Lecture # 12 (04/42/2025)

Recoll from last +ime -

o fc Z[x). When is £ ‘rreduible / ® ?
Wseful! TF I p prme st deg Fmodp= deq ¥
ande {is wred. JIFo, then P is irred. /@

e Theorem (’DcdeK{u&} Let -p(X> e U[X)
be. monic & irreducible /@ of doa n.
PicK o Pr'nme_ P thot does net divide AMR).

K
/e le £ = Tr 8;, mod, P
kirth each Io monic & irredk  and. let
di- C'ScagL . Then G ConTains (Loac,\c,

( Frod»-c:\ of K- dasdom{’ c@dcs of Icna‘\'k d; >

~ When is f /IF? irreducible ©



Reall F()E IF (x) cies irred. .
)
¢« £ divides xP - X

AN D

n/t'%
o SCi(r’ XP -X)=ﬂ V% FV‘(W\G divisor
(o} N

CXo.mnP\eo

(‘()(\=><3+ 4%+ X 42 1s Irreducible /IFS
p=%,n=3 (0f course 't suffices fo check Zrmh)

°XP - X ‘Pmdud{au merue vl .
{ iy o {mc.uo(_/n,. pL- m o [X]

need. L Jdivides X '>< .4 ﬂci(p/ ><5'X)=i
777 /‘
RCC(L“ H’)a-‘l' 'Hn‘ls SPli{'sl.
x2-x= x (x-D(x-2)x-3)(X-4) wod 5




“A nore divect apr‘Dacl'\ T

+ His cear dhat &) has no hnear foctors /H’-’s.

J\.LS“' Flua -in X= 0,1'---l4 ond. checK none of
these are roets .

« Can it wn'ta\"n o. quadratiz {-’ocjl'or? (w\m{c)
No ! O'W\evw'\se) T would  wortain o linear Factor .-

5'hl\, note thot
Trved. %uuxclrahf;s /H:s must ke ‘Pac'\‘ors of

x€ - x = x-x
J A0 rred. Okuodrod»'c_s /IFs we can list
these omd checK that none divide £. ..
exommple exPt 23+ 2xv 2 /[ IFs

P=’> , n=1% no root = no wbic

Pactor

4

° —P dJivides ><3- X ° a qgwadrot\(c must

dwede x¥- X
Z
‘ acot(‘e, X -x) =4

What are +he gkuodr&l«ts
/Iy 7




emele. £X)z x®+Fx%+ Bx -4

= /JIFx 800z x4 x%+x42

;Y roots n IFa ~ if(oduc{kle,

HilL)e.f"l ‘5 ]rrcd.uc'\l:'\l'\f\é “heorem

For o Field K of char=0, the following
Gondifions are eguivalent.
(1) For any £={(t )€ KW KT irmeducible,

3 infinitely many be K st £i=4bx)e KGx]

s irreducible.

(i) For any firte calection of irreducible
Po\nv\owimls fii...)f“ € K)[x] of deg >4

3 infiniely many beK s4. none of the i (5,0
has o rost in K.



M\nﬂlbn
Fields X Sof\t's-paind (13 (‘(17 (ii)> are callecl
Hilkerfian or are said 1o have the Hnchr‘f

Properb.
TOCS«O ; e wo.n‘l' +0 PT‘OVc {hat @ s Hi“ocr'h'o.n-

we Follow /’Groulos as Goalois roups An
intv oduction™ ba H. VolKlein.

(C\nap“'er i )

Our (SKd’c\/\. of HM,) Proof will use the %How}vﬁ

intermediate results .



@ Let p(%y) € CL7y] be of dyd 24 in g
and. fix %o € € such thad P(z"'ZP is  Separable
of deg d . Then 3 holomarphic Fuméhions
Wi, ., WL debined in neighborhood U of % suh
ot xe U P(“f;j> € ([ICJJ has dhe

di distinet rods Wa(x) .., Wa(®) .
@ Given no€Z ond

Ple) =E a;t’
iz e
o Lawrent series (/7€) with o posifive rads

& around. O
04‘ Oonve_rsencc,, |e+

BW): ={be N, WiEL) e %,
A ssume that Y() is not a Laurent lﬂo’anomia/.

Then 30<xX<L s.+. for almest all Ne N
we have that

# B(¥)nis.Nvg ¢ N



~~ We 50.0-‘-\/\0:\' 3("9) LS sparse .

@ I -C(t,X) € QRIx) is ireed. over @(t)
of dCS d > ('\h x) : T‘nch Lor a.\mos‘l‘ a.“
be?Z the -Qouow\% hhold. .

0) 3 €50 and Wul8), ..., Y (®) (asin @)
Such that Wi (¥) ... Wa®) are dhe rocts
of -F(Jo+t/;<) vV \tl<éE .
b) I Y. e TE) for some i, then
3 ovxl\\} Fintely momy € @ s4+. ¥i(9ed
c) Let M=z{ac N P(Io+’/aa}x) has

o vootin G ((

Then M is sparse .

Proo-P Yot @ is Hilbertiam
Clhoose 'Pil...) ﬁn [ @(E)EKJ as in (if) [/wac ‘l)
£ choose b ‘”n+ works ¥ . as in@



LC"’ A = < a€ ’\\I/ none of the ‘p{,(b*ﬂ/&) X)
has o root in @ ((

and let B= NNA. Then by @ ©),

B is a fiake wiion of sporse 5¢fs hence

sporse . Put then A must be inbiate .

(A fiide > A sprse = N sparse ) 2
proof of & b)
First, note that for amost o\l be Z,
£(b,x) is separable. . So, we restrict to

Such bs .

TF some Yi is rafional, we have that
Vie Q). Bt the leHing ¥ be

the rafiona| fumction obfained j{j Gfp{yin\j
BEG(B/R) 4o the welf of ¥, we buve
that ¥F(3)=W(q) Vqe@ st Wilged
i 3o many suchgs, W =Y VR

W, e Q) = VYi(+-b) e W isa oot of
P 2



* to prove 3 <) we need .
* @ (0" o Version of ijr) W:” be in the \workskd‘.

Proposifien  Let K be o Hilbertan field

and  L/K o field exlension.

() 18 (kY <o dhen L is Hilberfian.

(V) I UK s simple ch\a Troanscendental
then. L is Hilbertian.

> Evcra Pra- extension of K is Hilbertian

Pmo? Let M a Galois closure of L/K.
andh G the corresp. Gelés 37‘0\,._?.

(i) ToKe Q('l:)@ e LE@)YIx] ireed. monic in X .
In M(‘L)D(] we can wrile

£ ¥.( 'Pm with ‘FL monic, rred. .
all diS'\l'nc"’j OUh()uSaflc /L

Now, 3 kP-Le M st letting g, (t,x) =
= ¥L(J°, x+ Pt)) we have Hhat
5,(t,><3-‘= T 79 € KOG is arred.

geqG



N N-
T M=U(K) gow may TaKe $i(B) =+ + ot
< for some d lo.r;:ﬁ N = NG

Since K is Hi“gcr'\'\dm 3 'ln-[-\iﬁde,\:j Yv\am(j

be K s+ gi‘(bﬁo is irreducible .

Bu+ then each 8'1, (b, K) | L)c.nc_c, each

P‘o (lo,XB = SL(b}X'LP(L>>> is frreducible

n M(X] . '—”-\e,se, are all dis'\l'm+ and.

Gonduacdc / L so ‘anfr Prod.u.c" -p (L,)()

is ireed. in L(x].

(Hcre) we, Consider 0“\3 'Hnb Ls "H\o:\ wor K VL‘)

Next time -

L/K a\a- norwal + sePa.raHe

Aut(L/k) — TT Gal (F/K)
F/K
Lintle
Grelars



