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Todo.a © Tolinite Galois Exlensions
(cherC,V\Ce, © J.S. Milne. Fields and Galois que.ord >

Recall A field edension L/K is

. T\orma.\ lp i’\' 1s a S h'H‘\h ‘Pie.\(i op (o8
collection of 'Porbvwmio.s in KIxX]

Se_Paro.ue.. 'lg 't‘\' 1S a\ae,Lrol\c and. ‘M'mK‘X has
No re,Peod'e.cL roo""s Ve L
Ga\ois "J,‘ H— s loo'lk normo.\ ond ScParaJole

Notation© TP L/K is Galois/ We write
Gl (LK) = Aut, (L)

? Wl"\cn. L/K is nO'\ -pinl{’c/ no+ o.“ Sukav-ouPs
O—P Ga‘ (L/K) Corrc,sPond, "I'o sw\ocx‘i’emsbns

of L/K e Wav\"' 'l'o Consider °“+°P°l°8f’_\
on Gal (L/K) thet caplures 4hose fhat do.



Herc, s a Kea ob servation °

Lemmoa. A field edtension L/K is Galois

i£F iFis o union of finte Galos extensions

50, we wont to wmsider all finite Galois

subexlensions In Some sense.
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Delintions

(D) A directed set is a portiolly ordercd
et (T,¢) such that forall ije T we
Can find Ke T st (2K and, 5K .

@ G'\von o Ca%orj S and o direc:\—e.oL se:\’
("S.', <) an inverse s»s'\'cm is a colletion

of oladec‘\'s (AL>L¢:1 —\'oac-:‘qu,r w it
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@ Given an ‘inverse s(cjs'('cm as in @) an
inverse imit is on oJeJr A (in C>
plus morphisms TT; 0 A — A, soffispafns
"(’3 ° TTJ =TT, VLSJ



FACT Tn +4he coleqorqy of grouss inverse limils
O.\wo.as cx\s‘f.a J 8 7

GiVeV\ on nverse S\GSTem of av‘ou-PS
I,
(GL)LGX + (kp'b' Gj = GL>¢SS
L\_W_l G._. i {(303 c T-TGL , KPL(SJ.B "‘30 V"SJ((
s s o.(Waas a Su\oarcup of TTGL

Dcpinﬂ'\bn Groufs which aye inverse hn:n'l's
of -pin'\er arou.Ps are Called. j)ro-pini‘i'c.
One wn ]:rove.-lkor‘ evc\ra Frop\'n'f\'c: %rouf is %\c Go.\ois

growy of Some Gl | extension.
FACT TIf we have on inverse Syster in
the calegory of 9roUpSs the inverse limit is
also on inverse limif in the Cn.‘e,aora of
'l'oPo\Ot(:)iCo.\ groups if

¢ TT G, has the Procl».c.'\' +°?°l°8‘() g

* lim G has the subspace “'o?o\oata.
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:7 EVCra ‘Pm‘\i—c 8r0u{> 1s o "loPoloali:aJ BV‘OV.P
wJith Jhe. discrej'c..—"oPolom ] So) e,vcra
Propih'\'\'c 8V‘ou.P has o ”hoftu.ra.l B +0Pc‘o<ad-

T‘V\ 'po\!:*) wse o\o"'o.;n chstor'P'p) CJDmPa.c""
Gnd. +o"\'a“3 disr.onnccfécL sFar,cs.

?)abk to Galois extensions

Given L/K Ga\ois) we Can Consider

-1 = st of ntermedidle -p;elcls Ke Fe L sd.
F/K is Hnte Gelois .

€ = ‘mclusion (%\vw\ KcFcl ond KCF‘CL)
a —1
F ¥ <(FF))

« For each KeFc L, and each FCF’)
we have \91:'. C:a\(F'/K> — Gal<F/K>
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Exomple A

o Led K=Q ond for cach ne N et Fo- SFQ(x“-A).
Gonsider L= Fi Fz F3 o

* /@ is Galois ( char @=0 & tomposite of rormal

exiensions is mrvm\)

. Nele thadt Fnc Fiy <@ min  and we
have Gol (Fa /@) — Gal (Fn/@)
(Z{/f?z)" — (242)"
O > & md m

. Gl (L/@)z l‘_vf (Z//n7/)x=])(aw)€ﬁ(w“z)x;
o, = & wud m
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Ko Bedd. K*¥P-{xe X separable /K §
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. _Kse?/\( is Galois and E/KS‘P Is Pu'mlg‘j
inseparable

’ If l(= ”:? )-HACV\ we Lmvc (Pov Vm\“>

Gal( /e ) — Gol( ¥ /)
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/l‘)rovasd'\bvx, TP L/K is o Galeis exlension )

Fen
Gal (1K) = Ak (1) —> i Gl (F/) C]F/TG&\ (F6)
K
c +— &O—IF> gﬂjzs

15 o %rouf: '\SOMP‘MSW\.

:De_sr‘iv'n{'\én T L/k is G«Oloii) then the
Krull +°P°\°83 on G&.\(’-/K} is the w“"e\w‘
+°P°\°(33 on Go.l('—/l() mak'lna'n'\c above. 8rouP

]SomorPL\{sm a komwmrpklsm.

¥ T)/\\é +°P0l083 L\Q,S o L)o.Sis (gns.\s“[l'na 0‘1
all Gal(L/F) such that F/K is Puide and

T\nrma\ .
¥ Note -{L\a.‘} ¥ G= [1wn Gal (F/K), then
e——-

Ker (TTF -G = Ga\(F/K)) orc Open normol Su.loaroufbs

ol finde “ndex
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(ProPoéf\\bn Let L/K be o Golois extension .
(\) If Ke Fe L is an ih"e,rmcd\'o.‘\'e. Qie\d)

Fren Gal(L/F) is clsed in Gal (L/K),
ond. LGoJ(L/F) = F

('l\') T—V H 5 G\al (L/F) i~5 Qa Su.‘oarouﬁ ‘HM'JV\
Go.\(L/ LH> 15 'qu closure of H in C\Q.\(L/F’)

idea of (1)
Gal(U/F) = [\ doeGal(Lin);a5=5 ¥se S
s<fF — @0 o~
Linte G(S)

¢« Each G(S} s o pen Su.kl()romp (Bp Pimte ]ndﬁx),
* On O.+0Po\oa\.Ca.l av‘ou.P ) C»Vcr(j oFcn Sujoarou.f) s

also closed.

The fundamental +heorem

Let LK be Galas vith Galais group G - The
maps Hio Y F = Gl (L/F)

define



frver se Laded;ons between. —
%C\OSCCL sd:@roups HeG | & {infermediate K<Fel
Morcover,
(1) dhe corresp. is order reversing
(D) HEG closed i5 open 2 (LH:K] <=
in which case (L":K]=(G:H]
(i) oHo" & oF
(iv) HEG clused is normal < L7 /K is
Galois, in which case Gal (LWK) = G/H

Some. lasjf rcmo.rKS
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@ Nel oll Su\oarouf)s of Gal (L/KB are
closed .

(Kru”) An(xj infinite Golois exfension includes
Non- closed. sujogroufas.



@ In ‘“nc KY‘LL\\ “o‘)o‘o&%)
Open + vormal = Linite index

bd 3 normal of finde jndex wihich are not open

~3 Kru.\\ "‘oFo\o&cj < 'Fro-ph&t’\'e_. 'lBFo‘oaﬂ



