Leclure # A0 (20/55/2025 )

Galois Cohnm‘oa‘a Continued

let L/K be o Ca(',‘l'c Golois extension  wiith
Ga\ (L/K> =<0a2,

Then ((worksheet #8) W (<>, L*) = KY/mn

Theorem L&'l' K be a fiedd . If there

R

existe L/K as above such +hat N: LW — K*

is not Surd'ed'\i/c , the there exists o (finite

dimens(ono.l) fontommutadive division alse‘om- /K .

COroHa.rj 1f K 1S 'Fin't*c. ancl L/K 1S

K

fmte (2 c,ac\ic> then N:LT — K™ is

Sur(}& e .
\Al\na? (\x/e,dclcr]ouu‘n) fd. a\ac]oroé in this
case wmust be felds (=> Comm wtad \'\/c,>



COV‘O“O-Y':) If P#—'Z 15 o 'Pr\me, ) then

Hne,m ex'ls‘(s o nOV\wmmuio:t\'vc, dwislon d&c\ora.

over K= |F?(K>.

prof  We will consfrud o cac\\'c exfensian
L/K sude 4hat  N:L* - K* is not
SW6cct‘ve .

Take L= K(X) . Then Lis Galas
of degree 2. Now, guen L€ L, we

Con wrile L= a4 b—\I}T for some
(&

ebce L. Thus, N(2): of-bx

2

This characferizes im(N) . Note that, in
particular, ony o € IFs whidh is nat o
Squore does ot lie in im (N).
(Double checK) TP P4 mod 4 (2 -1 1s
ret o square) then X%+ X & im(N) .



Cprono.r3 EVUJ Sa‘mme’ﬁr(c aro»\P Sn (wnzl\
Can be reo.\izcei as o Ga\o’ns 8vou‘> over @L

Froof
5“ 0 L“Q(fi,"')bn). Le,“'

Sn
Ke @ty k0) . Then

K= @ (54,---‘ 5n> y wlse,rc

C:\o.la( Xn—'X’i> ~ S, .




A brief wirodudion fo the Taverse Galois Troblem
(taP)

Q' Given G a Finke group , does there

exist L/ with Gal(L/@)=G ¢

Some. Known cases °

Al)&\\h.ﬂ, Sn ) Av\? SO\VO.UC. aY‘O\.L.PS

Toédﬂ T Sa & An (Hi”oc.r’*‘, 18‘12)

T(ncore,m Evar\j -Pin'\'l'e_ 8r0u.,; G —H\oﬂ con

be realizedl as a Galois 5r0u.P over
@,('EA’.../’AH) can be realized. as o Goleis

%rou.{; over O\.



ch md\n inarcdfen'ls in ’"nc ?V‘OO‘F O‘P "H’\c anore.m ovre.

@ Hi\oer'*ls '\rradxm\b’tl.\’t% ‘n'\c.orc,\m

I+ - 'P(‘LIX)Q QX)) is irreducible. Thea
-Por almost Al be @) fb= g('b/)(}{} @{X} 15
irreducible .

@ 1 £, e QUKD is irreducible ard
@(‘Q[Xl/ﬁ 15 Galois over @(t>, then
there exist 'mpin'\‘tclb momo be & such thd

@[Xl/ 'pb is Galois over 8 with the
Same  Galois group-

@ @ ’f@ are still frue i we rcPlcw& + L’O
4 tn

) v



Froos\ op 'l'\/\eorc,m

Led L/ Q(*s, - 4n) be a Galois exfension
With Golois grosp G. ?SJ the primiive
lement theorem, L= ®(ts,— 1a)0XD /4
Q‘For £ dhe minimal Po\dnomm\ of dhe primiive
element )

Now) bb HlT) We  Con SPcc'\o.\l'zc to
Some ‘F(La,---)l%) ><> € @D(} Irre dugibe .

3&’)( +hen @{X]/rb s Ga’o‘ls w/
Galois %Y‘OU«P G. -

e We now now ’H'\a-" -por 'ln~pin't’l'e.|3 Vho.vss t € Q/
fF(X)= X" -nt X - ()t e QGJ

hos Galows group over WL e%un.l t, Sa. The
Same 1S fue for A '



/PV‘OPOQT\'ov\ With € @EX] as o;kovej
let L= SF_(F). Write £x)= TT(x-o) elid
ond let A(—P)-—TT(O( “) e Q.
Lﬂ] ~
\ discr\minan_}

n (n-1)
Write f‘i-(i) 2 ndd .
> @(u\) @(Jc) £ Q(w) = @(l&. A$) )

Thewn:

Q)= Q(u?)

Coro“o.rg We cow Tealize An as o Gelois
8rouP over @\



Cubic. ard quartic. polynomea
Peoposifion Let K be o field w/ char K42
and let £€ K(x1 be rred. & separable.

Let L= 5F (F) & G- Ga (L/K).

Then G <€ An < AW) € K*,

idea. G An =D any e G is even
& o(vE )15

(AS lpe;porej AM#) - discrimivant of ‘p>

Coro“our\uj ( L, K & £ as O.Lmve,) A ssume
Hhat dca () =3 . Then

(i) Ga\(L/K)z S+ D A € K?
(i) Gal (LK) = As & A9 € K°

Thc case 0'p dcarcc 4l
TaKe £(x) =z x%4 ax>+bx* cxt+d € K]
irred- X SeP



~y Write  P(x) = (X-00) (X-0) (K- ot3) (X -0t
m L(x7 (L: SF, (m).

LC‘I' ,B: = Oy X, t oty Xy )
,52 = o X3y + °(z°<4,
Bz = Oy + AKXz |

Defire  T(x):= (X~ ) (¥-B2)(X-Bs)

= F
Let n= (K(B: Be,Bs) K]

and G = Gdl (L/K> 05 bkefore.
('13 G:Sq = n=6

q)roPoéd 1on

A= ris imed. /K & A#) € K?
(i) G= Ay & n=3

B ris aved/k & BDE) e K?

roirredd. <2 n=3orlC <= 32161
(M) G = Cq <

note.:

n=2 & fis reducble /F
(W) G=D, < n=z & £is wed /F

(V) G =V (Kein) = n=4



E Xo\m?‘cs

®¥= x> -3x+A has discriminen] 81292
& it s irred- [ @ .

= Gal(f) = As

@ £- ?(3‘47&'1'2 ‘r\as discrimi nowd
148 = 2% 33 K it is irred. /&

@ P o primec PRY = x4+ PX+ P
= r(x) = X3_11FX_P2

A#) = p*(256-27p) € @°

i

~7 Gal@('p) Sq¢ if F:t: 3,5
Dy iF p=3 F= QGz)

=Cq i ps5 F-QLE)

i



