Lecture #1414 ( 20/N /20258 )

Co\mr)ufh'ns ‘”\c Go.lois arouf (of o Po(bnwnia’)

* Recommended. reading ( by Kt Gnved)
” C:\O.\O.l’: 81‘0«;{35 05 Fe.rvnuialk\'ons 8v'ou.‘>s\\
&
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” Ga\ois rouwps of wlics and uar'tt'c.s\
o (char £2) 3

Thmua\now\‘) let K= @) fe QU irred. moded n
ard G= Gal (5Fg® /@)

Question: Given £ how o wmpde G ¢

Step © © We should Know how To chedk i

P is indecd irveducible /Q  (eq Eisenstern
criterion + (possibly ) chamee of variables ) .
Wseful! T I p prime st deg F medp= degf
onde Lis wred. JIFo dhen £ is irred. /&
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ST&P A We view G as o +eansifive SuLarouP

of S.. So) Lor small n We. Slwulcl. %
‘\'\no ’\mvxs\'\'\'vc Su\parou_?,s]_

‘Hne Qc—hbn on
the rods 1s +ro.n§¢1\1¢
n=3 53 or A3

V\=‘l 6‘(/ Al‘, Dﬁ \/ or Cﬁ

!

1T
order B

The lettice 1s
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n=5 55) As , Ga.\()(s——o(> ) Ds or Cs
o<¢®xs 1

order 40
J

o.@fim “'V‘&V\S gorwak{ons

Fe —> IFs € Fs belFs
X +—> oxtb



S‘EF 2 Gxn we e\\'mma.‘ke, Sv\?.
Recdl 4hd G < An & A e &°

(—l he discriminant is

a. Seou.ourc )

T\/w.s, we S\Iwu.\i ]<V\0W \how +o OomPuj'c

A("\) . XQ we Know 'H\c rod‘s o? -P arco:")
e —

for n<y 3 {formulas - - -
dL\cV‘wiSc wWe Can UWse I<h0kl\'\ 'pormu\as X

£ A ()
Xt ax+b ol - 4b
X3t axb - (4a>+23L7)
Xrax®sb | lob (a2 4b)°
X ax+lb - 27a+ 256 b2
X tax+b 28 o® + 5° b1



S"‘c? 3 if we Know that G < An

H‘ 15 LLSe‘Zu.\ +o Know %I‘Ou.]: Prol‘)c\rhé.s
of AY\ and. ]’\'5 SuloarOu.PS.
Tn Far‘hw,\o.r’ it ois uselul to Know
which +UP65 of P&fmw{_&\ions we hove
CCUC\C 'l'ape) "
We con then fF 'Dodc\(w\d s recipe’
( 0~\So O.PP\\es 1 ;‘ A‘t)
Theorem (’De,dechL) LC‘} -p(X) e U [x)
be. momic & irreducible /@ of doa n.
PicK o Pr'm'\e_ P thot does net divide A,

K

x/éite £ = T_T 3;, mod, P

wiith each 9o monic & irred.  ond et
d: - d%gL . Then G tonTouns aoag\o

( Frod.tw\ of K- dxsdom{’ caclcs of lcna'\'l«. d; >



Note 4hat to wﬂ:\3 DedeKind's rec(Pc
we need to be able Yo wrte the
CJCComFOéthdn of 'P 'm+o o Proch;c:f of

wreducibles |

50/ we need a Cr.lfer\‘ovx 'Qw decy dl‘V\S

irveducils\\'d'.d over lFPf

Rabin's test

Given £y e F(x]) of deg v, §is irreduille
(71F) <=

e £ divides xP -x  AND

"/q . .
o ed ( £ ')(F - X)=A v rime  dwisor
6 ( ) > L of d



EXOJW\F‘CS of the forwn X<l+CL7(‘\'.|o
o=-1 b=-4

® £(x)= x"-x-A > Ag)= -283=-27-256
283 is o prime = vata square = G ¢ A4
Tn foct £ = (34) (X3 43x%4 22 +5) mod 7

2 G cwnlaine o ?>-coc\e

Now £ has Z real rosts = G confaine a

transposition
(G $Sn transifive  wiloine transposition + G-N-gyce = G:sh)
@ f00= x°-x-1 A= 192151
/e, £ = Qexax®) (1476 x®) @ =0

abe
—» (onfoine o 4rM5Posl\To‘n
/IF, £ is irreducible 3 G ontuns o 5-cucle
~ G = Ss
® £z xCh x*r x 43 - AWF) = 5« hugpprime
p=3 giwes f = X (x42)(X9+ x3+ 2x2 ¥ 2¢ 4 2)
~ 3 4- cbcle,

p=ll gves £= (X+ ) K%+ 5%+ 4x3+ I+ x+6)

~ 3 5—%cle.



@ £(x)= x*-8x+iz "5
az-® b=12 2 D)= 576" =5 G <A
=) lGl =4 or AZ (We, bove eliminaled,

54) D‘l Omd.. Cq >

(s =2 (D) (%34 4x%+ % +2)

~ G Corfans o 3- Cbc\e. = lql is
divisible |o33

~ G =Aq

Some Consequences of DedeKind.'s rcciPc,‘.

)

COrollar:j 1 fc (X)) monic. irred. /&

of deb P Primc. I 3 % Frime not divid\‘ws
DE)  such +hat '('\wmodqo has ,9-2 roots in
\T’_g“ ) "H\&Y\ G = SP .



axamgle, Px)= x3+5%x+4 ) A = -4x233

AE) wnot o Square > G=653

if youw

NOW) /lFs ‘p "\O-S o Y'OO"“ (X:l or -4 )
~ Coro“oura olso 50..(35 G= 5z prefer

COr‘ouo.rta 2 fe fo] mnntb) wred. /@
o? de_a P odd Fr{me ) A(P) o 39“u.o.re, .
If 3 <‘4) Frime. not divid{vss A(—P) Such +het

'("mod% has F—S roots in \T:g“)"khan G':A?

example  £(x)z x°+ 20x + 16
A(—P) = ZN’K 5é a S%wre =2 G < As

Now /IF:, £ hos 7 costs (X=4)><=5>

/



In aencro.\) we will alse often use the pouowiva,

QroFosihév\ For n22 and G ¢ Sn transifive )
i G ovilams a ‘\'ransPoé\len ord o P- cacle,
for Some F> n/Z) then G=5n .

@ropoi\len For n23 andk G < Gn Fransitive,
it G OQn"l'm'ns a 3- Cbcle and. o P- cac\e
-Cor Some ]9 V h/Z) ‘”\e.vs G- Av\ or S, .

e xomple  £(<)= X*- Sbx 4 48
. A(-m s & Sq"unra = Ga.l(-p> c As

o /Fs  Fois jrred = 3 '—I—cacle
o /I, £ = (quadratic) (Guodratie D cubic)
2 3 a 3-aple (223) ~

"'ch S%uarc
ta‘wcs 3-<t’clc
5 G = Ag



Cubics and %\mr‘h’cs revisited

e For £€ QK] irved. of dca 3 it s
Cvmuﬁ\n. to checK 1P AX) is o

Sgluo\rc or no’l‘ -

Lo

A?) 53

® Tke acne,r\'c, ((rvcd-) (‘M.Ll'c kas Golol:s %TO‘*F 53.

o TP e Q) jrred . of dcsj 2 has Galois

arOu.P A3)"Hne,r\ &u_ \J(s rosts are r'e,o.\.

° Here, 1S on cxam[:lc of & -pmm'\\b with,
Galows c(’)m“‘P A32

Toke € ¢ odd and Consider
PV X* - ot X + . Then AW = «®(4x-2%).
50, i suff ices Yo Show Wwe can choose

X st 4o-29 s @ Sgbuo.rc-'



¥ 4o-23= @5 D &= 423
Lt

=) need. 152-4-3 =0 mal 4§
'=> F }\0.5 +o loe, Od.A./

* \)Uf.‘T\.Y\‘:‘S ﬁ: ZK"' A "'\Or Some Ke Z
8\6\&5 — K2+ K43 . Tlfw,s) 'Por ana in'\e.scr
\4 ) ‘Hne, PO\ancvn'm.\

x> - (k4kax + (K%K +1)
has Galots 8row|: As.

+ Another example (A is invariart ander change
of wordindes >

ToKe £(X)= x34 2x°+ 5x +3
T‘nem le-l'+iv\c3 X = 3" 2 we 'l'roms{}wm
Liwto a(qd= >+ 244+ 7

te - gid)= g =9 o3

and, AF)=A(g)=499 £ 0 ~ G=5;



In ?)Cwera\ )

ax3s bx? 3 cx +d

g/ X=Y'b/3c~

73 + Y+ ﬁ ) w here

A = ?)Q-C—loz ond. P= 2L - Qabe + 27 aZd,
0% 27 a3

e For C{)uar'\'t'cs the S\'or:s 1S more (.om):lfc&led.
( see  lecture # lo>

“Pro ?osﬁr\'on Gien £z X4 o X3+ bxlt cxad

(h’rcd-)} we have that
1/. resoclvest

r@)= x>+ Ax + BX YC ) where

A= -,
B: ac—zlo‘..
= -(o.zo(,'\' c?- élbcL)



In Par't\'mlar) wLev\. Ot=‘t>—‘0 we  have %d

c(®)= X7- 4dX- ¢
Af)= -2Fct 4 2564

Tn 86mro.l ) ’\'O delermine, G we lhave

AR | r@) | G
F 0 irred.. Sy
= ltred. . A4
+ 0 red. Dy or Cq
= 4 red. \/

@ucs’\\'ov\‘- Dﬁ or Cﬁ ?

@ 1 Gal (1) =Cq Hhen () >0,
@ C4 does not ovtair o transposition.
@ If Gal (‘Pﬁ) = Cq or D4 Hhen

Gal (£2) =Dy «= {15 wwed: /@(IE)



