Leclure # 6 (lé/io/ 2025)

TOdOUa - AV\ OVCFV{CW on Ca(‘.lo‘l'oml‘r_ and

c((,)oll'c exTe_nsfons .

Defiattion  Let K be o field. I we K

is o root of X"-4 then w is called an wik
root of umity . TF, moreover, 4he order of w
in K" is n,then wis called o primifive
n-th root of umily .

Definion A Czjc(o‘,'ow\ic, extension 1s am exlension

Op '['Luc -?orwx K(W)/K wlnerc W an n-‘H'\. roo“'

of uv‘s\‘h‘j ("‘or Some h) . T meon

(("\oro.mk‘\ 7.23 [ Char ¥ X v
(Prol')os'fhén A SULPPOSQ Hhat (Cl«o.r K n) =1

and let L‘—‘SFK (Xn' 1) . Then L/K is
G\a\OiS omad. L 1S ﬁcm,ra"'ecl, ba ama Primi‘\‘\i/c n-th

*®
root of M‘+ﬂ . l\/\orcover) Gl (L/K>S CZ//“ Z/),
e To o Su(oavxouf of



'”'ms) evcra Cz)clojfow\fc exlension I((/u“> /K
is Abelian and s dearec divides 525(‘") .

/k Euler "'o'h'c:n‘l
Lumchian

T fack | ove Com showfhat for each o Gal (L/K),
Hhere exists je (Z/n2)" such+hot
GW’UJJ V w ok, w"=4

T\«is dep\‘v\cs am .lh()ec",*\'vc L\pmnvmrPLxl‘SM g = CJ]

/Pr‘oPos'lft'onZ let K be o Pield amd let ne€ 740 Le
Such "”I\G:l (Y\ Char K) = 4 . Lo* Kn:= K{( /U )
Gnd L:= ( 1/n> Tl'\en. Ga\(L/K) ns Solvable .

'E’:aeL. such that d"“’m) o =xe K,
Pu&f Since We hove o S-€.5.
res
L - Gl (L/kn ) = Gal (L) = Gal (Kn/K) = ¢
W Swp-pl‘cﬁs 4o Show that Gal (L/kv\) omde

Gol (Kn/K) are sduable .



FH‘S‘}) y\o“’c Fad we have

Gal (L/Ka) < pn = Yo

T > _g’_(rx ™)

1/n

X

Scoond.) B\j (PmPos'Tl'\bn 4,
Gol (Ka /K) < (?/nz)x

2}
Note : Glos.lois C,r"\'te.r\'ovx = L/K) L/Kn and
Kn /K are sdvoble .

@ro‘:o'sftlbn 3 /—\na cbcl\'c Gislois exTension of K
of order d%v'\d\'vs n s of the 'porm L/gw .

(For oW FrQO'(r\ Yhak L/KV\ is Odc(l.c. see
Morondi 4.6 >



,qzrooif
Lc'\‘ F/Kv\ bc oL oacll'c Ga.\ois e)d'en5|6n
W hose c}eare.c civides v .

(Tem\l © Kn=K (/u.,.) ond- char K 4 )

W rite G= Gal (F’/Kn> = LT> gnd et
; be o Privm'tfvt_ n-th yoot oP um-\'tg.
We W\” Show ‘“na“ ‘Hnerc, exists ﬁ-é', FX st

TP =7 ep, (b Poz)
P
(No+e that (@) =p" 3 /B”"e Kn)
-2
Since 1)4)0', G’h"i isﬂ-;‘.-/Kn , Jfef si.
\

/
DedeKind's Lemma. (P ?)

P:: {4 Z G(’ﬂ-} %20_2(_‘,) bt Z""O’""({f) 0 ¥

(?).‘ven amy P(X)C K, (xI\4ok o-?desgn_\) P(o’)$0>



Then using % we deduce that :
Gal (F/ta(p)={9e G, 9(p=B

= {a¢
> Ka(p)=F.

A\"'Crnaj'\'w.]j ) ndte Hhed SL\owfnj‘Hw:} /5 ex\s‘fs
19 e%wlva\cnjf Yo s\r\ow\'n&-ﬂxxl L =L

1S diaaonalltauc with eiacnvzduzs the rodts of
X"-4.,

Le-\' P(X) 1= Ymr\k g . Siy\c,e, "P(G') =0
ond T -, = O, | %(p): n
ond. P(X) < )( " A



Lexnmo. 2 (Lec #'S)

Vs
(me)os'\'hbn ‘1 A“?) clic extension of o Qal&
K of char K=0 [KS So IVA.ble..

Lemmac  Given L/K) M/K < K/K -r'mi‘\'e) i
M/K amd. LM/M are solvable then L/K

15 solvable .

oroct
We applythe lemmato M=Kn = K( fin)
where n=[L:K]
Then M/K is cle:artj Solvable .

Now,
G- Ga\(LK“ /Kn) o~ GA(L/M\«)
N
Gl (L/K)

SO, G is Cac(\'o of order dln.
ProFoﬁ'\ Ton 3 = LKw = Ko (o(”“)

A



Inc‘&’xndc nce Dp C‘nouro.cTCr‘s

Definilion A characler of o 9rp: G ina
Lield K) is BYP.MM- X: G — Kx .

'Dcdok'md‘S Lemmea Ana set ‘{'Xi,-“,’xn ((

of distind choracdters X' G — K™

15 livscav' 13 'mde,Penchn’)[ n K [63 ( 0.5 vestor
%V'OU.P r'mﬂ space /K

prosf ToKe A= %Ki with a;eK
Sud/\ +ko:\' =
K(P=0V geG. We word to show Fhat

A, =9 V(.
e can UWSe Induchion on n o
n=d v 0 f oy K,y (SB‘—‘O V3€G/'{L\ew

Q=0 Since ’)('A(ZPE |<7<

Now, for omy g, he G we have thot



n / /'X (hQB n ”7&(53
0 - za.L K¢ U\j) = Yn () (ZIQ;XL(3)>

e —

-0

L=

where ‘9(;": QL('XL(’“\" Xw("))

By the induchive step, each bi is zero

hence @y ...,%, =0

and. repeating Step 1 we deduce hot an=o,
[2)

Coro“o.rkj TP Land K are Pields  cund
Gs, -, 9w € How\(L)K> ave dis’\ihcjf}

‘H‘\cn J!\‘/\G G.Ls ore ﬁ,b over K.

W/ ly the Llemma Yo riction
© O-PPB Yo 'Hn: %“’”‘P of Zmriz% :



’ Cxoc\fc C)'c"ens\ons of chrcc P'."‘ char =P
Guwen a Lie\d F of Char=[31 Consider

¢ F— F (.—:)Ku‘P:lFf>
P a9 af-a

Nofe olso that if ae ”:_F )+L)6V\

Morandi 98 MO ; velrp ((
'ProFos'l'h'on Let chor (K) =py ond let L/x
be o Cz)okc Galeis extension of dc8= P
Then L= K("() , where = “PF-‘ (o)

Tn other Words) a€K |5
s+ aP-o« -a=0

Froop Led G=Go.\(l-/l<>=<0'> and,
T= ag-id, (Tfl_.—>L hmr)

Por Some a € K

Then o Ker(T)= K
- TF= (o 'uLL>?= ol - id = O,
= im(‘ﬁ”) c Ker (T)
> im(TP) = Ker (T) =K



Thws, 3 pe K st T (B) =4,
and we can +ake X = TP-z(p>

<—r(o<)= T""(ﬁ) = AK<=> o () -—@o<= :LK)
() = X+ A
Then o is not fixed |:>3 o (<=> x & K)

and.  sine [L"K]=P ; L= K(°<>-
LG.S'HS) we NGCL ‘l‘o C..‘ACC,k 'I'lﬁd.+

) (ocp—cx> = « V-
(
o = “PP"(O:) for some o € K.

Ihde&&)

7 (- o) = o) - T
(A4e)P - (4+)

* 7 -

i



G;nvcrse.la, yo tost of £ lies i K
/ = o 1S no‘}auroo‘\'o-?P
Morandi 4.9
(Pr'oPos'\T\én Let char (K) =p and.
ae KNO'(K). Then fX):xP-x-a is
'lrv‘cclu,c'\lolc over K amdo SFK (‘P)/K
15 C‘chl\'c. Go.‘o'ls O'P dﬂas ]>
’,)roop La+ X Le, G roo+ o-P -f , +L\6Y\
1he P rosts of £ can be written os
CL:xk3 >4
o, o+ 4 o, Xt p-d 2
So, L=sF (8) = K(x) w/ (x¢ K,
Now, SuPPo%c, ot -P 1S ot irreducible .

Then we con wreile f= 3_\ Sn nSA
w/ eoch 3L'1rrccl.

Now  for each i, if Pis o rof of g,

B is o voot of £, hence L=K(PD (i)
Tinis implics (LK1= deg g, ¥

Bot 18 Al g; have the some degree, Jhen

?5 dCD-P: h*d&j 31 ande FPrim:_'*‘ &:ﬂisi>i Z

5 N



Finm\lb, Since ‘(? is ‘iered and. Scz)a.r‘o.b\c

L/K is cac\\' Galois of dcs = P-

73 [Lk)=dpf=p »

Note dhat £s Separo.\o]e; a5 i irceduc ble
oand. iH's formal  derivalive 15 nwot 0 in KIXJ

Tb\c V\orma.l Las‘\s ﬂ\c.orem

Definition Let L/k be o Galois exfension

with Gal (L&) =40, . Tl . A normal
basis for LK is a basis consisting of
X- (ovbua&{o elewents )] A ro)) -y O (o) }

E xmelcS

® C/R and {2+, 4-1]

@ & (M4p)/Q and %4,,5;,..-/{"}

?

@ Cheok- ‘”\d @—condw(jotks of 12+v3
do rot form o normdl basts for Q(TFVIE) /g



Thm Eve,r\a Pinde cUc\\'c exfension L /K has

o Y\orma\ Eas'ts.

]Q‘oo(}- Wri’\'& Ga\ U—/K) s :{1) O., S O—n-“( =<07.
View L as O kfx}—wm\c. wkerc X acls

OV\L as J.

Then

xot € Ann (L) =] pekpd; #0) =0 anl |

L
KGG(
K(x] is « PID + DedeKind = Amkm (L)= X"~ A
Then 3 Le l s4.

ev,: Kxl1 — L
£ +— £ ()

has kerwnel X" - i .
Thws) KCX:‘/(XH_A) ~ L



andk Under This iso,
{ 3, X; . XM(‘ — <'Q) 0—(‘0) T ™ (1) %

This 3\'vcs o normol basis.

2
fD‘\ﬁressicm on $3 medules /a_ P ...

Tn dhe proof, it suffices fo shows Thd

Lis a Aelic KI¥I- wodule | whida
$ollowss from the fack ot dhe  drarocterisfe
ond. the mivtimal Po\ nwomicls of G are fhe
m{ + strudwre thm for £iq- ovodules
over o Pn>>.



