Worksheet #6

Algebra V - Galois theory
October 16, 2025

Problem 1. Let F be a finite field. Prove that Auty(F) is an Abelian group and that every element
of this group has infinite order.

Problem 2. Let G # {1} be a finite Abelian group.
(i) Prove that there exists a Galois extension L/Q such that Gal(L/Q) ~ G.

(i1) Let K/Q be a finite extension. Prove that there exist infinitely many Galois extensions L/ K
such that Gal(L/K) ~ G.

Problem 3. Let K be a field such that every finite extension L/K is cyclic. Show that there exists
o € Autg(K) such that K = K ={x € K; o(x) = z}.

Problem 4. Let L/K be a Galois extension with Galois group G. Define the so-called trace map
T:L— L (cf Problem 10, worksheet 3/4) by

0 g(o)

(i) Prove that im(T) C K and T is additive.
(11) Assume that [L: K| = |G| =n and G =< ¢ > is cyclic and prove that ker(T') = im(o —idy).
Problem 5. Prove that Q(\‘7§) is not a subfield of any cyclotomic extension of Q.

Problem 6. Let f € Q[x] be a cubic polynomial such that Gal(SFy(f)/Q) = Cs. Prove that all
the roots of f are real.

Problem 7. Let L/K be a cyclic extension of degree three of fields of characteristic not equal to
two. Write G = Gal(L/K) = {1,0,0°} and for 3 € L define (cf. Problem 10, worksheet 3/4)
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Fiz p € L*\K not a square with Ny (B) = 1 and let a be a root of z* — B.

(i) Prove that the normal closure of L(a) over K is a Galois extension of K with Galois group

Ay.

(ii) Let now L = Q((r + ¢ ) and K = Q, where 7 is a primitive T-th root of unity. Then, L] K
is a cubic cyclic extension. Check that B = (; + (- has the properties outlined above.



