Set Theory

JACQUES DUPARC

Batiment Anthropéle
CH - 1015 Lausanne

Jacques. Duparc@umnil.ch

Jacques. Duparc@epfl.ch

=Pi-L






Contents

[ Introduction|

([ The Theory Itself

[1__The Axioms

[3 Extension by Definition and Conservative Extension|

[3.1 Extension by Definitions| . . . . . . . . . . .. .. ...

B.2  Conservative Extensions . . . . . . . . . ... ..
G : FChoi [ Cardinal

4.1 Axiom of choice, Zorn’s Lemma and Zermelo’s Theorem . . . . .. ... ... ..

42 Cardinald . . . . . . . . e

4.3 The Power Set Axiom| . . . . . . . . o oo e e e e

4.4 Cardinal Addition, Multiplication and Exponentiation| . . . . . . . . .. ... ..

4.5 Cofinality] . . . . . . . . . e

4.6 First Encounter with CH, GCH, and Inaccessible Cardinals . . . . ... .. ...
B WellF edS [ the Axi FF B

5.1 Well-Founded Setsl . . . . . . . . . . . .

11

13
16
18
21

23
23
29
35
38
38
40

45
45
51

53
93
57
61
65
71
76



4 CONTENTS

II__Relativization and Absoluteness| 101
6__From Inside a Class 103
6.1 Relativization| . . . . . . . . . . . e e 103
[6.2  Consistency and Model Existence|. . . . . . . ... ... ... .. ... ...... 105

|7 The Mostowski Collapse 107
i - “Set-Like” 110 7<) 107

[7.2  The Mostowski Collapsing Functional | . . . . . . . .. .. ... ... .. ..... 110

[8 Preservation under Relativization 121
R1  Relativization of ZF . . . . . . . . . . . .. 121
8.2 Absolutenessl . . . . . . . .. 127
[III The Consistency of ZF 137
9 Arithmetic and Recursivity| 139
[9.1 Recursive Sets of Integers and Functions NP — N| . . . . . . . ... .. .. ... 139
0.2 Robinson Arithmetic . . . . . . . . . . . 142
[9.3 Coding Sequences of Integers| . . . . . . . . . . . . . .. ... ... ... ..., 143
0.4 Godel Numbers| . . . . . . . . . o 145
[9.5 Coding the Proofs| . . . . . . . . . . . . . ... .. 150
|10 Undecidability Results| 169
10.1 Undecidability of Robinson Arithmetic|. . . . . . .. ... .. ... ... ..... 169
10.2 Peano Arithmetic and IX9. . . . . . ... ... 173
(10.3 The Arithmetical Hierarchy| . . . . . . . ... ... ... ... ... .. ...... 174
[10.4 Godel’s Second Incompleteness Theorem . . . . . . . . . . .. ... ... ..... 175
[10.5 Jech’s Proof of Godel’s Second Incompleteness Theorem for Set Theory| . . . . . 182
IV Gadel's C ‘ble Unj 185
(11 The Constructible Sets 187
[11.1 Definability] . . . . . . . . . . e 187
I1.2 The Constructible Setd . . . . . . . . . . . .. 191
[11.3 The Constructible Universe Satisfies ZF| . . . . . . . ... ... ... ... .... 198
[11.4 A Reflection Principle for Ll . . . . . . . . . . . . . . .. ... ... 198
(2 AC [ CH inside Godel’s C bl Uni 205
[12.1 The Axiom of Constructibility and the axiom of choice|. . . . . . ... ... ... 205

(12.2 The Axiom of Constructibility and the Generalized Continuum Hypothesis| . . . 207




CONTENTS 5
[V Forcing 213
[13 Forcing Conditions and Generic Filters 215
[[31 Introduction]. . . . . . . . . . . . 215
[13.2 Montague’s Reflection Principle| . . . . . . . . ... ... ... ... ... 217
[13.3 Posets and Generic Filters . . . . . . . . . .. . . . ... 220
(14 P-names and Generic Extensions| 231
M4l Pmames . . . . . . . ..o 231
[14.2 Generic Extensions] . . . . . . . . . . . 234
15 The Truth Lemma 245
[15.1 Forcing from inside V| . . . . . . . ..o 245
[15.2 Forcing from inside M| . . . . . . . . . . ... 247
[15.3 Connecting the Truth in M[G] to the Truthin M . . . . ... ... ... 258
16 ZFC within the Generic Extension and Cardinal Preservation 267
6.1 ZFC within the Generic Extension . . . . . . . . ... .. ... ...... 267
[16.2 A First Attempt to Deny CH . . . . . . . . . ... ... ... ....... 273
[[6.3 Cardinal Preservation] . . . . . . . . . . ... i 275
[17 Independence of CH 283
[17.1 Forcing 280 = No . . . . . ... 283
[17.2 Reflecting back on forcing 2% =No . . . . ... 289
[17.3 Forcing 280 = N1 . . . oo oo 290
(18 Independence of AC| 295
[18.1 Notions of Forcing and Automorphisms| . . . .. ... ... ... ..... 295
[18.2 Hereditarily Ordinal Definable Sets|. . . . . . . . . .. ... ... ..... 299
[18.3 Forcing —AC| . . . . . . . . e 300
VI __ZF without the Axiom of Choicel 305
[19 Cardinality Revisited| 307
[19.1 Injections and Surjections Revisited| . . . . . .. .. .. .. ... ..... 307
[19.2 Hartogs’ Lemmal . . . . . . . . .. .. 309
[19.3 Cardinals without the axiom of choicel . . . . . ... ... ... ... ... 310
20 About R without the axiom of choicel 313
[20.1 Variations on the Realsl . . . . . . . . . . ... ... ... ... ...... 313
20.2_Outcomes of R as a Countable Union of Countable Setsl . . .. ... ... 316



6 CONTENTS
[21 Symmetric Submodels of Generic Extensions| 321
[21.1 Symmetry Groups and Hereditarily Symmetric P-names . . . . . . .. ... ... 321
[21.2 The Symmetric Submodel . . . . . . . ... o 326
[22 Some Applications of the Symmetric Submodel Technique 335
[22.1 Forcing R as a Countable Union of Countable Sets| . . . . . .. ... ... .... 335
[22.2 Forcing the Well-Orderings of the Reals Out|. . . . . . ... ... ... ... ... 346
[22.3 Forcing Every Ultrafilter on w is Principal| . . . . . . . . .. ... ... ... ... 351
[VII  Set Theory with Atoms| 357
23 Atoms and Permutation Models 359
[23.1 Zermelo-Fraenkel with Atoms (ZFA)|. . . . . . . . . . ... ... ... ... 359
23.2 Permutation Modelsl . . . . . . . . . ... ... 362
23.3 The Basic Fraenkel Model . . . . . . . . . .. ... 371
23.4 The Second Fraenkel Modell . . . . . . . .. . ... . . 374
23.5 The Ordered Mostowski Modell . . . . . .. ... ... ... ... ... ... 379
[24 Simulating Permutation Models by Symmetric Models| 385
[24.1 The Jech-Sochor Embedding Theorem . . . . .. ... ... ... ... ...... 385
[24.2 Some applications of the Jech-Sochor Embedding Theorem| . . . .. ... .. .. 397
Index of Notations 407
[Index of Concepts| 411
|Bibliography| 415




	Introduction
	I The Theory Itself
	The Axioms
	Extensionality and Comprehension
	Pairing, Union and Replacement
	Relations and Functions

	Well-orderings and Ordinals
	Well-orderings
	Ordinals
	Order Type, Successor Ordinals and Limit Ordinals
	Classes
	Transfinite Induction and Recursion
	Ordinal Addition, Multiplication and Exponentiation

	Extension by Definition and Conservative Extension
	Extension by Definitions
	Conservative Extensions

	axiom of Choice and Cardinals
	Axiom of choice, Zorn's Lemma and Zermelo's Theorem
	Cardinals
	The Power Set Axiom
	Cardinal Addition, Multiplication and Exponentiation
	Cofinality
	First Encounter with CH, GCH, and Inaccessible Cardinals

	Well-Founded Sets and the Axiom of Foundation
	Well-Founded Sets
	Foundation


	II Relativization and Absoluteness
	From Inside a Class
	Relativization
	Consistency and Model Existence

	The Mostowski Collapse
	Recursion on Well-founded and ``Set-Like'' Relations
	The Mostowski Collapsing Functional 

	Preservation under Relativization
	Relativization of ZF
	Absoluteness


	III The Consistency of ZF
	Arithmetic and Recursivity
	Recursive Sets of Integers and Functions Np -3muN
	Robinson Arithmetic
	Coding Sequences of Integers
	Gödel Numbers
	Coding the Proofs

	Undecidability Results
	Undecidability of Robinson Arithmetic
	Peano Arithmetic and I01
	The Arithmetical Hierarchy
	Gödel's Second Incompleteness Theorem
	Jech's Proof of Gödel's Second Incompleteness Theorem for Set Theory


	IV Gödel's Constructible Universe
	The Constructible Sets
	Definability
	The Constructible Sets
	The Constructible Universe Satisfies ZF
	A Reflection Principle for L

	AC and CH inside Gödel's Constructible Universe
	The Axiom of Constructibility and the axiom of choice
	The Axiom of Constructibility and the Generalized Continuum Hypothesis
	Inner Models


	V Forcing
	Forcing Conditions and Generic Filters
	Introduction
	Montague's Reflection Principle
	Posets and Generic Filters

	P-names and Generic Extensions
	P-names
	Generic Extensions

	The Truth Lemma
	Forcing from inside V
	Forcing from inside M
	Connecting the Truth in M[G] to the Truth in M

	ZFC within the Generic Extension and Cardinal Preservation
	ZFC within the Generic Extension
	A First Attempt to Deny CH
	Cardinal Preservation

	Independence of CH
	Forcing 20 = 2
	Reflecting back on forcing  20=2
	Forcing 20 = +1

	Independence of AC
	Notions of Forcing and Automorphisms
	Hereditarily Ordinal Definable Sets
	Forcing AC


	VI ZF without the Axiom of Choice
	Cardinality Revisited
	Injections and Surjections Revisited
	Hartogs' Lemma
	Cardinals without the axiom of choice

	About R without the axiom of choice
	Variations on the Reals
	Outcomes of R as a Countable Union of Countable Sets

	Symmetric Submodels of Generic Extensions
	Symmetry Groups and Hereditarily Symmetric P-names
	The Symmetric Submodel

	Some Applications of the Symmetric Submodel Technique
	Forcing R as a Countable Union of Countable Sets
	Forcing the Well-Orderings of the Reals Out
	Forcing Every Ultrafilter on  is Principal


	VII Set Theory with Atoms
	Atoms and Permutation Models
	Zermelo-Fraenkel with Atoms (ZFA)
	Permutation Models
	The Basic Fraenkel Model
	The Second Fraenkel Model
	The Ordered Mostowski Model

	Simulating Permutation Models by Symmetric Models
	The Jech-Sochor Embedding Theorem
	Some applications of the Jech-Sochor Embedding Theorem

	Index of Notations
	Index of Concepts
	Bibliography


