Leclure # 8 (06/1.1/2025)

Toda.a: The Arlin- Schreier theorem

Recoll (Lccftu.re #6)
Theorem (ArJf\'v\- Sd\re.'\er) et K be a fidd of

C‘rmmc."afs‘t\‘o F> o . quen_ we Can (onsider
the so-called  Arlin- Schréier operdlar
kP1> . K — K and. e have Thet:

@ +— af- o

(\) If L/K is cacl\'c of dcarcc P, +hen
L= K(o() ) where o 1S such 'um'}
o(.?—o(—-o_zo -?orsame o.GK
(-‘.‘) Cov\versella) 8'\v<’.n aeK | the Fo\anom\al
'?()0 = XF-xX-a



either

@ hase o root in K) m which case ol| rods are
in K

oR
it 15 rreducible . Tn this case, if & is
G roo+, Jhen K(x) /K s oach'c of dcarcc 5

» This ‘naﬂ:ens ]:rec.\'sel\j when a € KX\TM(“‘)?)
Such Folammials are called Arfin- Schreer Po\anm{mls .

[ 4 -EVCHH'\ou K(oc)/ K is che  hence
Gete,
Ga‘(K(’C) /K> ~ Z/F'Z{ s 50‘vaL>le) Such exlensions
oy NOT be solveble (o.s e dcp\'ne.ci.>

Le.w\mo._ i l.&‘]’ K be o -P ield, OD c\naracjev'(s'lib
p>o , a€ KNKT and ne N _Then the
Folamnho.\ 10(%) = XFn - o is Irreducible.



prool By wvadiclion, assume thad we can find

ne N such thad f(x) - x™ - a is reducble.

Weite  £(x)= 3M> e K(x) and let L be an

here, e ossume. monic. & deg >0

extension of K +hal confsins a roet p of P.
Then in LT, F(x)= x™- g7 = (x-p).
Sime KXY e (X)) and L[x]) is a UFD,
8()()= (X—ﬁ)dL for some 1< d< P such fhdd

(‘L=Fr for some 45@ O._N'L ﬁiéK.

@ deq h2 A
Bt then 9 .

A = ﬁPnz F}P P =<@?r)F (3 K? CKP

Note: L= K(P} /K 1S Fwe’\‘j ‘mse.ParaJo\c g

RemarK  For 0 CE‘K1<"°) W char K = P
Lemma. 4 imFlies K=KP ( S K3 Pcr-PCx:'l’)
X ‘an Cx'\"ens'lon IS Sﬂ?arablc.



Lcmmm 2 Suuﬂ)ose '”'wl‘} K s o fie\o( Sw;'r\ ‘unod
L < K:k]<oo

\;qtﬂq, T<- /K o finide extension of Pr\'me. dearec P -
T hen P2, Char K+2 ond, -IZ = K(i),

where %= -4

proof BU assumption; we have that

_‘2 /K 1S Cac:\ic @ of cfcarae P

TP char K= P, loa Actin- Schreier ‘/'}160:"(7 )

TZ= K(0<> ) where ® is o toot of an ireed.

Po%nomia\ of dhe form f6):-x%- x- a (ae K>

Since K 15 a.\éc l;m'lcans Q,loseti, Choose be —IZ
&4. L,? b = a.,(XF—‘ . \Wete
bbb ® 4+ b 7

ond. observe Yot <$;vxc& drar K = P)



LP— b = (Lf - loP—\> O(P-l + Jower dcaree+dms

n X

T‘rwb) loP-\e K is a root of ‘P) which

1S on absurd. since £ is jrred. /K.

Now —since K is alg closed.  of dhar +p,
3 o ph rost of un'\Jra in K Say G -
Since there are no irmedicle Died exlensions
Ke Le K (by ossumplion, (R:K]<p prime )
A k@Y:klspa g eK.

Thus, Kummer dheory now applies , and

K=K(«")=K(B) Fr-ueK

Now (siece K is alg: closed ) cluwose ¥€K
s ¥F= B Then for any G € Gal Q?/K)
non-frivial | ()= W for some primdive

?zroo‘{'oPi.




—>< ('f)> - (wr )T

P il wl=4 dlen oa(r?)=nF=p
l
o‘(lp)
= peK ¢

But then 0_'_((:1_3 € Lo Since ou"ejupc K

s  T(w) = ww®™  for some ke Z

1+pK
w 1P

-
~

Usma O'('K')-'-‘ WY  one deduces 'H«cd
? 2 ¥ Ksodd = g(w = w

—->
w‘morwé‘ wé& K L K=Kw)



= P oWy o (n)

= o (gw) wr \
\ /

= G?-3<dz(w3 o (w) w ’Y\/\

*
-

= g (w)-...-o(wW)wx
= (AJNY
P Tia K ~C
. P 2
)
o R o
=N

= P P_(F:DFK =0 mod p©
2

& +his quuod'lén ]mPlieS

(p-1) K= -A wmod p

I~ j—

2




'/ also due Arfin- Schreier
Theovem  Suppose That K is o field such At
L < [Kk)<eo
te. Kis not olgebraically closed & K/Kis finite
Example:  K=1R, ¥ =C = K()
K= ADIR , K=K
N\

real olac\oro«ic n,uml»er-s

T hen
(i) E=K(\5 , wkerc e K 1S such Hhat %221

(ii) Given o € Kx} exac_'ﬂs ore of o and -a

)

1S o SgLULch n K ) and c\rera -pin'l'\'c nOn-cmP’\s
Suwm o-p Non-2ero S%Lm.rcs B aaaivx 0. Nown-2ero

5%(1-”6 m K . In Par'\'\'adar} char K =0

P:= { a’z ;) k& KXB 15 C\oseoL under oddition

& wmoltiplication + does not walain 0

AEIP = n-A =4+ +A € P Vn

A2 = wAiAFo0 Vn = char K=0



’\\};\Pihg\",‘\ . Such extensians all looK liKe @/ IR

'Proof of theorem (i)

ToKe K a Peld st A< ([(K:k]< oo

ad wite G Gal (R/K) . Tf pis a
prime Hhad divdes |1Gl, 30 G of orderp.
Let L=X7. Lemma 2 applied o

K/L iwmplies that p=2 . So, |G |=2"

for some wme N, T4 now SuWiccs 0

Show +hal G Conlalhs Mo su.Larou.P of orderd.

’Ba OO‘V\JfY‘ch}c.'hQ'V\/ assume Such o Su.L@MuP H
ex'né's : (T\/\Cn | aPPldw\f) Lemma Z o.aa'm)

3 KegeK st K=£()

< E: wPixecL Dne,lo( o-p on e,\c.mc.n'} op)

Order 2

But then we (00K ot Fz‘ = |_<H and_
Jrl/\c (‘Jearec Z Cx—temSlc;vx —\Z/E (\)



A")Fl‘ams Lemmaz once more,

]_Z: E‘(l)(d) ‘por Some Az='l) J¢ E,(')
wl,\ic\n s absurd. , Since J: | or d'=—‘l
both of which are in £ Q) .

Thus, 16122 & Lowma 2 = K= KG).

PCmrKS (a‘:ou:‘ Far"’ (\l')) &

@ -4 is not a square i K = for omy 0.€ K*
exactly one of o and -a is o square
a=b% ord -azc® o -d=(be)
both ho+o,5c;buare @@4‘4€>2 = -4

Nek: K= K(3=)-k(v&)
—\]-_& = ’K*U\Fa—: =) "'0..:7(.24‘320\1' 27(0'[5-.
ﬁ;{K) char K£2 £ - a rnota Squace

= x=0 K U:'\‘_:f}—__e F  is such that

Voo 4= -4



The s€ wnd ct ‘Po“ows ‘Provn the po\s:j‘

® P
-\\/\a‘\' GVCFJ C\cmcn+ o-P K(\) Is o S%uarc In
K(A sSince k(\) =_)Z .

ToXe obe X .
2 e——
Write  a+bi = (crdi) <K(f)—‘ K>
Then of+b* = Ccz—ci2>2 4 (Zc&)z
2
:‘(cz—rdf)



