SOLUTIONS TO WORKSHEET #2

Problem 1. — Let L/K be a finite field extension of degree two. Prove that:
(i) if char(K) # 2, then L = K(x) for some x € L such that x? € K; whereas
(i) if char(K) = 2, then either L = K(x) with x?> € K, or L = K(x) with x?> + x € K.

Solution. That L/K is of degree 2 means that L is a 2-dimensional K-vector space. So choose any
basis L =K-1®K -y, where y € L \ K is an arbitrary element. The element y? € L can therefore be
expressed as a K-linear combination of the basis 1 and y; equivalently, there is an equation

y2+ay+b=0€lL
for some a, b € K. If char(K) # 2, we may complete the square and obtain an equation
1 1 1 1
2 2 2 2 2
t+ay+bt-a“"=(y+za)’+b—-a*=x"+(b—-a)=0
y-+ay 74 =0+35a) 2 (b—Za)

where x =y + %a. Since y is not in the K-span of 1, neither will x, meaning x € L \ K and that
{1, x} is a K-basis of L. Therefore L = K(x) and x? = }‘a —beKk.

In the case that char(K) = 2, then we cannot complete the square—we had to divide by 4, but
4 =0 in K! However, if a # 0, then we may divide the relation by a? to see that

YN,y ., b 2 b
=) +=+—==x“+x+—5=0
(a) a a? a2

where x := y/a. So, if a # 0, then L = K(x) where x2 4+ x = b/a? € K. If a = 0, then taking x := y,
the original relation already gives L = K(x) with x? € K. This now covers all cases. [ ]

Problem 2. — Let L/K be a finite field extension whose degree is a prime number. Prove that there are
no intermediate fields between K and L.

Solution. Suppose that there is a chain of field extensions L. C F C K. Since degrees of field extensions
are but vector space dimensions, there is the relation

[L:K]=[L:F]-[F:K]
If [K : L] were prime, then either [K : F]=1 or [F : L] =1, meaning that F =K or F = L. In other

words, there are no intermediate fields between a field extension of prime degree. [ |

Problem 3. — Let K(a)/K be a finite field extension of odd degree.
() Prove that K(a) = K(a?).

(ii) Give an example to show that the previous statement can be false if [K(a) : K] is even.

Solution. Suppose d :=[K(a) : K]is odd. View K(a?) as an intermediate field extension between K
and K(a), and consider the degree relation

d=[K(a):K(a®)] [K(a?):K].
On the other hand, since every x € K(a) may be written as
-1 . (d—1)/2 . (d—3)/2 .
— T _ 2i 2i
= Zi:o G = (Zi:o Ci® ) + (Zi:o C2i+1® )a
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for some cy, . ..,cq_; € K. Each parenthetical terms on the right are all members of K(a?), indicating
that [K(a) : K(a?)] < 2. But d = [K(a) : K] is odd, so the degree relation forces [K(a) : K(a?)] = 1:
that is, K(a) = K(a?).

Of course, when d := [K(a) : K] is even, it may be the case that K(a) and K(a?) differ: this was
essentially addressed in Problem 1! To see an explicit example, take the real numbers K := R and
adjoin the imaginary root to obtain K(a) := R(+/—1) = C. Then K(a?) =R(—1) =R. [ |

Problem 4. — Let L /K be an algebraic field extension, denote the group of K-automorphisms of L by
Aut(L/K) and assume that for every a € L \ K we can find ¢ € Aut(L/K) such that ¢(a) # a. Pick
p € L and let f € K[x] be the corresponding minimal polynomial. Prove that the group Aut(L/K) acts
transitively on the set of roots of f.

Solution. Write the minimal polynomial f (x) of 8 as
FO)=x"+cx™ 4oty x+ oy = (x—r))(x —19) - (x —71,,)

for coefficients cq,...,c,, € K and roots ry,...,1, € L. Expanding the product and comparing
coefficients of x* gives Vieta’s formulae:

cr =Si(r1,r9, - s T) :Z

where s;(rq,79,...,y) is the k-th symmetric polynomial in the roots ry,7,...,r,. For example,

r. r‘. -.-r.
1<i) <ip<--<ixr<m 112 lk

C1:r1+r2+"'+rm, Cy = E 1<i<j<mrirj, and Cp =TTy " T'y.

The symmetric polynomials are named as such because they are invariant under the symmetric group:
concretely, for any permutation o: {1,...,m} — {1,...,m},

$1(To(1)s To(2)s -+ +» Tom)) = Sk(11, T2, - o5 ).

Suppose now that, perhaps after relabelling the roots, the orbit of r; under Aut(L/K) is the set
{ri,r9,...,r,} for some 1 < n < m. Form the polynomial

gx):=(x—r)dx—ry) - (x—ry)=x"+ blx"_1 +---4+b,_1x+b,.

As before, the k-th coefficient by = s;(rq,79,...,7,) is given by the k-th symmetric polynomial on
1,T9,...,Ty. Butsince {ry,ry,...,r,} is the full orbit of r; under Aut(L/K), any ¢ € Aut(L/K) simply
permutes the set, and so

@(bk) = Q‘O(Sk(rl, Toseees rm)) = 5k(¢(r1): 90(7'2): e (p(rm))
=s5k(re(1)s To@)s -+ > Tom)) = k(1,25 -« i) = by

where o: {1,...,m} — {1,...,m} is some permutation, the first line uses the fact that ¢ is a
homomorphism of fields, and the final line uses the invariance of the symmetric polynomials under
the symmetric group. Since this is true for all ¢ € Aut(L/K), the hypothesis implies that, in fact,
by €K for each k =1,...,n; in other words, g(x) € K[x].

The polynomial g(x) divides f (x) since the roots of the former are a subset of those of the latter.
Applying the polynomial division algorithm gives another polynomial h(x) € K[x] such that

f(x) = g(x)h(x).

Now f(x) is the minimal polynomial of 3 € L, so f(8) = 0. The relation implies that either g(8) =0
or h(3) = 0. But minimality implies that f (x) divides either g(x) or else h(x). This is only possible
if f(x) = g(x), so that n = m above, meaning that Aut(L/K) acts transitively on {r,...,r,,}. [ |
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Problem 5. — Let F, = {0, 1} be the field with 2 elements and let F, := F,(a) be the field extension
generated by a root a of 1+ x + x2 € Fy[x]. Prove that ¢: F, — F, given by a+ ba — a+ b+ ba is
an element of Aut(F,/F,), where a,b € F,.

Solution. It is clear from the definition that ¢ : F, — F, acts trivially on F,; in particular, it preserves
the additive and multiplicative units. Moreover, since F4, = {0,1,a,1 + a} and

pla)=1+a and p(1+a)=2+a=a,
using the relation 2 = 0 in F,, the function ¢ is even a bijection. It remains to verify that ¢ is a
homomorphism of fields, namely, that it preserves addition and multiplication. Let a;, as, by, b, € Fs.
For addition, directly compute:
v((a; +b1a) + (ag + bya)) = ¢((a; + az) + (b + by)a)

== (a1 + a2 + bl + bz) + (bl + bz)a

= (a1 + b1 + bla) + (a2 + b2 + bza)

= ¢(a; + bja) + p(az + bya).

2

For multiplication, use the relation a“ = a + 1 to obtain, on the one hand

¢((ay + bya)(az + bya)) = p(asap + (a,by + azby)a + by bya?)
= ¢(a1ay +b1by + (ayby + azby + by by)a)
=ayay+ byby+a,;by+asb; +byby+(a; by +asb; +biby)a
=a,ay +a;by+ayby +(a;by +ayby + byby)a
where 2b;b, = 0 since F, has characteristic 2. On the other hand,
¢(a; + bya)p(ay + bya) = (a; + by + bya)(ay + by + bya)
= a,a, 4+ a;by + ayby + byby + (a;by + ayby +2byby)a + bybya?
=a,ay+a; by +ayby +2b1by + (a1by + ayby + by by)a
=aya, +a;by, +ayb; + (a; by +asby + by by)a.
Comparing the final lines of both computations shows that

¢((a; + bya)(ay + bya)) = ¢(a; + bya)y(ay + bya). u

Problem 6. — Prove that the set A of complex numbers that are algebraic over Q form a subfield of C
that is algebraically closed. This gives an example of an algebraic field extension which is not finite.

Solution. Defined in this way, A is but a subset of C, so the task is to show it is a field. Of course, any
element of Q is algebraic over Q, so Q C A, showing that A contains 0 and 1. It remains to show
that it is closed under addition, multiplication, and taking inverses. But for this, let a, f € A be
any elements. By definition, they are algebraic over Q, so that together they generate a finite field
extension Q(a, 8) over Q. Every element in a finite field extension is algebraic over the base. Since
each of a+ 3, aff, a !, and B! lie in Q(a, B), they are algebraic over Q and therefore lie in A. Thus
A is closed under all the field operations, and thus is itself a field.

To see that A is algebraically closed, let f(x) € A[x] be a polynomial. Since f(x) has only finitely
many coefficients, it may be viewed as an element of K[x] C A[x] where K is the finite field extension
of Q obtained by adjoining the coefficients of f(x). Adjoining the finitely many roots of f(x) to K
then produces a finite field extension L/K. But then L is a finite field extension of Q, meaning that
the roots of f(x) are algebraic over Q, and so lie in A. Thus all the roots of f(x) lie in A, meaning it
is algebraically closed. [ |
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Problem 7. — Let L/K be a field extension such that one can pick x # y € L transcendental over K.
Prove that x is algebraic over K(y) if and only if y is algebraic over K(x).

Solution. An argument showing that if x is algebraic over K(y) then y is algebraic over K(x) will
give the argument for the converse by swapping the symbols x and y. So suppose x is algebraic over
K(y). This means that there is a polynomial

F)i=t"+ () " e (0) - t+en(y) €K(Y)E]
such that f(x) = 0. The rational functions c;(y) are quotients of polynomials in y, so put them all
over a common denominator ay(y) € K[y] and write them as ¢;(y) = a;(y)/ao(y) for polynomials
a;(y) € K[y]. Set n:=max{deg, a;(y):0 <i < m} and write
n o
a;(y) = Zj:o a;;y" fora;; €K.
Then ay(y) - f(t) may be reorganized in the following way:

ao() - fF(O)=ag(y) t"+ay(y) - t" T+ + a1 (¥) t+an(y)

S (S =S (S
- Zi:o (Zj:o al,]y t - =0 i=0 al,] t Yy

Setting b;(t) := ZIH:O ai,jtm_i then gives the relation

ao(y) - f(£) = bo(t) - y" +by(6) - y" 4o+ by (£) -y + by(t)
where by(t) # 0 by the choice of n. Consider now the polynomial
bi(x) | ar, L, bea() | bax)
bo(x) bo(x) bo(x)
Note that by(x) # 0 since x is transcendental over K. Now the relation established means that

ao(y) - f(x)=bo(x)-g(¥).

But f(x) =0, so g(y) =0, meaning that y is algebraic over K(x). ]

g(s):==s"+ € K(x)[s].



