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Exercise 1. Recall that for a Young tableau 7, of size n that corresponds to a partition A = (A; > Ao > A3 > ... > X)),
such that Y% | A\; = n, we can define two subgroups Py € S,, and Qx € S, that are the stabilizers respectively of

rows and columns of a Young tableau 7).
Consider two Young tableaux of size n = 7 and A = (3,2, 2).
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We showed in class that if there is no couple (¢,7) of numbers in the same row of 7, and in the same column of
T = g7, then g = pq, where p € Py and ¢ € Q. Find the elements p and ¢ in this case.

Solution 1. Comparing the tableaux, we deduce that g is given by g = (15743). We follow the proof of Lemma 18.14

in the course to decompose g as a product of an element from Py and Q).

1. The element of the group Q) = gQxg~"' that moves all elements in the first row of 7, to the first row of 7} is
q; = (35). The element of the group Py that rearranges the elements in the first row of 7, to match the order

in ¢{ 7, is p1 = (13). Then we have

1Ty = Ty =

2. The element of the group Q) = gQ g~! that moves all elements in the second row of p; T, to the second row of
g1 T, is ¢4 = (47). The element of the group P that rearranges the elements in the second row of p; 7, to match

the order in ghqi Ty is p2 = (45). Then we have

pap1Th = a1 Ty =

We have pap1 Ty = ¢5¢1 T3 = ¢5q19Tx, which implies pop1 = ¢5q19 = 9(q)g~

¢ = 9~ "dhahg = (13475)(47)(35) (15743) =

1

Then p = pap1 = gq, therefore g = pg~" and finally we have

Lg, where ¢ = g7 1qbqlg € Qx. We compute

(75)(41).

g =pq 't =[(45)(13)][(75)(41)] = (15743) € PAQ\x.

Exercise 2. Recall that an irreducible Specht module V) for S,, is determined by a partition A = (A > Ag > A3 >
... > Xp), such that Y7 | \; = n. It can be defined by V(A) = C[S,]cy, where ¢\ = axby with
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Here the subgroups Py € S,, and Q) € S, are the stabilizers respectively of rows and columns of a Young tableau T)

of shape A.

(a) In class we showed that ¢35 = z(\)cy, where z(A\) € Q is a coefficient. Find z()\). Hint: Consider the action of cy

in the right regular representation of S,,.



(b) Let ¢ = >, ;(ij) € C[S,] be the sum of all transpositions. Show that C' acts on the Specht module V) by

multiplication by the scalar z(\) = ?:1 Zj‘;l(z — j). (The integer z(A) is called the content of the Young
diagram of shape \.)

Solution 2. (a) The element ¢, is proportional to an idempotent because ci = ax(brax)by = z(N)ey. If £ is an
eigenvalue of ¢y in any representation, then x? = z(\)k, and k = x()\), or kK = 0. To find the nonzero eigenvalue
of ¢y, notice that since P\ N Qyx = {1}, the coefficient of 1 in ¢ is Taking the trace of ¢y in the right
regular representation, we get

[PA[[QA]

n!
tr(pe(ca)) = PAIQA

On the other hand, we have C[S,]cx = V), so ¢y sends C[S,] to a subspace of dimension dimV), and has a large
kernel. On Vj it acts as follows: p,(cy)(vey) = ve3 = kvey for any v € C[S,]. So we have

tr(pe(ca)) = dimV k.

Therefore,
n!

| PAl|Qx]dim(Vy)

k=xz(\) =
Using the hook length formula for dim(V ), we get

Hi,je,\ h(Za J)
Hj )‘j! H1 )‘f!’

where ); is the number of boxes in the jth row of the Young diagram of A, A} — the number of boxes in the ith
column, and h(i,j) — the length of the hook starting at the square (i, 7).

z(A) =

(b) First, notice that C' is central: gCg~! = Doic g(i,j)gt = >i<i(9(i),9(4)) = C. Therefore, C acts on V) by a
scalar, and we have C - ¢y = z(A)ea. Then C - ¢y = Cayby = axCby. We have:

.. o axby = cy, if (i,j)EP)\
ax(d, J)bx = { —axby = —cy, if (i,5) € Qx

If (4,7) ¢ Py U@}, then ¢ and j are in different rows and different columns of the Young diagram. Suppose i is
in the longest of the two rows. Then there is a transposition in Py, (7, s), that moves ¢ to the column of j, and
(4,7)(i,8)(4,7) = (4,5) € Qx. Then, similarly to the proof we did in class, we have

ax(i,7)bx = ax(i,s)(4,7)bx = ax(i,7)(j,5)bx = —ax(i,7)bx = 0.

So the value of z(\) is the number of all transpositions in Py minus the number of all transpositions in . This
number is

Aj p A p A Aj

N=33 -1 Zl)\ G-1)=336-D-330G-1=33 6.

j=1 i=1 j=1i=1 j=1i=1 =1 i=1

Exercise 3. Let G = SL(2,F,) be the group of 2 x 2 matrices of determinant 1 with coefficients in the field of ¢
elements F, (¢ > 3 a prime). Consider the 2-dimensional F-vector space V with the basis e; = (1,0)7 and e> = (0,1)7,
where G acts by matrix multiplication.

(a) Find the order of G.

(b) Show that G acts transitively on V' \ {(0,0)}.
(¢) Find the stabilizer N C G of e;.
)

(d) Show that the representation (F, p) of G in the complex vector space F of functions f : V'\ {(0,0)} — C given by

p((8 %) fo) = o= by, -co tan)

Cc

is isomorphic to the induced representation of G from the trivial representation of N.



()

Use Frobenius reciprocity to deduce that p is not irreducible.

Solution 3. (a) The condition ad—bc = 1 means that if a # 0, then d is uniquely determined with any values of b and

¢, and if @ = 0, then b and ¢ have to be nonzero. In the first case, we have (¢ —1)q? possibilities, and in the second,
q(qg—1), q choices for d and (q¢—1) for b. Totally, the order of G is (¢—1)¢?+q(¢—1) = (¢—1)(¢* +q) = q(¢*> —1).

Another way to look at it is to first compute the order of the group of invertible matrices GL(2,F,). To be
invertible, the columns have to be linearly independent. So we have ¢ — 1 choices for the first column (it has to
be nonzero) and ¢ — ¢ choices for the second column that cannot be a multiple of the first. Then the order of
GL(2,F,) is (¢> — 1)(¢* — q). Now consider the group homomorphism det : GL(2,F,) — (F,)*. The kernel is by
definition isomorphic to SL(2,F,). Since the order of the image is (¢ — 1), we get the order of SL(2,F,) equal to
(@* = 1)(¢* —q)/(¢ = 1) = q(¢* — 1) as before.

This amounts to checking that any vector (z,y)? can be transformed into, say, (0,1)7 by the action of G. We

have

a b 2\ _ (ax+by\ (0

c d y )] \Nec+dy ) 1)
Withtheconditionadfbc:l,ify#O,thena:y,b:f:c,dzl"’Tbc. Ify=0,seta=0b=—z,c=2x andd

xr
is arbitrary. The inverse matrix then will map (0,1) to any given vector (z,y)”. Therefore, the action of G on

V' \ {0} is transitive.

By direct computation, the stabilizer of e; = (1,0) is

1 b
v=(a 1),

where b € F, is arbitrary. Check by the orbit-stabilizer theorem, knowing from (b) that the orbit of any vector is

V\ {0}:
INT-|Orb(er)| = [N| - [V\ {0} =¢- (¢ = 1)) = q(¢* = 1) = |G].

The order of V'\ {0} is given by all 2-vectors except the zero vector.

Let F denote the given representation of G. Since G acts transitively on V'\ {0}, we can represent obtain any vector
(z,5)7 as the result of action of an element g € G on ey: (z,5)7 = g~ le;. Let V{ be the trivial representation of
N and consider the map @ : IndgVO — F' defined by

O(f)(z,y) = 2(f)(g”"e1) = f(9).

Then it is a G- homomorphism. Let ¢ € G, then
O(tf)(x,y) = (tf) (g er) = tf(g) = flgt) = @(f)((gt) 'er) = @(f)(t g7 er) =

=10 (f)(g" " e1) = t&(f)(z,y).
Here we used that the action of t € G of a function ®(f) € F is by t®(f)(z,y) = ®(f)(t 1 (x,v)).

If o(f)(V \ {0}) = 0, then f(G) = 0, so the kernel of ® is trivial. Characteristic functions of the elements in
V\ {0} form a basis of F. The representation Ind$ Vo has dimension |G|/|N|, which equals to |Orb(e1)| = [V \ {0}|
by (c). Therefore, ® is an isomorphism of representations of G.

Let Wy be the trivial representation of G. Frobenius reciprocity shows that the multiplicity of the trivial repre-
sentation of G in Ind§ is 1:

Home (Wo, Ind§ Vo) = Homy (Res% (Wo), Vo) = Hompy (Vo, Vo) = 1.

This is a general result: an induction from a trivial representation of a subgroup always contains the trivial
representation of the group as a subrepresentation. In this particular case, the trivial subrepresentation corresponds
to the subspace of constant functions on V' \ {0}.



Exercise 4. Let K C G be a subgroup, and C,, a one-dimensional representation of K with character x : K — C*.
Consider the central idempotent corresponding to x:

ex = ﬁ > xl9) g eCIK].
geK

Show that the induced representation IndgC, is naturally isomorphic to C[G]e,, with the action of G in C[G]e, by
left multiplication.

Solution 4. Let k € K, and {z;} € G,i =1,...,|G/K| be the representatives of the left cosets G/K. Then
1 _ 1 -
key = m Z x(9)" kg = @ Z Xk~ = x(k)ey.

geK teK
Any element of G can be written uniquely as g = x;k for some z; € G/K and some k € K. Then

Clzikey] = Clx(k)ziey] = Clziey].
The elements {z;ey},i = 1,...|G/K]| form a basis in C[G]e,. Similarly, the elements {z; ®c[x] Cy},i = 1,...|G/K]|
form a basis in

Ind§C, ~ C[G] ®cx] Cy-

Then map ® : C[G] @) Cy — C[Gle, given by ®(g ®c(k] Cy) = gey for any g € G sends the basis to the basis and
commutes with the action of G: if g1g = x;k for some x; and some k € K, then

®(g19 @cix) Cy) = (2% ®cix) Cy) = x(k)®(z; ®cix) Cy) = x(k)zjey =

= z;key = gigex = 19(9 ®cx) Cy)-



