admits
some mazximal element, i.e.,

JreXVyeX (x<y—z=y).

Zermelo’s Theorem. FEvery set can be well-ordered. i.e.,

VAI<,c Ax A (A <,) is a well-ordering.

Theorem 76 (ZF). The following are equivalent:

(1) aziom of choice (2) Zorn’s Lemma (3) Zermelo’s Theorem
Proof of Theorem

(AC = ZL) Let (X, <) be some non-empty inductive partial order. Towards a contradiction,
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we assume that (X, <) does not admit any maximal element. We consider
¢ ={CeP2(X)|C isa chain}.

For each C € €, we set
Mc={zxeX|VyeC y=xx}.

Notice that Mo # @ holds. Otherwise any upper bound ¢ of C would be a maximal element
in X since for any element x € X, if ¢ £ z holds, then « € M¢ holds as well. Hence, for
every element € X, one has either x is incomparable with ¢ or x < ¢. By AC there exists
a choice function u : 4 — X that associates to each C' € € an element u, € Mc, i.e., a

strict upper bound on C. By transfinite recursion we define a class-function F : On — X
by

o F(0) is any element that belongs to X;

o Fla+1) = wpg)e<al;
o F(a) = up(¢)|c<ay When a is limit.

By construction, F is injective, so we can also define a class-function G : X — On by

o G(z) = a if F(a) = x holds for some «, and

o G(z) = F(0) otherwise.

Since X is a set, it follows by the Comprehension Schema that On is a set as well
which contradicts the fact On is a proper class (cf. Theorem .

(ZL = ZT) Let X be any non-empty set. We consider the set of well-orderings of subsets of
X. Namely,

W={,<,)|Y<Xand <, Y xY is a well-ordering on Y'}.

Notice that W is non-empty since for any x € X, one has ({z}, @) is a well-ordering. Then,
we define the following partial ordering on W:

ycv
and
DE <) e { VaeyVbey(a<,be—a<,b)
and
VaeyVbe (Y \Y) a<,,b.

(Y, <

(W,E) is an inductive partial order since for every chain (Y, <Yi>ie 1, the set

Y:Un

el
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is well-ordered by

So (Y, <, ) belongs to W and (Y, <, ) is an upper bound of the chain (Y, <, )er.

Hence, by Zorn’s Lemma there exists some maximal element (Y, <, ). If Y = X holds,
then (X, <, ) is a well-ordering. So, towards a contradiction, we assume there exists some
ye X \NY. We set

Y=Y u{y} and < ,=<, u{(z,y) |zeY}.

It follows that
(Y, <, )eWand (Y, <, )= (V,<,)

contradicting the maximality of (Y, <, ).

(ZT = AC) We let X be a set of non-empty sets. By Lemma [69] it is enough to show that
there exists a choice function f: X — UX such that Yz € x f(z) €  holds.

By Zermelo’s Theorem, there exists some well-ordering (| J X, <y +)- We define f as

f(x) = the <, -least element in x.

U

L&

4.2 Cardinals

Cardinal numbers are defined as specific ordinal numbers. The definition relies on the existence
or not of a bijection between some ordinal and one of its predecessors.

Notation 77. We write
o A~ B <= there exists some bijection f : A — B;
o A < B < there exists some injection f : A — B;

o AL B < bothA < Band B A. ie., there exists some injection f : A — B but
no injection g : B — A

Cantor-Schréder-Bernstein Theorem (ZF). Let A and B be any sets.

ZF+ ((A<B A B <A — A~B).
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Proof of the Cantor-Schréder-Bernstein Theorem: We assume that are given two injections
i:AXL Bandj:BLL A
We distinguish between B < A and B¢ A

If B € A: By recursion on the integers we build a sequence (C,)n<w:

o Co = A~ B,
© n+1 :Z[Cn]a
o C= UnENCn'

' h ! (A ~ C) = Id.
Then, we define h: A Bas{ hiC = itc
Notice that

ran (h) € B holds since given any x € A,
o ifwze(ANC), then z ¢ Cy = AN B, hence h(z) = Id(z) = z € B.
o if z € C, then h(x) =i(x) € B.
h is injective since
o h (A ~ C’) = Id. which is injective
o h | C' =i | C which is injective as well
o h[C] € C while h[A~ C] = AN C, so that for any z € C and y ¢ C, we have
h(x) # h(y).
h is surjective since for each y € B
o if y ¢ C, then h(y) =y, and

o if y € C, then there exists an integer n such that y € C,,. Notice that 0 < n holds
since y € B and Cy = A~ B. Therefore, there exists x € C),—1 such that i(z) = y.

If BE A: We consider B’ = j[B]. Since B’ < A holds, there exists a bijection h : A «— B’

1

Since j : B «— B’ is bijective, it follows that j~' oi: A «<— B is also bijective.

[] Cantor-Schroder-Bernstein Theorem

Definition 79. Let A be any set that can be well-ordered.

|A| = card (A) is the least ordinal o such that o ~ A.

By Theorem since AC is equivalent to ZT, it follows that under AC, |A]| is defined for every
set A.
Notice that for every ordinal a the cardinal of « is defined without any mention of AC.
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Under AC, given any two sets A, B, one has A ~ B <= |A| = |B|. In other words, the
class-function | | : V. — On that maps a set A to its cardinal |A| assigns one particular ordinal
to each equivalent class determined by ~.

Moreover, |a] < a always holds which justifies the following definition.

Definition 80. Let o € On.

a s a cardinal < |a| = a.

Notice that for every ordinal «,

o] =a <= VB <a B #a.

Lemma 81 (ZF). Let o, € On and n € w,

(1) ol < B < a— ol = |B] (3) |n| =n
(2) n#n+1 (4) lw| = w
Proof of Lemma

(1) Since |a| < 8 < aholds, one has |a| < 8 < a < |al. Hence, by Cantor-Schroder-Bernstein
Theorem? one has 3 ~ a which yields |3| = |al.

(2) We show that there is no injection f :n + 1 &, . The proof goes by induction on n.

n = 0 there is clearly no bijection f : {&} iy

C . . bij.
n =k + 1 towards a contradiction, assume there exists f : k + 2 <5 k + 1. Set g :
k2% kg1 as

3This is Cantor-Schroder-Bernstein Theorem (page E)
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k+1 ;

IS

D¢

o glk+1) =k,
o g(f (k) = f(k+1),
o g(i) = f(4) (any 1¢ {fﬁl(k),k + 1})
By being nothing but f with a swap of k and f(k+1), the function g is also a bijection

g:k+2 g Moreover, since g(k + 1) = k, it satisfies g [xr1: b+ 1 Dy ks
also some bijection that k& + 1 # k, contradicting the induction hypothesis.

(3) By Lemma there are no ordinals* k < n < w such that k ~ n. Thus |n| = n holds.

(4) |w| = w holds since for every integer n, n ~ w would yield w N N

hence n ~ n + 1, contradicting Lemma

LR

Definition 82. Let A be any set that can be well-ordered.

o A is finite if |A] <w o A is countable if |[A| < w

o A is infinite if |A| € w o A is uncountable if |A| € w.

Lemma 83 (ZF).

If A is a set of cardinal numbers, then sup A = | J A is also a cardinal.

Proof of Lemma By Lemma SUP,ecq4 @ = (3 is an ordinal.

If 3e A | then [ is a cardinal.

4Otherwise one would have k <k+1 <n <k, hence k ~k+1~n.
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If 3¢ A | then A is unbounded. i.e., for each ordinal v < 3, there exists some |a| € A such
that v < |a|. If we assume |3| < 8, we obtain |3| < || < 8. Lemma [BI[1)] yields the

contradiction |g| = |af.

LIB3

Lemma 84 (ZF). Let o € On.

Infinite cardinal numbers are limit ordinal numbers.
. . bij.
Proof of Lemma If w < a + 1 holds, then the following mapping f:a+1 < « :
{ fla) =0
f) = 147 (anyy <a)

is bijection, which shows that o + 1 cannot be a cardinal number.

L1B4

For the moment, the only infinite cardinal we encountered is w. The Power Set Axiom will
provide us with plenty of infinite cardinals.

4.3 The Power Set Axiom

The Power Set Axiom claims that given any set x there exists some set y that contains all
subsets of x:
VoIyVz (Vu (uez > uex) - zey).

Again, by mean of an instance of the Comprehension Schema and Extensionality, one
obtains the existence of a certain class-function & : V — V.

Definition 85. Let A be any set.

P (A)={B|BcA}.

Cantor’s Theorem (ZF). Let A be any set.

As P (A).

Proof of Cantor’s Theorem: The mapping g : A — & (A) defined by g(z) = {x} is injective,
hence A < Z (A) holds. Towards a contradiction, we assume &2 (A) < A and also by Cantor-
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Schroder-Bernstein Theorem (page P(A)~A Welet f: A Y, » (A) and set
B={acAl|a¢ f(a)} and b= f1(B).

This leads to the contradiction be B < b¢ B.
[] Cantor’s Theorem

Lemma 87 (ZF).
Vo e On 338 € On (a<ﬁ A |B|=ﬂ).

(This result is a variant of Hartog’s Lemma — see page @)

Proof of Lemma If « is an integer, § = w gives the result. So we assume w < a and we
consider
V={<aS Z(axa)| (a,<q) is a well-ordering}

and the class-function F : V — V defined by

F(<a) = (o, <q)-

We set
W =F[V]
and
O = type[W]
i.e.,

O = {type(a, <a) |<a€ V}.
Finally we consider sup O and show it is a cardinal number.
For this, notice first that sup O ¢ O since O is closed under the successor operation because

VaeOn (w<a— (a+l~1+anl+a=a)).

Finally, towards a contradiction, we assume there exists some ordinal v < sup O that satisfies
supO < . We take any d € O that satisfies v < §. This leads to

supO $v <6 SsupO

which comes down to
v ~0~supO.

Since § € O holds, it follows
a~§~supO.
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Notice then that given any f : « 2, sup O the relation

< ={rd) eaxal fy) < f(9)}

satisfies
(o, <) s a well-ordering

and
type (a, <f) =sup O.

which yields sup O € O, a contradiction.
LIBZ

Lemma |87| motivates the following definitions.
Definition 88 (Successor Cardinal). Given any o € On, a stands for the least cardinal > «.

Notice that for any o € On, one has at = |a|T.

From now on, we use the letters x and \ to denote cardinal numbers.

Definition 89. Let k be any cardinal.
o k is a successor cardinal <= Ja€On Kk =at.

o Kk 18 a limit cardinal <— (w <K AN VaeOn k # oﬁ).

Definition 90. By transfinite recursion, one defines the class-function X : On — On by:
o N() = W
o Nop1 =N

o Ny =sup{Ng | B < o} when « is a limit ordinal.

Notation 91. One traditionally uses both notations R, or ws to name the same ordinal. The
choice between w, and N, only depends on whether one wants to emphasise the cardinal side
(Ry) or the ordinal side (wy).

The need of such distinction will become clearer once we introduce the cardinal arithmetic
operations which behave very differently from the ordinal arithmetic operations.
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Lemma 92 (ZF).
(1) If o < B, then R, < Ng.
(2) Every N, is an infinite cardinal.
(8) Every infinite cardinal is some V.
(4) Nq is a successor cardinal <= « is a successor ordinal.

(5) Ny is a limit cardinal <= « is a limit ordinal.

Proof of Lemma
(1) This is immediate by induction on £.
(2) By induction on a:

o Ny = w is an infinite cardinal,
o Nyy1 = RF is also an infinite cardinal,

o when « is limit, R, = sup {Rg | 8 < a} is also a cardinal for otherwise one would have
IN4| < R,, hence there exists some § < a such that |[R,| < Ng < R, holds. But then
one would have

Na < |Na| < N,B < Nﬂ+1 < Noz

which yields the following contradiction:
Nﬁ ~ N5+1 = NE

(3) Towards a contradiction, we assume there exists some infinite cardinal which is different
from all N,. Let s be the least such cardinal.

o Kk = w is impossible since w = V.
o k = AT is impossible since by induction minimality of x one has A = X, for some

ordinal o, which gives
k=2t =N =N,41.

o If k is a limit cardinal, then for each ordinal o < k, a* < k holds. So, a fortiori

|a|T < k holds as well and one has

k=supa =supa’ =sup|a|t
a<k a<k a<k

By induction hypothesis, for each o < k, there exists some 6, € On such that
|| = Ny,,. Since ||t < k holds for every a < &, the set {0, | @ < k} is closed under
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successor. Hence sup {6, | @ < k} = (3 is a limit ordinal and
k=sup{|a| | a <k} =sup{Ny, | @ < Kk} = Ng;
a contradiction.
(4) Immediate by induction on «.

(5) Immediate by induction on a.

B2

4.4 Cardinal Addition, Multiplication and Exponentiation

We define addition, multiplication and exponentiation on cardinals. Since cardinals are specific
ordinals, these operations should not be mistaken with the ordinal addition, multiplication and
exponentiation. Formally, one should use different symbols such as for example +, - for ordinal
addition and multiplication and @, ® for cardinal addition and multiplication. Nevertheless, we
will use the same symbols and make sure the context takes care of which operation is in use.
For instance, o deals with ordinal exponentiation while k* refers to the cardinal one.

Definition 93 (Cardinal Addition). Let r, A be cardinals.

K+ A=k x{0}uXx {1}

Notice that this is well defined — even without AC — for there exists at least one ordinal «
such that
kx {0} ulx{l} ~a.

Namely the ordinal x + A where + stands for the ordinal addition.
When x and A are both integers, the cardinal addition is no different than the ordinal one

which is exactly the addition on integers. Clearly, as the ordinal addition, the cardinal one is
associative. But, contrary to its ordinal counterpart, cardinal addition is commutative.

Example 94.
o 14+ Ny =1 o Ny + Ny =8y
o Ng+1=1Ng o N, +N; =R,

o Ng+ Ny =18y o Ry + Ry, =Ry,

w
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Definition 95 (Cardinal Multiplication). Let k, A be cardinals.

K- A= |k x )|

Notice that this is well defined — even without AC — for there exists at least one ordinal «
such that
KX\~ q.

Namely the ordinal k - A where - stands for the ordinal multiplication.

When k and A are both integers, the cardinal multiplication is no different than the ordinal
one which is exactly the multiplication on integers. Clearly, as the ordinal multiplication, the
cardinal one is associative. But, contrary to its ordinal counterpart, cardinal multiplication is

commutative.

Example 96.
Ol-NozNO ONl-N1=N1
ON()-l:NO ONUJ~N1:NLU
o Ng- Ny =Ny ONw1‘Nww:Nww

Definition 97. Given any sets A, B,
AB={fe #(AxB)|f:A— B}.

1.€.,

AB={f < Ax B|dom(f) = A, ran(f) S B and f is a function} .
We also occasionally write B4 instead of 4B. Notice that *B e & (# (A x B)).

Definition 98 (AC). Cardinal Ezponentiation. Let k,\ be cardinals.
K = k|

Notice that this definition requires AC because otherwise there may not be any ordinal « such
that
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For instance, take K = A\ = R, then *x is the set of functions from the integers to the integers.
One may think of it as the set of irrational numbers since equipped with the product topology
of the discrete topology on w, this set becomes a topological space called the Baire space, which
is homeomorphic to the subspace of the reals (equipped with the usual topology) formed of all
the irrationals. With this in mind, finding an ordinal o which is equipotent to X is the same
as finding one equipotent with the irrationals.

Notice that when x and A are both integers, the cardinal exponentiation is no different than the
ordinal one which is exactly the exponentiation on integers.

Lemma 99 (ZF). Let k be any infinite cardinal,

KK = R.

Proof of Lemma Notice first that for all & € On,

la x a| = ||a] x ||

Notice that given any [ : « L, |a|, the mapping ¢g : @ x @« —> |a| x || defined by g(&,¢&') =
(f(), f(¢)) is 1-1 and onto. So, one has

laxal~axa=~|alx|al ~|laf x|al|.

We now show « - kK = k . Since obviously, & -k = & holds, it only remains to show x -k < k. For
this purpose, we proceed by induction on k. If kK = Ry, then f : Ny x Ry — Ny defined by
(n+m)(n+m+1)

fn,m) = 5 +m

is a bijection. This shows Ng - Ry = Ng.
For k > Ny, we describe the following well-ordering on k x k:

( max {«, 8} < max {«/, 5’}

V

(a.8) < (¢, ) <= { [max{a,B} = max{d,5'}
A\

(@, 8) <iewre. (&, 5).

Clearly, given any «, 8 < K,

{(G,0) e rxr[(C0)= (o, f)} < (max{a, 5} + 1) x (max{e, 5} +1).
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So, one has
|{(C,9) ek xk|((0)=< (a,ﬁ)}! < ’(max{a,ﬁ} +1) x (max {a, B} + 1)‘
and since both
|(max {c, B} + 1) x (max {e, B8} + 1)| = “(max{a,ﬂ} +1)| x |(max {e, B} + 1)”

and
|(max {a, B} + 1)| < A

hold for some infinite cardinal A\ < k. It follows by induction hypothesis that
{0 enxn| (0= (@B} <PxA=A- A=A
Therefore,

‘type(/i X /<g,<1)’ < sup ’{(C,H) erxk|((0)< (a,ﬁ)}‘

(a,B)ER XK

which leads to

‘type(ﬁ X K,<1) ’ < sup |A| = k.
A<k

(109

This result immediately yields a very simple way of looking at the cardinal addition and multi-
plication.

Theorem 100 (ZF). Let A\, k be cardinal numbers.
If A=0o0r Kk =0 then

o A+ Kk = max {\ Kk} oA-k=0

If0<)Xand 0 < k

If 0 <A <Ny and 0 < kK < Ny then addition and multiplication are no different from ad-
dition and multiplication on the integers.

If Rg < A or Ng < Kk then

o A+ Kk =max {\ Kk} o Ak =max{\, K}

Proof of Theorem [100: We only consider the case A,k > 0 with either Xy < A or Xy < k. We
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let K = max {\, k}. The following yields the result:
ESA+KESA KSK-K=K
(][I0
Lemma 101 (ZFC). If A\, k are cardinals such that Xg < k and 2 < XA < K, then
N=28 = |2 (k)|
Proof of Lemma[101: One has
MLSANSP(kxAN) P (kxk) P (k) <2
(] IoT

Lemma 102 (ZFC). Let k, A, i be any cardinals.

(1) KMH =N gH (2) (k*)" = r .
Proof of Lemma[102:

(1) First, notice that given any set A one has

[Hla] = 4]

since this obviously holds if A = @ and otherwise, given any f : A 2, |Al, one easily

defines a bijection h : 14k <> A% by setting for each ¢ € Yk and each a € A,

Second, one has

Axforopx {1} | _ [Ax{ojoux 1},

H)\-i-u _ ‘(A—&-u

)| =

and since (A x {0}) n (u x {1}) = @, it follows that

)\><{0}uu><{1}l<6 ~ )\X{O}K/ « ,u><{1},€ ~ Apox Mg
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This leads to

AR = AX{O}U“X“}K‘ = "\n x Pr| = “A/ﬁ‘ X ‘“n” = ‘K/\ X m“’ = kKM

(2) One has

‘P

(2 -I'()-

”|)\K| ~ H ()\Ii) ~ ('LLXA)K ~ |,u><)\|H _ ,u-)\li

) -

and also

which immediately gives

g )\FLH = P,

(]I02

Lemma 103 (ZFC). Given any sets A and B,
(1) if there exists f : A =L B, then |A| < |B|.

(2) If there exists f: A 20 B then |A| = |B|.

Proof of Lemma [103:
(1) One has f: A 2, ran(f) < B, hence |A| = |ran(f)| < |B|.
(2) By AC, there exists a choice function® g : B 171 A, which shows |B| = |ran(g)| < |A].

(1103

We extend the well-known result that says “every countable union of countable sets is countable”
to a more general one that reads “every union of at most kK many sets of cardinality at most
K has cardinality at most k”. Notice however, that this result requires the axiom of choice, or
at least a weaker version: the Axiom of Countable Choice (CC) for the countable version of it.
Indeed, if ZF is consistent, then in the Feferman-Lévy model the sets &2 (w), R (the set of reals)
and w; are all countable unions of countable sets [17, 25| [8].

5For instance, a mapping ¢ : B 171, A can be obtained by considering the set {fﬁl(b) e Z(A)|be B} which
is a set of non-empty sets — in fact it is a partition of A into non-empty equivalence classes, namely the ones
induced by a ~ a’ <= f(a) = f(a’) — and then, by mean of AC, picking a single element in each of these
non-empty sets.



Axiom of Choice and Cardinals

71

Lemma 104 (ZFC). Let k = Ry be any infinite cardinal and, for each o < k, Ay be any set

such that |Aq| < k. One has

‘UAQ‘ < K.

a<K

Proof of Lemma[104: We consider the set
{{feA“/i|f:Aai>/<;}|a</<c}
which is a family of non-empty sets®. By AC, we obtain a choice function
CZI{HU{{fEAO‘I{|f:Aa£>H}|Oz<li}

such that -
C(Q)ZfQE{fEAaIQ|fZAa;>I€}.

We define g : UAaiwfxnby

a<k

g(a) = (, fala)) where a is the least ordinal s.t. a € A,.

From Lemma it follows that
U4

a<k

< |k xK|l=kK K=k

4.5 Cofinality

Definition 105. Given any a € On and A < «,

A is unbounded in o0 < Vyea I0e A §= 1.

!

Remark 106. Depending on whether « is a successor ordinal or a limit ordinal, there is a

simple characterization of “being unbounded in o”:

6Notice that even in the case where A, = @, one has “ox = Zx = {@}. Moreover, the empty function is

injective.
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o If =0, then A € @ means A = a = &; hence A = @ is unbounded.

o If a=(+1, then A € « is unbounded in &« < p € A.

o If « is a limit ordinal, then A € « is unbounded in & < sup A = a.

Definition 107. Given any a, 3 € On,

f: B8 — ais cofinal if ran(f) is unbounded in c.

Notation 108. Given any «, 3 € On,

f:p “of, a stands for f : 8 — « is cofinal.

Remarks 109.

(1) Iff:’y«ﬁﬁandgzﬁc—oféoz,thengof:'yc—oféoz.

(2) o In case a is a successor ordinal (o =~ + 1):
f: B — aiscofinal < e f[A].
o In case « is a limit ordinal:

f: B — ais cofinal < sup f[f] = a.

Definition 110. Given any a € On,

cof () is the least B s.t. there exists some f: 3 Lo

Remarks 111.

(1) One has cof(@) < o and by Remark [L09 [(2)}

o cof(a) =1 in case « is a successor ordinal, and

o cof() is a limit ordinal in case « is a limit ordinal.

(2) By Remark cof () is a cardinal.
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Lemma 112. Given any o € On,
there exists f : cof () <o, o s.t. VE € e cof(a) €< & — f(&) < f(E).

Proof of Lemma [I112; If « is a successor ordinal, then o = § + 1, cof(a) = 1l and g : 1 — «
defined by f(1) = § satisfies the requirement.

If o is a limit ordinal, from any g : cof(a) = <, o we define f: cof (o) = <, o strictly increasing
by transfinite recursion:

o f(0) = g(0)
o f(§+1)=max{g((+1), (& +1} (f(€) + 1 € a since « is limit)
o f(9) = sup({g(d)} u{f(& &< 5}) for § limit (f(é) € a since f(9) ¢ a — cof(a) < 5).

(]2

Lemma 113. If there exist ordinal numbers o, 8 = w, and f : B ek strictly increasing, then

cof (a) = cof (B) -

Proof of Lemma[113:

cof () < cof(B): By Lemma [I12 there exists some strictly increasing g : cof(8) — 3. Then
the mapping g o f : cof(8) — « is cofinal which shows cof(a)) < cof (53).

cof (B) < cof(a): By Lemma there exists some strictly increasing g : cof(a) — a. We
define h : cof () LN B by

B(E) = least ¢ sit. £(C) = gl€).
which shows cof (8) < cof ().

(]3]
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Corollary 114. Given any o € On,

(1) cof (cof(a)) = cof ().
(2) If a is a limit ordinal, then cof(Ry) = cof ().

Proof of Corollary Immediate.
Oma

Definition 115. Given any infinite cardinal k,
o k is reqular if cof (k) = k,

o k is singular if cof (k) < K.

Example 116.
o W is reqular since cof(Rg) = w

o N, is singular since cof(R,,) = cof (w) = w

O

Ny, s singular since cof (Ry,) = cof(w1) < wi < Ny,

.«0
i

o

N., where €9 = sup,,.,, w is singular since cof (Rg,) = cof(eg) = w

n

O SUPp <, Ny N is singular since cof | sup,, -, Ny e w
—_— N
n n

It seems from these examples that every infinite limit cardinal we come up with is singular. A
question arises: “can we find an infinite limit cardinal that is regular?” The answer to this
question — as very often in Set Theory — is “it depends”. Indeed, this notion of an infinite
limit regular cardinal will be the first one of a so-called “large cardinal” that we will encounter.

For the moment, we notice that if we work with AC, then every infinite successor cardinal is
regular.
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Lemma 117 (ZFC). Let k be any infinite cardinal.

+

KT 1s reqular.

Proof of Lemma Towards a contradiction, we assume that cof (k™) < k™, so that cof (k™) <

k holds and there exists some mapping f : k “of, kT. Tt follows

rT = sup f[x] = | f(9):
&<k
Since for each & < &, f(€) < k% holds, one has |f(£)| < x which — by Lemma [104] — leads to
‘Uf(f)‘ = K, i.e., |kT| = Kk, a contradiction.

E<k

(] I7

Konig’s Lemma (ZFC). Let k be any infinite cardinal.

reoflB) 5 .

Proof of Kénig’s Lemma: We show that there is no g : & D, eofl®) for the reason that

t
onto_ cof(

there isno g : k %)k. Given any mapping g : £ — “f%)k and any strictly increasing

f:cof (k) cof, K, we construct by a diagonal argument some mapping h : cof (k) — k that does
not belong to ran(g):

Va < cof (k) h(a) = least ordinal in {8 € k| VE < fa) g(&)(a) # B}

Notice that h(«) is well-defined since cof(k) being an infinite cardinal, it follows o < cof (k)
implies |f(a)| < k. From this, we obtain | {g(¢)(a) | £ < f(@)}| < x which shows that the set

{Ber|VE< fla) g(é)(a) # p} is non-empty.

Towards a contradiction, assume that h belongs to ran(g), i.e., there exists some ordinal v < &
such that g(v) = h. Pick any 0 < cof (k) such that f(6) > ~. Since v < f(#) holds we have

h(0) = least ordinal in {f € r|VE< f(O) g(&)(0) # B},

but also
h(0) = g(7)(0) ¢ {Ber|VE< [(O) g(&)(0) # B},

which leads to a contradiction.
[ ] Konig’s Lemma
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Corollary 119 (ZFC). Let k be any infinite cardinal.

cof (27) > k.

Proof of Corollary The result is immediate from both

o (2F)F =2~ (since (2F)" = 27" = 2%)
o (2¢)N) > 97, (by Kénig’s Lemma, page '
(] I19

In particular, for kK = Ry, we have cof(2N0) > Ng, which shows that — under AC — we cannot
have |2 (w) | = Ry, nor |2 (w) | = sup,, -, Ny,

. Rg
—_
n

—

4.6 First Encounter with CH, GCH, and Inaccessible Cardinals

On August 8, 1900, at the Paris conference of the International Congress of Mathematicians
which took place at the Sorbonne, Hilbert presented a list of 10 problems which he later extended
to a list of 23 problems. These were thought out as the most challenging mathematical problems
for the century to come. The first such problem — known as Hilbert’s first problem — was the
Continuum Hypothesis: “there is no set of reals A < R such that w £ A £ R”. Or in other
words, every uncountable set A = R satisfies A ~ R.

Definition 120 (ZFC).
The Continuum Hypothesis (CH) is the closed formula

280 = .
A stronger version of the Continuum Hypothesis consists in generalising it to all infinite cardinals.

Definition 121 (ZFC).
The Generalized Continuum Hypothesis (GCH) is the closed formula

Va e On 2% =N, 1.
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Definition 122 (ZFC). the class-function 3 : On — On is defined by transfinite recursion:
¢ :0 = NO
o Joy1 = 270

o Jg = SUP,<p 27« (for B limit).

Remark 123. The Generalized Continuum Hypothesis (GCH) sates that the aleph sequence
and the beth sequence coincide:
Yae On N, =,.

By ZFC+CH or ZFC+ GCH we denote the extended theories ZFCuU{CH} or ZFCU{GCH}.
We will show that one cannot prove nor disprove neither the Generalized Continuum Hypothesis
nor the Continuum Hypothesis. Indeed, we will show the following

(1)
ZFC+CH|, | = ZFCH, L

which, by contraposition, yields
ZFCi4 1 — ZFC+CHUK L
and by the Completeness Theorem of first order logic:
ZFC# | — ZFC+ CH¥ L

which reads: if there exists some model that satisfies ZFC, then there is also some model
that satisfies ZFC+CH.

ZFC+-CHR L = ZFCH L

which, by contraposition, yields
ZFC i 1 — ZFC+ -CH L
and by the Completeness Theorem of first order logic:
ZFC# 1| — ZFC+ —-CH# L

which reads: if there exists some model that satisfies ZFC, then there is also some model
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that satisfies ZFC+—CH.
Independently of CH, we will show
ZFCh+ |1l <— ZFr |l <— ZF+-ACRL. L

which will bring that all theories ZF, ZF + AC, ZF + —AC, ZF + CH, ZF + —CH all have
the same consistency strength.

Definition 124 (ZFC). Let Ry < k be any cardinal,

o Kk 1s weakly inaccessible iff k is reqular and limit,

o Kk is strongly inaccessible iff k is reqular and YA < k 2* < k.

Remarks 125.
o Every strongly inaccessible cardinal is also weakly inaccessible.

o Under the Generalized Continuum Hypothesis (GCH), a cardinal is weakly inaccessible
if and only if it is strongly inaccessible.

Unless ZFC is inconsistent, one cannot prove the existence of neither a strongly inaccessible
cardinal nor a weakly inaccessible cardinal. The reason for this will be that Unless is inconsistent,
ZFC cannot prove its own consistency. But, if there exists some strongly (or even weakly)
inaccessible cardinal, then one can construct a model that satisfies ZFC, proving this way that
ZFC is consistent.



Chapter 5

Well-Founded Sets and the Axiom of
Foundation

5.1 Well-Founded Sets

Following Kunen’s notation, we now work in ZF \ {AF} = ZF ~ {Foundation}. We define
the class of the well-founded sets.

Definition 126 (ZF ~\ {AF}). By transfinite recursion, we define W : On — V by
o W(0) =0
o W(a+1)=2(W(a))

o W (a) = UW(&) (when « is limit).

E<a

WF = | ] W(a).

aeOn

Definition 127 (ZF \ {AF}). If € WF, then

rk(x) = least € On  such that x € W (a + 1).

Example 128 (ZF \ {AF}).
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o 1k(0) = rk(@) =0 o 1k (2) = rk({2,{2}}) =2
o 1k(1) =rk({@}) =1 o rk(3) = rk({2,{o},{2,{2}}}) =3
o rk({@,{2,{2}}}) =3 o rk(w) = w.

Lemma 129 (ZF \ {AF}). Given any o € On,
(1) W () is a transitive set

(2) V¢ <a W (§) €W (a).

Proof of Lemma @: We prove simultaneously and by induction on a.
a = 0: for one has W (0) = @ which is a transitive set, and for there is nothing to do.

a=0+1: forwe consider
zeye Z2(W(B)) =W (a)

i.e.,

rey < W ()

which comes down to

By induction hypothesis, W () is transitive, so we obtain

r < W ().

i.e.,

e P2(W(B)) =W a).
For we first notice that by induction hypothesis, for every £ < 8 one has

W (&) =W (p)

and one also has
W (B)c Z(W(B)) =W (a)

since, given any x € W (), one has x € W () by transitivity of W (3); hence = €
@(W (8) ) So, we obtain that for every £ < «

W (£) € W ().

a limit: for we only need to show the following to get the result:
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Claim 130. The union of any family of transitive sets is transitive:

Proof of Claim 130 Let (A;)ier be any family of transitive sets. We show that A = UAi
el
is transitive. Take any a € b€ A. Then, a € b € A; holds for some i € I, hence a € A; holds

by transitivity of A;. Therefore, a € UAi = A.

iel
[]1[030
For the result is immediate by definition.
(29
Lemma 131 (ZF ~\ {AF}). Given any « € On,
W (a) = {x e WF | rk(z) < a}.
Proof of Lemma[131: For all z € WF, one has
o rk(z) < a if and only if for some 5 < o, z € W (5 + 1).
o x€ W (B +1) for some 8 < a if and only if! x € W (a).
(I3

Lemma 132 (ZF \ {AF}). Given any y € WF,
(1) Yo € WF Yye WF (zey — rk(z) < rk(y))

(2) rk(y) = sup{rk(m) +1|ze y}

Proof of Lemma [132:

(1) Take z € y e WF. We assume 7k (y) = «, which yields
yeW(a+1)=2(W(a)).

This leads to z € W («), hence 7k (z) < .

!This is by transitivity of W (£) (any £ € On.).
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(2) We set o = sup {rk(z) + 1|z € y}.

o By we have 7k (z) < 7k (y) which leads to a < 1k (y).

o Since for every x € y, one has 7k (z) < «, it follows that x € W («), hence y € W (),
ie,ye Z(W(a)) =W (a+1). Finally, we obtain rk(y) < o

(1132

Definition 133. A sequence is a function s from any ordinal o to any set A.
s:a— A
o dom(s) = « is called the length of s and is also denoted by lh(s).

o If s(§) = ag¢ holds for each ordinal {& < o, we denote s by (ag)e<q or by (ae | £ < ).

Remarks 134.

o Given any set x, the only sequence s : @ — z is the empty function @ called the empty
sequence, whose length is 0.

o Given any sets z,y, the couple (x,y) is not the same as the sequence (x,y) since

e (z,y) = {z}, {=,u}}
¢ @y = {02),0)
- {0 0.3 1 {1 Ly}
= {12}, 1z, 0} L {{leh}, ({2} v} }}.

Definition 135. Given any sequences s : o« — A and t : § — B, the concatenation of s and t
18 the sequence
st:a+f—>AuUB
o dom (s“t) =a+p
o ran (SAt) cAuB

sTHE) = s(§) if E<a

oV <atp {s“t@) = 40 i 3¢ E=axtc.
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Definition 136. Given any o € On and any set A,

o A® —ay oA<a:BUAﬁ oAéa:BUAﬁ
<« <«
={s:a— A}
=U{A? | B <o} = U4 | < a}.

Definition 137. Given any set A, a tree on A is a set T < A=Y closed under prefiz. i.e.,

VseT Vn<Ih(s) s|nel.

O

If T # &, then @ (the empty sequence) belongs to T and is called the root of T.

o

IfseT, anyteT s.t. Ih(t)=1h(s)+1 andt | lh(s) =s is called a child of s.

O

Any s € T without children is called a terminal node or a leaf.

(@)

Ifbe AY andVnew b | neT, then b is called an infinite branch of T .

Example 138 (ZF \ {AF}).
o & is a tree on w (the empty tree)
o {@} is a tree on w (the tree reduced to its root)

<w

o w 1S a tree on w

o {sew<w | Vn Vm (n <m < lh(s) — s(n) <s(m))} is a tree on w

o {s €w<?|Vn VYm (n <m < Ih(s) — s(n) > s(m))} is a tree on w.

Definition 139. Given any set A, T is a non-empty pruned (n.e.p.) tree on A, if T is non-
empty and has no terminal node. i.e.,

(3seT A VseT Jac A s"(a)eT).
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Example 140 (ZF ~ {AF}).

o & is not a n.e.p. tree on w

o

{@} is not a n.e.p. tree on w

<w

o w™¥ is a n.e.p. tree on w

2<% is a m.e.p. tree on w

o {5 €w<¥ | VnVm (n <m < Ih(s) — s(n) < s(m))} is a n.e.p. tree on w

o {s ew™ |Vn Vm (n <m < Ih(s) — s(n) > s(m))} is not%a n.e.p. tree on w

Definition 141 (ZF). The Aziom of dependent choice (DC) is the statement
“every non-empty pruned tree admits an infinite branch”.

1.€.,
VAVT € A% ( “T is a n.e.p. tree” — Jbe AY Vnew b [nET).

Remarks 142.

o The axiom of dependent choice is a weak version of the axiom of choice. One has
ZFC - DC.
But, assuming that ZF is consistent, one has

ZF + DC |/ AC.

o The Axiom of Dependent Choice is a stronger version of the Axiom of Countable Choice.
One has
ZF + DC -, CC.

2Indeed, (0) belongs to {s €w=*|Vn V¥m (n <m < Ih(s) — s(n) > s(m))} but does not have any children,

hence it is a terminal node of this tree.
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But, assuming that ZF is consistent, one has

ZF + CC i/ DC.

o Under ZF, DC is equivalent to the Baire Category Theorem for complete metric spaces
which states that

FEvery complete metric space is a Baire space;

(A topological space is a Baire space if for each countable family (O,,)ne, of dense open
subsets, its intersection ﬂOn is dense.)

new

Corollary 143. If xg € WF, then there is no infinite 3-descending sequence

TO2L1232X223...2Tp 2Tp4l-vv-v--

Proof of Corollary Towards a contradiction, we assume there exists such an 3-descending
sequence (z;);e, and consider
{rk(z;) € On | i € w}.

This non-empty set of ordinals has no minimal element, since by Lemma one has 7k (x;) >
Tk (x;+1) holds for each integer i, which leads to

o212 ...2Tn dTp41leve---
=
rk(xo) > 1k(x1) > 1k (22) > ... > rk(xn) > 1k (Tpt1) .- ..

contradicting Theorem
L]
Lemma 144 (ZF ~ {AF}). Given any a € On,

(1) On <€ WF
(2) k(a) = «
(8) W (a) n On = a.

Proof of Lemma [144:
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o We prove and simultaneously by induction on «

a=0: 0e{g}=2(2)=W(1) and rk(@) =0
a=F8+1: a=pFu{p}. Byinduction hypothesis, since 7k (5) = 5, on has f € W (8 + 1).
Since W (3 + 1) is a transitive set by Lemma [129[(1)] it follows that 5 € W (8 + 1),
hence 5 U {8} < W (8 + 1) which leads to
a=Bu{Ble Z(W(B+1))=W(a+1).
By Lemma @
k(o) = sup {rk(z) + 1|z ca} =sup{rk(z) +1|ze B v z = B}
Since by Lemma for each = € 3, one has rk(z) < rk(8), we obtain

rk(a) =sup{rk(z)+1|zeB va=8}=rk(B)+1=0+1=a
a limit: o = sup {ﬁ | B < a}. By induction hypothesis, for each 8 < « one has
BeW (B+1) and rk(B) =
so that

a={B8B<a}c | JW(B)=W(a)

B<a

hence

a={B|B<a}eP? (UW(@)@(W(@)) =W(a+1).

B<a

By Lemma @ one has
k(o) = sup {rk(B)+1|Bea} =sup{B+1|Beca}=q
o For it is enough to notice that

W(a)nOn={BeOn|rk(f)<a}={Be0n|p<a}=a.

g

Lemma 145 (ZF ~\ {AF}).
Vy (y € WF «— y < WF).

Proof of Lemma [145:
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(=) ye WF ifand only if y € W («) for some ordinal a. By Lemma[129][(1)] W («) is transitive,
which gives y € W (o) € WF.

(<) Let o = sup {rk(z) | « € y}, one has Vx € y € W (a + 1), hence y = W (o + 1), i.e.,
yeW (a+2) < WF.

[ 1045

Remarks 146.
o If x € WF, then the following sets belong to WEF:
{x}  ~ rk({x}) =rk(x)+1

( )
Uz ~ rk(Jz) < r1k(x)
P(x) ~ k(P (z)) =rk(z)
(z)

+1
Sz ~ rh(Sz) =rk(z)+1
o If &,y € WF, then the following sets belong to WE:
@y}~ k(o)) = max {rk(z), rb(y)} + 1
T XY > rk(x x y) = max {rk(z),rk(y)} + 3
TUY rk(z U y) = max {rk(z), rk(y)}
zny ~  rh(zny) <max{rk(z),rk(y)}
(ey) ~ k(@) = max (rk(c), 7k (y)) +2
wy) ~ k(@) = max {rk(e) 7k (y)} +3
Ty rk(®y) < max {rk(z),rk(y)} + 4.

Definition 147 (ZF \ {AF}). A relation <, is well-founded on a set A iff every non-empty
subset of A admits some <,-minimal element. i.e.,

VBcC A <B;é®—>3yeBV:ceB x{Ay).

A relation that is not well-founded is called ill-founded.
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Lemma 148 (ZF \ {AF}+DC). Let <, be some relation on A.
<, s well-founded on A

—

—‘H(Cli)iew View i1 <, G-

Proof of Lemma [148:

(=) By contraposition, we assume
El(ai)iew Vi e w Ai+1 <, Q.
and form B = {a; | i € w} # & which satisfies

Vye Bdzxe B x <, y.

(<) By contraposition, we assume <, is ill-founded on A. So, there exists B € A, B # @ such
that
Vye BdzeB x <, y.

One forms
T={seB<|V¥n (n+1<Ih(s)— s(n) <, s(n+1))}.

Notice that T is a n.e.p. tree on B. By DC, there exists some infinite branch b € B%
which is an infinitely <;decreasing sequence.

[ ]I48

Lemma 149 (ZF \ {AF}). Let A be any set.

If Ae WF, then € is well-founded on A.

Proof of Lemma [149:
o If A = @, then the result is obvious since e 4= J.

o If A # @, then for any non-empty set B € A, consider

a = least ordinal in {rk(x) |z € B}.
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Now, every element a € B such that 7k (a) = « is a €-minimal element in B since

Vo e WF Vye WF (zey — rk(z) <rk(y)).

holds by Lemma [132(1)|

e

Remark 150. There is a nice way to represent well-founded sets (the sets in WF) by well-
founded (unordered?) trees.
Imagine you are given a well-founded tree such as the one below:

Then, you can associate to each node of the tree, the set of the sets associated with each of
its children. So that the leaves of the tree are associated with the empty set as shown in the
following picture.

Precisely, to each node n we associate n = {C | c is a child of n} which gives the result as de-
scribed in the picture below:
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A well-founded tree represents the set that is collected at its root. For instance, the tree above
represents the set { {&, {@}},{2} }.

Example 151. A tree that represents the set

{121 {121}, {{12)}}}

By taking into account that at each node n we associate n = {¢| c is a child of n} we aim at
what is described in the mext pictures:

3A tree is ordered if for each node there is a an ordering on its children. A tree is unordered if there is no such
ordering, which means that on a given picture, the ordering of the children of a node from left to right does not
matter.
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The set n associated to the node n is written at the right of n.

Example 152. A tree that represents the ordinal 4 where

1-{o.10).{2.(0) ). {e. (2} (o101} } .
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By taking into account that at each node n we associate n = {¢| c is a child of n} we aim at
what is described in the next pictures:

) /’*\
[ AR

o’

The set n associated to the node n is written at the right of n.

For a better visualisation, we replace the ordinals by their usual descriptions in base 10.
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Definition 153 (Height of a non-empty well-founded tree). Let A be any set and T < A< be
any non-empty well-founded tree on A. We define ht : T — On by

o if s is a leaf *: ht(s) =0,

o if s is not a leaf: ht(s) = sup{ht(s“ (a))+1ew|ae Aand s (a)€ T}.

The height of the tree is the height of its root: ht(T) = ht(()).

Clearly, the height of a node which is not a leaf is the least ordinal which is strictly greater than
the height of every one of its children.

Example 154. A tree T = {<) ,(0), (1), (0,0Y, (1,0), (0,1Y, (1, 1), (0,0,0Y, (0,0, 1) }

The heights of each node of this tree:

So, the height of this tree is 3.

“The sequence s is a leaf if for all a € A, s~ {a) ¢ T



94 EP.‘ L Set Theory

We saw that from any well-founded tree we could obtain a set which will necessarily be in WF.
Now, we focus on the same kind of operation, but the other way round: from any well-founded
set A, obtain in a canonical way, a well-founded tree T 4 that represents A.

Definition 155 (The canonical tree representation of a well-founded set). Let A € WF be any
set. The canonical tree T 4 that represents A is defined as

o if A=, then Ty = {()} = {@};

o if A# @, then

Ta={()}u {86 tc(A)= | Ih(s) >0As0)e AAVi<Ih(s)—1 s(i) 93(i~|—1)}

={(>}u{<x0,a}1,x2,...,xk>|l<:ew and A >3 x9 311 9$29...9xk}.

(For the definition of tc(A), see Definition[159)

Notice that T4 has no infinite branch, since A € WF.

Example 156. The canonical tree representation T 4 of the well-founded set

A:{@,{@},{{@}},{{{g}}}}

As a set this tree is the set of all the 11 sequences that are shown below:
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Proposition 157. Let A be any well-founded set and T 4 its canonical tree representation.

ht(Ta) =1k(A)

Proof of Proposition[L57: By induction on rk (A):
ork(A)=0 «—= A= <= T, isasingle node® <= ht(T4) = 0.

ork(A) =a>0 < rk(4) = sup{rk(x) +1]zxze A} — 1k(A) = sup{ht(Tx) +1|
JZEA} = ht(Ta).

(] I57

Lemma 158 (ZF \ {AF}). Let A be any set.

If A is transitive and € is well-founded on A, then A € WF.

Proof of Lemma By Lemma [145] it is enough to show that A € WF. So, towards a
contradiction, we assume A~ WF # & and consider some €-minimal element a € A~ WF. For
each = € a, one has x € A since A is transitive, and z ¢ A ~ WF, hence x € WF. This leads to
a € WF and once again, by Lemma to a € WF, a contradiction.

[

Given any set A, if we intend to turn A into some transitive set by adding the minimal amount
of elements to A, what we need to do is to add the elements of the elements of A, then the
elements of the elements of the elements of A, and the elements of the elements of the elements
of the elements of A,...etc.

This way, we obtain the “transitive closure of A”, which is defined by

5Both root and leaf at the same time.
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Definition 159 (ZF \ {AF}). Let A be any set.
The transitive closure of A — denoted by tc(A) — is defined by recursion on the integers:

fa =4
Uta=U(U"4)
te(4) =U{U'4|new}.

Lemma 160 (ZF ~ {AF}). Let A be any set.

tc(A) is the S-least transitive set such that A < tc(A).

Proof of Lemma A < tc(A) is by definition. To show that tc(A) is transitive, it is enough
to notice that for every integer n, one has that if z € |J" 4, then z < | J""' A. To show that
tc(A) is the C-least such set, we prove by induction on n € w that any set B that is both
transitive and contains A contains each ( J" A.

(n:=0): [J°A = 4 < B by definition.

(n:=k+1): assuming Uk A C B and B is transitive yields that for every x € Uk A, one has
z < B. ie, J(U"A) € B whichis J"' A c B.

(1160

Theorem 161 (ZF ~ {AF}). Let A be any set. The following are equivalent:

(1) € is well-founded on tc(A)
(2) tc(A) e WF
(3) Ac WF.

Proof of Theorem [161}

since tc(A) is both transitive and well-founded by €, we obtain by Lemma [L58 that
tc(A) e WF.

by applying Lemma twice, we obtain
Actc(A)e WF —= Ac tc(A) < WF — A< WF — Ae WF.
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by Remarks WF is closed under | J : V — V. Hence, for each integer n we
have both | J" A € WF, and by Lemma [145/ J" A € WF. This leads to

tc(A)=U{UA|n€w}§WF,

and by Lemmaonce again to tc (A) € WF. Hence, given any non-empty subset B < A,
any set b € B such that rk(b) is minimal in {rk(z) | 2 € B} is €-minimal in B.

(] ed

5.2 Foundation

In this section we will see that the Axiom of Foundation essentially restricts the universe of
all sets to the ones that are e-well-founded. However, the Axiom of Foundation is not stated
in terms of the well-foundedness of the membership relation. It says that every non-emptyset
has an element with which it has no element in common:

Vm(ﬂyyemaﬂy(yex A ﬁEIz(zex A zey))).

This forbids, for instance, sets of the form xz = {z} or even any set that satisfies x € x, since any
such set leads to z € {z} and z € z, hence z € ({z} N z) which shows that {z} does not contain
any element with which it has no element in common.

Theorem 162 (ZF ~ {AF}). The following are equivalent:

(1) Aziom of Foundation
(2) the membership relation is well-founded on each set

(3) V= WF.

Proof of Lemma [162:

| (2); given any non-empty set A, by the Axiom of Foundation, there exists some element
a € A such that a n A = & holds. So, a is some e-minimal element in A.

given any set A, one has that the membership relation is well-founded on tc(A), and
by Theorem Ae WF.

| (1); given any non-empty set A, since A € WF we consider

a = least ordinal inside {rk(x) € On |z e A}

and pick any a € A with 7k (a) = «. It follows that either a = @ or Vzea x ¢ A.
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(1062

So, taking into account the Axiom of Foundation forbids the models of ZF or ZFC that contain
non-well-founded sets. We may think this is too restrictive. But on the other hand, when all
sets are well-founded by the membership relation, we can make use of recursion everywhere for
constructing many objects on the basis of any sets.

The question we should ask however is:

“do we risk to render set theory inconsistent by adding the Axiom of Foundation?’

We will see that the answer is: “ no”. Essentially, what we will show is that if there exists some

model of ZF \ {AF} or ZFC . {AF}, then we can restrict this model to the sole well-founded
sets and obtain another model that still satisfies ZF or ZFC. So, we will prove:

ZF ~ {AF} |}/ | = ZF i L
which is logically equivalent to
ZF -, | — ZF~{AF} R L

which says that if ZF is inconsistent, then ZF without the Axiom of Foundation is already
inconsistent as well. To do this, we will need to define — within the language of set theory —
an operation that consists in restricting ourselves to some given class (in particular to WF).
This operation is called relativization.

Working with the Axiom of Foundation, since V = WF holds one usually uses the notation

Definition 163 (ZF). When working with the Axiom of Foundation, V. = WF holds. Hence,
one usually uses the notation V (a) instead of W («). This means that by transfinite recursion,
one defines

o V() =g
o V(a+1)=2(V(x))

o V(a)= UV(&) (when « is limit).

E<a

V=] V().

aeOn
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Figure 5.1: The Class of Well-Founded Sets WF = U W ().

aeOn
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Figure 5.2: The Universe V = U V().
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