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Question L. (10 pts)

(a) Let G be a finite group' suppose that every complex irreducible representation of G is one-dimensional. showthat G is abelian.

to' 
Hi:*,'i:tËrïiîïioo:f*|:o* n ) 7' show that the algebra a[c.)has a basis {eùT=rsuch rhat eiei : 6i3ei.
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Question 2' (r2 pts) Let G be a finite group and -Èr c G be a pïoper subgroup.

(a) Let vs be the trivial representation of 11. show that the induced representation Indfiys is not irredu cible. Hi,nt:Use Frobenius reciprocity.

(b) Describe all possible one-dimensional representations of the symmetric group sn k ) 2. Justify your answer . Hi,nt:Recall that transpositions generate ,s7" and consider the possible action of a transposition in a one-dimensionalrepresentation.

(c) Let '94 C s7'a1 be a subgroup of permutations of a subset of k elements in the group of permutations of k * 1

3i,Ji'iiï,ïnï|*],: 
k < n' Let u be a one-dimensional represenrarion or ,s7,. d; r""d:;;u"o"l,îà*to"t
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Question 3. (12 pts)

(a) Let D6 : (r,s I 16 : 1, s2 : 1, srs : r-1) be the dihedral group of symmetries of the regular hexagon. Describe
the conjugacy classes in D6.

(b) Describe the irreducible representations of D6 and construct its character table.

(c) Consider the group Dz: (r,s lr3: 7,s2:1,srs: r-1). Its character table is given by

(1) (r,r') s, sr, sr2
Vs

v"

Compute the characters of IndffiV6 and Indf;iI/2 and decompose them into a direct sum of irreducible represen-
Lations of D6.
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cq 1 1 2 2 2

1 1 1 1 1

1 1 -1 1 -1
1 1 1 -1 -1
1 1 -1 -1 1

2 -2 0 0 0

Question 4. (I2 pts) LetQsdenotethegroupof quaternions,Qa:{+1,+i,+j,*k}withthedefiningrelations

i:jk- -kj, j =ki- -ik, k:i.j : -ji,, -t:i2 : j2 :k2.

The character table of Qs is given by
1 +i, +k1

Xrt
X.rz

Xrs
Xr+
Xz

(b) Compute the tensor power V2e3 and V2ea of the 2-dimensional representation V2 and. decompose the obtained
representations into a direct sum of irreducibles.

(b) Recall that for any representation V we have V I V : S2V @ A2V and that the characters of the symmetric and
exterior tensor square of v arc given by xs,v(g) : L(Q"Q))'+xr@')), xnv(9) : l(x"b))'-xu(s')).
Compute the decomposition into irreducibles of the representations S2V2 and, A2V2 for the two-dimensional irre-
ducible representati on V2.

(c) Recall that an irreducible representation is of complex type if V * V* , of real type if the trivial representation
is a direct summand of S2V, and of quaternionic type if the trivial representation is a direct summand of A2V.
Determine the type of each of the irreducible representations of 8s.

('o) Wu co,^f L J/^. ,lu,,,c/+--, "{ 1/:t3 ,",/-l[.'uu,

1//'
Kx'+1rt = xirlt

1f,u qu

X"{,_(j)= Xo,gllr,û)

L -4-

4

!t t1 xk
v L ()

L TqII

(€)

74(tu c*,, *ry,rJ. (Xyou,X*) a,k

1/ /- - - r -t r
( V,, @ ('t't * V15 ;lr.)

.-2-- -r/- !-5'T-'[,, "1ÇuoY,

)
J

A

Ys'v

pRv

_L _/L

4 {,L

,J)

-: 
-rO\ 

^-, /qqp \/oVrL
L

Snru /.L ,Io*, ,(",

n,, = Xo,, - --K rp
V^?= v*r ln

,l,lr, 
'(f,u,V, ,*

cetL)

Vol' . S'V ,
/ tr0/ ,!,

-Lt:tctv c

oûo
,2/\

X^, (q) =(
v xt ()'

vJn _>v=W\,
h' xx 

"{t,, 
rz,rb, /rj8

('\

b -B 0 (t

ct6 o\to't6

-433

I



*7**Élru T, T,,,T.)V, *"/ Æc S'VAl'z

Â^ G)* a )-*ù V, -Xe eT, e'[u

A'^V,'T,.q +L kv,*/ I>t

1[ /fl[ 1r
VL "(--ori,

:) (

.,- o{

I



t

Question 5. (14 pts) 
o

(a) Let G be a finite group and e e G the unit of the group, and suppose thaf yy(g) : Xv(e) for some nontrivial
element q # e and. some nontrivial complex irreducible representation V. Show that G has a nontrivial normal

subgroup.

(b) A representation V of G is called fai,thful, if the homomorphism p: G -+ GL(y) has trivial kernel. Show that I/
of G is faithful if and only if xvfu):Xv(e) implies 9:e, where e € G is the unit of the group.

(c) Let ,9. be the symmetric group, n ) 3. Give an example of a nontrivial Specht module I/r such that yy^(g) :
Xv\(e) for some element g f e.

(d) Conclude from (a) and (c) that Sn, n ) 3 contains a proper nontrivial normal subgroup. Describe this subgroup.
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Question 6. (12 Pts)

(a) Let G be a finite group and 1 c G the trivial subgroup of one element. Show that the left regular representation

of G is isomorphiJto ih" ind,r""d representation fiom the trivial representation Vs of the trivial subgroup:

alcl - Indfvo.

(b) Decompose the left regular representation c[si] as a direct sum of specht modules'

(c) Let VlzllbetheSpechtmoduleof ,g3correspondingtothepartition(2,1). Decomposefnd$iV1z,t\tf:asumof

Specht modules fbr ,Ss. (you can describe tne Spectrt module Vr by the Young diagram Yl, where À is a partition

of 5).
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Question 8. (7 pts). (Yes/No)

Which of the following numbers always divide the order of a finite group G:

(a) Dimension of a complex irreducible representation.

(b) Number of inequivalent irreducible representations over C.

Y
//' G=Qe, fnr'/' 7',*

(c) Number of elements in a conjugacy class in G

(d) Number of conjugacy classes in G.

V (crl = [G, z.]
il ' , G, Qs 5*i1 ,(uu,a

(e) Number of elements in the centralizer of an element in G. Y
(Q Orâer of an element in G. Y
(g) Square of the diÀension of a complex irreducible representation.

ZJ . G ts <- +u/j.,y

M' 6=5: , (l,rL)'='l
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