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1 Motivations

Symmetries of objects are described by groups. However the question of classification of all groups or objects they
act on is a hard one. Representation theory studies linear action of groups on vector spaces, thus linearizing the
question and bringing it to the domain of linear algebra. Instead of studying a group, we study group homomorphisms
G — GL(V) for a vector space V. One of the problems of representation theory is to classify the vector spaces where
the group can act linearly and the ways it can act on a given vector space. For example a group of symmetries of a
regular tetrahedron acts by matrices in the three dimensional real vector space.

In guise of a quick advertisement, here are a few examples of what representation theory can achieve in mathematics

e Many properties of the symmetric group S,, can be understood using its representation theory, which is exten-
sively studied.

e The proof of Fermat’s Last Theorem by Andrew Wiles uses methods of representation theory.

e The nature of the largest sporadic simple finite group, the Monster, was understood with the help of its repre-
sentations.



1.1 Organization of the course

Here is the list of lectures by topic and main result. On the right you can see the goals of various parts of the course.

Lecture 1. Definitions

= Basics of representation theory
Lecture 2. Schur’s lemma
Lecture 3.  Maschke’t theorem = Semisimplicity of C[G]

Weyl’s unitary trick

Lecture 4. Density theorem
= Structure of C[G]
Lecture 5.  Structure theorem for
finite dimensional algebras

Lecture 6. Characters of representations

Lecture 7. Orthogonality relations for characters
—> Character determines a complex
Lecture 8.  Tensor products and tensor representation of G
powers of representations

Lecture 9.  dimV divides |G]|
Burnside’s theorem — Applications to group theory

Lecture 10. Induced representations
Frobenius reciprocity — Construction of new representations

Lecture 11. Classification of the irreducible
representations of .S,

Lecture 12. Character of an induced
representation of S, —> Representations of .S,, over C

Lecture 13. Character of a Specht module
and the hook length formula

Lecture 14.  Schur-Weyl duality —> Relation between representations of .S,
and representations of GL(V)

1.2 First motivational example

Suppose you have a group of people around a round table with a bowl of peanuts in front of each person. Denote the
weight of peanuts by a; where ¢ = 1,...n. They play the following game: at a given moment each person divides their
peanuts into two equal parts and gives these to their neighbors on the left and on the right. Let us call this operation



M:

1
M(a;) = 5(%‘—1 + ait1),

where the indices are counted modulo n. Question: what will happen after a large number N of iterations? Does the
limit impy_yeo MY (a;) exist? Does it depend on the index i or on the number of people around the table? Let us
consider two examples: n = 3

1 0 1 1 3
2 1 8
— — — — —
0 0 1 1 1 1 3 3 5 5
2 2 1 1 8 8 16 16
Example n = 4:
1 1 1
0 1 5 0 0 5 5 0
0 0 0 1 i 0 0 3

To solve this question, we can use methods of representation theory. Let V be the vector space of states of this
system, where a vector (a1, ag,...ay) shows the amount of peanuts in each bowl at a given moment. Let {e;}! ; be
the standard basis of V. Let C,, = (¢t : t" = 1) be the cyclic group of n elements and define group homomorphisms
L:C, — GL(V)and R : C,, — GL(V) by setting

L:eiﬁei_l, R:ei%ei_,_l,

where the indices are counted modulo n. Then one can notice that M = %(L + R) and study the action of M in terms
of the representations of C,, given by L and R on V. Hint: Find the invariant subspaces of operators L and R on V/
and consider the action of M of these subspaces. We will return to this question later.

1.3 Second motivational example

Suppose we need to find the dimension of the space of homogeneous polynomials of degree n in two variables, that
satisfy the conditions
{ p(uv w) = p(u + w, _u)
p(u, w) = —p(w, u)
We can approach this question from the viewpoint of representation theory of a group generated by the given transfor-
mations of the variables. Let U be the two dimensional vector space with the basis {u, w}. Then the given symmetries
of the basis in U can be written as

()=o) o)) ()= (h a) ()= ()

Do a and b generate a nice group? We have

s (1 0\ _ 3 (-1 0 6
a<01 =1, b = 0 —1 = b’ =1,

-1 _ 0 -1 _3—1
aba —(1 1 )—b .

These are the relations of the dihedral group Dg = {a,b : a® = 1,b5 = 1,aba"! = b=1). We can extend its action to
the vector space V' of homogeneous polynomials of degree n in variable u, w with the basis {u™, u"~tw, ... uw" ! w"}.
We can apply then the theory of representations of finite groups to this question. More theory needs to be developed
to obtain a solution.

In this course we will mostly consider representations of finite groups in finite dimensional complex vector spaces.

However we will start with a more general setting.

2 Representations of associative algebras

Definition 2.1. An associative algebra A over a field k is a k-vector space with a bilinear map - : A x A — A such
that

(1) (a-b)-c=a-(b-c) for any a,b,c € A,



(2) There exist 1 € Asuch that 1-a=a-1=aforanyac A .

Below we will normally write ab for the product a - b of elements of an associative algebra.
Definition 2.2. A homomorphism of associative algebras f : A — B is a k-linear map such that
(1) f(ab) = f(a)f(b) for any a,b € A,

(2) f(1a) =1p.

A homomorphism f : A — B is an isomorphism of algebras if there exists an algebra homomorphism g : B — A
such that fog =1Idg, gof = Ids. Equivalently, f : A — B is an algebra isomorphism if it is an algebra homomorphism
and an isomorphism of vector spaces.

2.1 Examples of associative algebras
(1) A=k is a l-dimensional associative algebra.

(2) The algebra Endg (V') of linear transformations V' — V = k™ is the matrix algebra Mat,, (k), with dim(Mat,,(k)) =
2
n°.
(3) Freealgebra A = k(x1,x2,...x,) with elements given by k-linear combinations of words in the alphabet {z1,z2,...2,}
and the multiplication given by concatenation of words. This is a infinite dimensional algebra over k.
(4) Group algebra k[G] of a finite group G. Elements are of the form 3 . Aigi, where {g;}]"; is the list of elements
of G and \; € k for all : = 1...n. The product is determined by the group law g - h = gh € G and extended by
linearity on k[G]. The dimension of k[G] equals to the order of the group G.

Definition 2.3. An algebra A is commutative if ab = ba for any a,b € A.

Example (1) is commutative. Example (2) is commutative if and only if dim(V') = 1. Example (3) is commutative
if and only if n = 1 and A = k(x1) = k[z1] is a polynomial algebra. Example (4) is commutative if and only if G
is abelian.

2.2 Representations of associative algebras

Definition 2.4. A representation of an associative algebra A over the field k is a pair (V, p), where V is a k-vector
space and p : A — Endg (V) is an algebra homomorphism. Explicitly, we have

plab) = p(a)p(b) Va,be A, p(la) =Idy.

Definition 2.5. Let (V1, p1) and (Va, p2) be two representations of an algebra A over k. A homomorphism ¢ : V4 — V5
of representations is a k-linear map that commutes with the action of A:

b(pr(a)v) = pa(a)é(v) Vae A eV,

Thus we have a commutative diagram

%LVQ

lm(a) lm(a)

17 _® Vs
The same property can be expressed by the equality

$op1=prod.

Then ¢ is called an intertwiner of the representations p; and ps. Homomorphisms of representations (V1, p1) — (Va, p2)
form a vector space Hom 4 (V1, V2). A homomorphism ¢ : V; — V4 is an isomorphism of representations if there exists
a homomorphism 9 : Vo — V; such that ¢ oy =idy, and ¢ o ¢ = Idy;.

Definition 2.6. A subrepresentation of (V,p) is a subspace W C V that is closed under the action of A, meaning
that
p(a)W CW Vae A.

Examples: 0 C V and V C V are subrepresentations for any representation (V, p).



3 Representations of groups vs. representations of algebras

Definition 3.1. A representation of a group G over a field k is a couple (V,p), where V is a k-vector space and
p: G — GL(V) a group homomorphism, meaning that

p(9192) = p(91)p(g2) Vg1,92 € G,
p(1) =1Idy.
If p: G — GL(V) is injective, the representation (V, p) is called faithful.
Lemma 3.2. [PS 1]. A representation of G in a vector space V' over k uniquely determines the representation in V

of the group algebra k[G], and conversely.

3.1 Examples of representations of groups and algebras

(1) Trivial representation 1 : G — GL(V) given by g — Idy for any g € G.

(2) Let G be a finite group, V' = k[G] the vector space of the group algebra with the basis {¢g}4ec. Then p: G — GL(V)
given by p(h)g = hg is a representation of G called the left regular representation.

(3) More generally, if A is an associative algebra, then p: A — Endy(A) given by p(a)b = ab for all a,b € A is the left
regular representation of A.

(4) In particular, if A = k[G], then the left regular representation of G on k[G] defines according to Lemma 3.2 the
left regular representation of the algebra A.

4 Irreducible and indecomposable representations

Below we will consider representations of associative algebras, but the same theory applies to representations of groups.

Definition 4.1. A representation (V, p) of an algebra is irreducible if 0 C V and V' C V are the only subrepresentations
in V.

It follows that any one-dimensional representation is irreducible.

Definition 4.2. Let (V3,p1) and (Va, p2) be two representations of an algebra A. Then (Vi @ Va, p1 @ p2) is also a
representation of A, defined by
pi(a) 0
a) = Va € A.
pla) ( 0 pafa) >
In this case V3 C V3 @ V5 and V, C Vi @ Vs are subrepresentations.

Definition 4.3. A nonzero representation (V,p) of an algebra is indecomposable if it is not isomorphic to a direct
sum of two nonzero subrepresentations.

In particular, an irreducible representation is indecomposable. The converse is false in general. If we have a

representation of the form
_( pila)  *
pla) = ( 0 pola) ) Va € A,

then the subspace V; C V is invariant with respect to the action of A, and so it is a subrepresentation, but V5 is not
A-invariant.
The main questions of representation theory of an algebra A (or a group G) are:

1. Classify the irreducible representations of A (or G) over a field k.

2. Classify the indecomposable representations of A (or G) over a field k.



4.1 Irreducible representations of the dihedral group D,

Consider the dihedral group
Dy = (51,80 : 57 =53 =1,(s180)* = 1).

We are interested in classifying all irreducible representations of Dy over C. Note that it suffices to define the
p: D, — End(V) on the generators sq, s only, and check that p(s1) and p(s2) satisfy the defining relations of the
group. Then we can extend p on all group elements using the homomorphism property.

Let us start with representations of dimension 1.

p(s1) = A1, p(s2) =Xy ,suchthat A2 = A2 =1, (\ )% =1

It follows that A1, A2 € {#1}. Therefore, we obtain 4 1-dimensional representations

po(s1) = po(s2) =1 = p(g) =1 Vg € Dy, trivial representation
p1(s1) = p1(s2) = -1 = plg) = (—-1)"9) Vg € Dy, sign representation
p2(s1) =1, pa(s2) = —1

p3(s1) = —1, pa(s2) =1

They are all pairwise non-isomorphic. Indeed, a homomorphism of representations ¢ : C — C is given by a nonzero
complex number p € C*. If ¢ is an intertwiner between for example py and ps, then pa(usi) = ups(s1), therefore
= —u, a contradiction. So we have 4 non-isomorphic 1-dimensional irreducible representations of Dy.

Now suppose dim(V) = 2. We are looking for pD; — GL(C?), such that p(s1)? = p(s2)? = 1. For example, we

can consider
(01 (-1 0
p(sl) - 1 0 ) p(32) - 0 1

It is easy to check that the matrices satisfy the relations in Dy. We see also that the p(s;) has eigenvectors (1,1)
and (1, —1) whie p(s2) has eigenvectors (1,0) and (0, 1), so that the two operators do not have a common invariant
subspace in V. This means that the representation (Vp) is irreducible.

Is there another non-isomorphic 2-dimensional irreducible representation of D4? First we notice that the eigenvalues
for both p(s1), p(s2) have to be 1 and —1, since otherwise if one of these operators has a repeated eigenvalue, then
the operator is a scalar and the resulting representation is not irreducible. Therefore detp(s1) = detp(sz) = —1, and
detp(s1s2) = 1.

Since we have p(s1s2)* = 1, the eigenvalues of p(s1s2) € {#i,+1}. The condition detp(s1s2) = 1 imposes the
choice of eigenvalues i and —i, because otherwise we would have to have a repeated eigenvalue +1 with multiplitity 2
which leads again to a scalar operator and a representation that is not irreducible. Therefore,

p(s1s2) = ( (Z) 91 )

in some basis, which is a rotation by 7/2 in a complex plane. Since p(s1) and p(s2) both have eigenvalues 1 and
—1, they are both reflections such that their product is a rotation by 7/2, therefore any irreducible 2-dimensional
representation of Dy is isomorphic to the one we constructed.

Later we will see that {Vp, V1, Va, V3, V} is a complete list of irreducible inequivalent representations of Dy.

5 Schur’s lemma

Proposition 5.1. Let Vi, V, be representations of an algebra A over any field. Let ¢ : Vi — Vo be a nonzero
homomorphism of representations. Then

(1) If Vi is irreducible, then ¢ is injective.
(2) If Vs is irreducible, then ¢ is surjective.
(3) If Vi and Vs are irreducible, then ¢ is an isomorphism of irreducible representations.

Proof. (1) Consider the subspace ker¢ C V;. It is a subrepresentation: let v € ker¢. Then

6(p1(a)0) = pa(a)d(v) = pa(a) -0=0 =  py(a)v € kerd.

Suppose that V; is irreducible. Then either ker¢ = 0, or ker¢p = V5. The second option is ruled out since ¢ # 0.
Therefore we have ker¢ = 0 and ¢ : V3 — V5 is injective.



(2) Consider the subspace Im¢ C V5. It is a subrepresentation: let u € Im¢. Then there exist v € V; such that
¢(v) = u. Therefore we have

p2(a)u = p2(a)¢(v) = ¢(p1(a)v) € Im.

Suppose that V5 is irreducible. Then either Im¢ = 0, or Im¢ = V5. The first option is ruled out since ¢ # O.
Therefore we have Im¢ = V5 and ¢ : Vi — V5 is surjective.

(3) Suppose that both V3 and V5 are irreducible. Then ¢ is both injective and surjective, which means that ¢ : Vi — V5
is an isomorphism of representations.
O

Corollary 5.2. If V; and V4 are irreducible representations of an algebra A over any field and dimVy # dimVs, there
is mo nonzero intertwiner between them.

Corollary 5.3. (Schur’s lemma over an algebraically closed field).
Let V' be an irreducible finite dimensional representation of A over an algebraically closed field k, and ¢ : V — V an
intertwiner. Then ¢ = Mldy for some X\ € k.

Proof. Since k is algebraically closed, ¢ : V' — V has an eigenvalue A € k. Then (¢ — AId) : V' — V commutes with the
action of A, therefore it is also an intertwiner. Since V is irreducible, by Schur’s lemma we have either ¢ — Ald = 0,
or ¢ —Ald : V — V is an isomorphism. The second options is impossible since det(¢ — AId) = 0. Therefore we have
¢ = Ald. O

Schur’s lemma over algebraically closed fields stays true for countably-dimensional representations: if V' is an
irreducible countably dimensional representation, and ¢ : V' — V is an intertwiner, then ¢ is a scalar operator.

However, Corollary 5.3 fails in general over non-algebraically closed fields. For example let A = C as an R-algebra,
and V = C a representation of A. Then V is irreducible: any R-subspace of the form {az},cr is not invariant with
respect of the C-action. But an intertwiner ¢ : C — C does not have to be a real scalar operator: multiplication by
any x € C*,z : C — C is an intertwiner.

Corollary 5.4. Let A be a commutative algebra (or G an abelian group) over an algebraically closed field k. Then
every finite dimensional irreducible representation of A (or G) over k is one-dimensional.

Proof. Let v € V, then
p(a)(p(b)v) = p(ab)v = p(ba)v = p(b)(p(a)v)  Va,be A.

Therefore p(a) : V' — V is an intertwiner for any a € A. By Schur’s lemma p(a) = Mldy for any a € A, therefore
every subspace in V is A-invariant. Thus if V' is irreducible, it is one-dimensional. The same argument works for the
representations of an abelian group. O

Example 5.5. Let us classify the irreducible representations of the cyclic group C,, = (¢ : t* = 1). The group is
abelian, therefore all irreducible representations are one-dimensional. We need to find A € C* such that p(t) = A =
(p(t))* = A" = 1. Then X € {1,£,£2,...,6" 1}, where ¢ = e’ is the n-th primitive root of unity. The representations
Vei and Vg for are inequivalent for i # j (mod n). Indeed, u(p;(t)1) = p;(¢)(p- 1) implies pu&" = &y and & = &7,

We can also consider the left regular representation of C,, and decompose it into a direct sum of irreducible
subrepresentations. The left regular representation is given by p(t) - C[C,,] = t - C[C,,], in the basis {1,¢,...t" "'} the
action is given by p(t)t*F =t - t* = t*+1. Then we have

0 1 0
0 0 1 0
p(t) =
0 1
1 0 0

10 0
0 £ 0
p(t) = 0 &
... 0
0 0 gnfl



in the basis of eigenvectors with eigenvalues €.k = 0,1,...n — 1. Therefore we have a direct sum decomposition of
the left regular representation

n—1
C]:@Vg, pi(t) =& in Ve

Note that the left regular representation is a direct sum of all irreducible representations of C),, each with multiplicity
one.

5.1 Representations of C;, and the first motivational example

Let us consider two representations of the group C™ = (¢t : t" = 1) in the vector space V = C™ given by cyclic
permutations of the basis:
L:eiﬁei_l, R:ei%ei_,_l,

where the indices are counted modulo n. Let a = (a1, as,...a,) € V. Then we have

0 1 0 a1 as 0 1 ay Gp
0 0 1 0 a9 as 1 0 0 a9 aq
L(t)(a) = = ., RM®)@=| 0 1 0 —
0 1
1 0 0 an ai - 1 0 an Ap_1

27

Let £ = e n . The characteristic equation of L(¢) and R(t) is A — 1 = 0 which leads to the solutions {1,&,...£" "1} for
the elgenvalues. The eigenvectors of the form {vj, = (1,£F €2k ... ¢(=DF)}~1 correspond to the eigenvalues ¢ for
L(t) and to £~ for R(t). Note that each eigenvector spans a one-dimensional irreducible subrepresentation for both
L(t) and R(t). Recall that we are interested in the iterated action of the operator M = %(L(t) + R(t)), for which vy,
spans an invariant subspace for each k = 0,...n — 1. More precisely, we have

Moy, = %(L(t) + R(8))os = (W> v = cos (27”“> .

2 n

Let us consider the limit

2k
lim MMy, = hm cos™ <W>vk:0, if k?é07/€7ég.

N —o0 n

Otherwise,
MNvy = v, MNvy = (-1)Nvy VN eEN.

To answer our original question we need to find the action of A% in the original basis. We have

1 1 1 €e1 Vo
I N ST S €2 vy
1 ¢ gD o=

1 é“n—l g(n—l)2 en V1

Inverting the matrix, we obtain e; as a linear combination of the eigenvectors {vk}z;é.
Let n be odd. Then we have .
1 -
e; = —vg + brvg,
% n 0 ; kVE

where b;, € C are some constants that do not play the role in our computations, because MNv, — 0 when N — oo
for k > 0. For every i = 1,...n we have limy_,oo MNe; = %vo = %EZL e;. Then we get

) n 1 n 1 n n
J\}KHOOMN(;%@D—E;% E;az Z

Therefore, if n is odd, in the limit when the number of iterations goes to infinity, each bowl will have the same amount
of peanuts equal to 1/n of the total amount.



Now let n be even. Then we have
1 1
e; = 71)0 + E % E brvk,

where by, € C and MNv, — 0 when N — oo for k # 0,k # %. We have M (e;) = fvo + (—1)" N Lva + ¢, where ¢ is
negligeable when N is large. Using the inverse transformation of bases, we get

n

V(Y ases) = %(Z a:)vo + (fl)N%(Z(fl)iai)U% e

i=1 =1

Since vz = + 3" | (—1)%€;, we have finally

Zazez = Zaz Ze] (Z(—l)ian(Z(—l)jej)ﬂ.

i=1 j

Therefore, if n is even, at the limit when N — oo we will have values 2%, a; and 2", ., a; at all even and odd
vertices respectively, alternating at each step.

6 Complete reducibility of complex representations of finite groups

6.1 Maschke’s theorem

Definition 6.1. A representation V of A is completely reducible if it is isomorphic to a direct sum of irreducible
representations:

VWi a...eW,, W; irreducible.

Definition 6.2. An algebra A is semisimple over k if every finite dimensional representation of A over k is completely
reducible.

Theorem 6.3. (Maschke’s theorem)

Let G be a finite group and k a field such that the characteristic of k does not divide |G|. Then the group algebra k[G]
is semisimple: if V is a finite dimensional representation of G, and W C V is a subrepresentation, then there exists
a subrepresentation W' C V' such that V. ~ W & W' as representations of G.

Proof. Choose a complement vector space W such that W& W = V,and let P:V — W be the projector along W,
in particular P = 0 and Plw = Idw. Let

= o1 S0P

where p : k[G] — End(V) and let W’ = kerP. If x € W, taking into account that P|y = Idw, and that W is a
subrepresentation, we have

Pl |G\ 2o |G| 2o |G| Z |G|

geG geG

Therefore, Ply = Idy.

If y € V, then
Ply) =15 Z ) e W,
| | geG
and therefore P- = P is a projector onto W.
Now suppose z € W’ = kerP. Then
_ 1 _ _
Po(h)z = i LS plg)Polg~th)z = @ > p(hk)Pp(k~")z = p(h)P(z) =

geG keG

where we denoted k~' = g~ 'h, g = hk. The last equality holds because z € W’ = kerP. We have shown that for any
z € W', we have p(h)z € W', which means that W’ C V is a subrepresentation, and V ~ W @& W’ is a direct sum of
subrepresentations. O



Definition 6.4. Let V be a representation of A and W C V a subrepresentation. Let V/W be the quotient space of
W-cosets of the form {v+ W},ey. Then V/W is a representation of A by setting p(a)(v + W) = p(a)v + W. This is
well defined because If u € v + W, we have p(a)(u+ W) = p(a)u + W = p(a)v + p(a)(u —v) + W = p(a)v + W for
any a € A.

By Maschke’s theorem any finite dimensional representation of G over a filed whose characteristic does not divide
|G| is completely reducible. Therefore any quotient representation V/W of G over k is also a subrepresentation
W' ~V/W,and V ~ W & W’. In particular, the left regular representation k[G] is isomorphic to a direct sum of
irreducible representations of G.

If G is a finite group and k a field such that the characteristic of k does not divide |G|, then any
irreducible representation of G occurs as a direct summand in the left reqular representation k[G].

6.2 Representations of the polynomial algebra C|z].

All irreducible representations of A = C[xz] are one-dimensional by Schur’s lemma. Setting p(x) = A € C defines the
pairwise non-isomorphic irreducible representations {V}xec.

To find the indecomposable representations of A, suppose dim(V) = n. Then to define a representation of A
it suffices to define a matrix p(z) : V — V., and any matrix gives rise to a representation. An isomorphism of
representation is given by a conjugation with an element from GL(V'). Therefore the indecomposable finite dimensional
representations of A are classified by matrices up to conjugation, or by the Jordan normal blocks

Al ... 0
0O A 1 ... 0
pl)y=1 ... = Ju,
0 1
0 0 A

where J), 5 is the Jordan block of eigenvalue A € C of size n x n.

The algebra C[x] is not semisimple. Indeed, we can consider the left regular representation of C[z], and the
subspace of the ideal (x3) = 23C[z] C C[z] which is obviously a subrepresentation. Let V = C[z]/23C|x] the quotient
representation of dimension 3 with a basis {1, x,2?}. The action of z in V is given by

0 0 O
plx) = 1 0 0 | =Jogs
0 1 0

which is indecomposable. In particular the linear span of 2, denoted by £{z?} C V, is a subrepresentation where
acts by zero. So V is indecomposable, but not irreducible. Thus the algebra Clz] is not semisimple. In fact we have
the chain of subrepresentations £{x?} C L{z,2%} C V.

6.3 Converse to Maschke’s theorem

Theorem 6.6. Let k be a field and G a finite group. If any finite dimensional representation of G is completely
reducible, then the characteristic of k does not divide |G]|.

Proof. Consider the left regular representation V' = k[G]. Let ¢ : V' — k be a linear map, ¢(g) =1 for all g € G. Then
¢ : k|G] — k a homomorphism from k[G] to the trivial representation. Just like in the proof of Schur’s lemma, we can
show that the subspace ker¢ C k[G] is G-invariant. Suppose V' = k[G] is completely reducible, then V' = ker¢ ®U. We
can define a basis in ker¢ given by {g — 1}4eq, g#1, with the dimension dim(ker¢g) = |G| — 1. Therefore dim(U) = 1,
and U = L(u) is spanned by a single vector u € k[G]. We have

uzz,ugg, pg €k Vged.
geG

Let = € G, then
plx)u—u= Z,uga:g— Zugg: Zug(xg—g) ekergNU = 0.
geG geG geqG
The inclusion dec tg(xg — g) € ker¢ holds because the elements (zg — g) € ker¢ for all , g € G. Therefore we have

p(x)u =u for all z € G.
Let us compute the coefficient of 1 € G in the element u = p(x)u: it is equal to p; = p,—1 for any « € G, therefore

u=p1 ) ec 9 Then ¢(u) = ¢} e 9) = |G| # 0 since u ¢ kerg. This shows that |G| # 0 in k.
O

10



Example 6.7. Consider the regular representation of the cyclic group Cs = (t : t> = 1) over the field F3. In the basis
{1,t,#*} we have

00 1
p)=11 0 0
010

The characteristic equation is —A3 +1 = 0 with the only solution for the eigenvalue A = 1 in F5. The only eigenvector
is (1,1, 1), which spans a subrepresentation. We can find the generalized eigenvectors v, v such that (4 — Ad)?v’ =0
and (A — M\Id)3v” = 0. Then we get

L(v) C L(v,v") C L(v,v",0") =V =TF3[Cs],

so that V is an indecomposable non-irreducible representation. We have

p(t) =

S O =
O = =
)

in the basis {v,v’,v"}. The left regular representation F3[C5] is not semisimple.

Check that the left reqular representation of C's over the field F5 is semisimple and find its decomposition
into the direct sum of irreducibles.

6.4 Another viewpoint on complete reducibility: Weyl’s unitary trick

Definition 6.9. A representation p of G in a C-vector space V is unitary if V' has a hermitian inner product invariant
under the action of G:
(v,w) = {p(g)v, p(g)w)  Vv,w eV, Vgedi.

Proposition 6.10. Let p : G — GL(V) be a complex representation of a finite group G. Then there exists an inner
product (, ) on V that is G-invariant.

Proof. Let (, )¢ be any hermitian inner product on V, for example (u,v)o = u’® for any u,v € V. Then

(u,v) v)o
IGI geG

is G-invariant. Indeed,

(p(h)u, p(h)v) |G| > p(gh)u, plgh)v)o = (u,v).
geqG

Therefore, any C-representation of a finite group is unitary.

Theorem 6.11. (Weyl’s unitary trick)
Finite dimensional unitary representation of any group is completely reducible.

Proof. Let V be a finite dimensional unitary representation of G and W a nontrivial irreducible subrepresentation,
W CV. Let we€ W and v € W+, where W+ is the orthogonal complement of W in V with respect to the G-invariant
inner product {, ). Then

(plg)v,w) = (p(g)v, p(g)p(g™" Yw) = (v, p(g~")w) = 0.

Therefore p(g)v € W+ for any v € W, any g € G. Therefore W C V is a subrepresentation and V =W @& W+ as
representations of G. Continuing with the decomposition of W+ if necessary, we end up with a decomposition into the
irreducible components, because V is finite dimensional. Moreover, the decomposition into the irreducible components
is orthogonal with respect to the G-invariant hermitian inner product. O

Since any complex representation of a finite group is unitary, this provides an alternative proof of complete re-
ducibility of a finite dimensional complex representation of a finite group.
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6.5 Digression: Weyl’s unitary trick for a continuous compact group

Let G be a compact Lie group (a compact topological space that is a group such that the group multiplication and
taking the inverse are continuous maps). Let (V, p) be a complex finite dimensional representation of G. Similarly to
the case of a finite group, starting with any Hermitian inner product ( , }g on V', we can average it over the action of
G to obtain a G-invariant inner product:

wﬂwzj;mwummmo@,

where dg is a G-invariant measure on G. This means that for any « € G, we have d(gz) = dg.
Theorem 6.12. A compact Lie group has a G-invariant measure called the Haar measure.

This is a difficult result in general and we will accept it here without a proof. Assuming the existence of a
G-invariant measure, we have

(p(x)v, p(x)w) :/G<p(gw)v,p(gl')w> dg:/g(ﬂ(g’)v,p(g/)w dg' = (v, w).

Theorem 6.13. Any finite dimensional representation of a compact Lie group over C is completely reducible.

Proof. Same as in the case of a finite group, see Theorem 6.11. O

6.6 Digression: representations of the group U(1)
Representations of the group U(1). Let U(1) ~ S! denote the group of rotations in a plane (a circle group):

U1) ={e”, 6 co,2r[} c C.
Theorem 6.14. If p: U(1) — GL(n,C) is a representation of U(1) in V = C", then
VeVieVed...eV,,
where py,(e'%) = ™0 with my, € 7.

Proof. Claim 1. Irreducible unitary representations of U(1) are one-dimensional and parametrized by Z. More pre-
cisely they are given by {p(e?) = e}, 7.

Indeed, by Schur’s lemma, all irreducible representations over C of an abelian group U(1) are one-dimensional. There-
fore we have p(e’?) = A € C*. Since we are looking for the unitary representations, we have

() = (p(e”)z, p(e”)y) = (Az, \y) = AX(z, ) = [A\[(z, 1),

therefore [A\|> = 1. Let p(e?) = ¢™(?) then we have by the homomorphism property of the representation #(0) = 0,

t(61 + 02) = t(61) + t(02), therefore t(0) = ab is a linear function. We also have
p(ei(9+27r)) — p(eie) — eia@ _ eia(9+27r) — ei(wei%\'a7

therefore o € Z. We obtain that {e"?},c7 is the complete list of inequivalent irreducible representations of U(1).

Claim 2. The representation V = C™ admits a U(1)-invariant inner product.
Indeed, let {, )¢ be any Hermitian inner product on V and set

1

() = 5 [ oty pleoho .

then we have o
@w%m#m:i/<mmwmmWQWMMﬂ:mw
27T 0

Here we used the U(1)-invariance of the measure: if £ is fixed, then d(0 + &) = df.
Since any complex finite dimensional representation V' of U(1) is unitary, by Weyl’s unitary trick it is completely
reducible. Then V' ~ @}_, V4, where each (px, Vi) is one dimensional and py (€?) = ™ my, € 7.
O
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7 Algebras, ideals, modules

Definition 7.1. Let A be an associative algebra, and M a vector space over k. A left A-module structure on M is
given by a map A x M — M given by (a,m) — am € M, satisfying the conditions

(1
2

(ab)m = a(bm)
Im=m

)
(2)
(3) (a+b)ym =am+bm
(4) alm+n) =am+ an

This is equivalent to defining a representation p : A — End(M) of A on M: (1) is the homomorphism property,
(2) is the property p(1) = Idas, (3) is the linearity p(a + b) = p(a) + p(b), and (4) states that p(a) € End(M) is a
linear transformation. An A-module M where the only submodules are 0 and M is called simple. This is equivalent
to the representation (M, p) being irreducible.

Definition 7.2. A subspace I C A is a left ideal if af C I for all a € A.

A subspace J C A is a right ideal if Ja C [ for all a € A.

A subspace I C A is a two-sided ideal if it is a left ideal and a right ideal.

A subspace J C A is a maximal ideal if there is no ideal I C A such that J C I C A, and J # I, 1 # A.

Definition 7.3. A representation V of A is cyclic if there exist a vector v € V' that generates V' as an A-representation:
p(A)v =V.

Proposition 7.4. (1) A subspace I C A is a left ideal if and only if I C A is a subrepresentation of the left regular
representation of A.

(2) A representation V' is cyclic if and only if V' is isomorphic to a quotient representation A/I, where I C A is a left
ideal in A.

(3) A representation V is irreducible if and only if every nonzero vector v € V' is cyclic.
(4) A representation V is irreducible if and only if V =~ A/I a0 for a mazimal left ideal Lyqz-

Proof. (1) follows by definition. For (2), see [PS4]. Let us prove (3). If v € V, then Av C V is a nonzero submodule. If
V' is irreducible, then the module V' over A is simple, and Av = V', which means that v is a cyclic vector. Conversely,
if W C V is a nontrivial submodule, then for any vector w € W we have Aw C W # V| and w is not cyclic.

To show (4) it is enough to notice that if I C J C A are two unequal nontrivial ideals in A, then J/I C A/I is a

submodule.
O

We have the following diagram
{A/I}  +— {cyclic A — modules} <+— {cyclic A — representations}
U U U
{A/I 114z} +— {simple A — modules} +— {irreducible A — representations}

8 Density theorem

Lemma 8.1. Let V;, 1 <1i < m be irreducible finite dimensional pairwise nonisomorphic representations of an algebra
A over an algebraically closed field. Let V = EB?lei@"i. Suppose that W C V' is a subrepresentation of A. Then
W ~ 69?:1‘/;@” with r; < n; Yi. For each i the inclusion map ¢; : VfB” — Vi@”i s given by a constant r; X n; matrix
X,’ N

di(v1, .y vp) = (V1,00 0p,) X; = (Uy ooy Up,) € V™,

The subrepresentation V;@”" C V is called the isotypical component of V' of type V;.
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Proof. The proof is by induction on n = Z:’;l ;.

By Schur’s lemma, the homomorphisms V; — V; are zero for ¢ # j, so we only need to consider the inclusion of
isotypical components.

Base: If n = 1, then V = V;. Then if W C V; is a nonzero subrepresentation, then W ~ V; is irreducible, and the
isomorphism is given by a single scalar by Schur’s lemma.

Induction step: Let P C W be irreducible. Then P ~ V; and we have ¢(P) — Vi@m given by v — (vqy,...,v¢n,),
where ¢, are scalars.

This construction is best explained by an example. Suppose we have an irreducible 2-dimensional representation
Vi = L(vg, v1) with the action of an algebra element a € A given by avg = v1 and we are looking for the representation
homomorphisms ¢ : V; — Vi(l) &) Vi(z), where Vi(l) = L(ug,u1) and Vl(z) = L(wg, wy) are identical copies of the same
representation with the action aug = u; and awy = wy. Then ¢(vy) = aug + Bwy determines the homomorphism
because we have ¢(avg) = aaug + fawy = auy + fw; = ¢(v1). In this example the matrix X; = (a ).

Choose a matrix F' € GL,, (k) such that (qy,...,q,,)F = (1,0,0,...,0). Then F acts on V,*" by sending (v1, . ..v,,) —
(v1 ...v,,)F and we have

P&%@m L)V;GBHZFZ‘/Z@W/

Then we can use the induction hypothesis for W’ which has n — 1 total irreducible components. By construction, we
get an inclusion V;¥"* — V;®" given by an r; x n;- matrix X;. O

Theorem 8.2. (Density theorem - 1)

Let V' be an irreducible finite dimensional representation of A over an algebraically closed field. Let {vy,...v,} be
linearly independent vectors in V. Then for any set {w1,...wy,} of vectors in V, there exist an element a € A such
that p(a)v; = w; Vi.

Proof. Assume the contrary. Then T': A — V®" given by a — (p(a)vy, p(a)vs,. .., p(a)v,) is such that ImT C V"
is a proper subrepresentation. By Lemma, the inclusion ImT — V®" is given by a 7 x n matrix X, where r < n.
Let a = 1. Then ImT contains the vector (vi,vs,...,v,), therefore we can find a vector (u1,...,u,) € V®" such that

(u1y .. un) X = (v1,...,0,) € ImT C VO™,

Let (t1,...,t,) be a nonzero vector such that
4
.1 0
X . = -
0
tn
Such a vector exists because r < n. Then we have
131 131
n
Ztivi:(vl,...,vn) _ = (Upyeenye. Up) X ' = 0.
i=1
’ tn tn
This is a contradiction since {v;}?_; are linearly independent vectors. O

Theorem 8.3. (Density theorem - II)
Let V' be an irreducible finite dimensional representation of an algebra A over an algebraically closed field. Then the
map

p:A— End(V)

18 surjective.

Proof. Let ¢ € End(V') and {v;}?_; a basis in V. Let {¢(v1), ¢(v2),...,d(vn)} = {w;}7;. Then by the above theorem
there exist a € A such that p(a)v; = w; Vi. Therefore, there exist a € A such that p(a) = ¢. O

Theorem 8.4. (Density theorem - III)
Let Vi@ Vo ®d...®V,., where V; are irreducible finite dimensional pairwise non-isomorphic representation of an algebra
A over an algebraically closed field. Then the map

épi A — EHBEnd(VZ-)
i=1 i=1

18 surjective.
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Proof. Let V is an irreducible representation of an algebra A. Then End V' also has a structure of an A-representation
by left multiplication: if ¢ € EndV, then ¢(v) € V for v € V, so we define (a - ¢)(v) = ap(v). Let dimV = n. Let
{v1,...,v,} be a basis in V. Then the map F : EndV — V®" defined by

F(p) = (¢(v1),0(v2), .-, 0(vn))

is an isomorphism of A-representations, so End V = Vo7,

So for each ¢ = 1,...r we know that @®]_;End(V;) is semisimple as a representation of A, in particular it is
isomorphic to @;“:J/;@di, where d; = dimV;. Then by Lemma 8.1 we have that the image of A is a direct sum of
images in each End(V;). We have by Theorem 8.3 that the image of A in End(V;) equals to End(V;). Therefore, A
surjects onto @, End(V;). O

9 Structure of Finite Dimensional Algebras

9.1 Direct sum of algebras

Definition 9.1. Let A= A; ® Ay ®--- ® A, be a direct sum of vector spaces which are also algebras. Let 1; € A;
be the identity element for each j. Then the identity in Ais 1 =17 + 15+ --- 4+ 1,,. The multiplication in A is defined
by setting a;a; = 0 for all 4 # j, where a; € A; and a; € A;. In particular, 1;1; = 0;;1;. The A;’s are two-sided ideals
in A.

Proposition 9.2. Let A= A, ®--- @ A, be a direct sum of algebras. Any representation V of A decomposes as a
direct sum 'V = @?:1 Vi of subrepresentations, where V; is a representation of A;, and A; acts by zero on V; fori # j.
If V is an irreducible representation of A, then 1,V is an irreducible representation of A; for exactly one i € {1,...,n},
and 1;V =0 for all j # 1.

Proof. Let V be a representation of A. Let V; = 1;V. Then Vj is a representation of A;. For any a; € A;,

p(ai)Vi = plai)p(1:)V = p(a;il;)V = p(a;)V.

Conversely, if V; is a representation of A; for each i, then V; & Vo @ --- @ V,, is a representation of A with the
block-diagonal action:

p(a‘la az, ... ,G;n)(’Ul, e 7UTL) = (pl(a/l)vlﬂp?(a’Q)UQa e apn(an)vn)~

For any v € V', we have lv = v = Z?:l 1;v. Let v; = 1,9 € V;. ThenV = Z?:l V;. To see that the sum is direct, note
that 1,V =1, 5" 1,V =37" 1,1,V =15V = 1;V = V}. The decomposition V' = 7" | V; is uniquely determined.
Thus, V =@, 1;V.

If V is irreducible, then there must be exactly one ¢ such that 1,V # 0. If there were more than one, say 1,V # 0
and 1;V # 0 for i # j, then V would have nontrivial subrepresentations V; and Vj, contradicting irreducibility. So,
for some unique ¢, 1;V =V and 1;V =0 for j # 4. Then V as a representation of A is irreducible if and only if it is
irreducible as a representation of A;. O

Let us recall what we understand about the algebra of square n x n matrices over a field k.
(a) V = k" is irreducible for Mat,, (k) (it is cyclic).
(b) Mat, (k) = VO™ as a left regular representation.

(c) Left ideals in Mat,, (k) «— subrepresentations in V®™. This correspondence preserves the order defined by inclu-
sions.

(d) By Density theorem the subrepresentations of V®™ are isomorphic to V¥ for » < n. A maximal nontrivial
subrepresentation is isomorphic to V&1,

(e) This implies that any irreducible representation of Mat,, (k) is isomorphic to Mat,, (k)/V (=1 = yon jy@(n-1) ~
Ve g (cf. [PS)).

Corollary 9.3. The irreducible representations of @;_, Maty,, (k) are Vi ~ k™ Vo ~ k™2, ...V, ~ k™.
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9.2 Finite dimensional algebras

Definition 9.4. The radical of a finite dimensional algebra A, denoted Rad(A), is the set of all elements of A that
act by 0 in all irreducible representations of A. Rad(A) is a two-sided nilpotent ideal (see [PS5]).

Theorem 9.5. A finite dimensional algebra A over an algebraically closed field k has only finitely many inequivalent
irreducible representations. Each irreducible representation is finite dimensional, and

A/Rad(A) = é End(V;)

where {V;}_, is a complete list of inequivalent irreducible representations of A.

Proof. If V is a representation of A and v € V is a nonzero vector, then A-v is a subrepresentation. Since dim A < oo,
every irreducible representation of A is finite dimensional.

Let {Vi,Va,...} be the set of inequivalent irreducible representations. Consider the map &, p; : A — @, End V.
By Density-3 theorem 8.4, this map is surjective. The dimension of the image is ), dim End V;. Since the map is a
homomorphism from A, we must have dim A >} dim End V;. This implies there can be only a finite number, say n,
of inequivalent irreducible representations.

The map @, pi : A — @, End V; is surjective. By the first isomorphism theorem,

A/ ker (@ pZ-) =~ Im <€sz> = @End V.
i=1 i=1 i=1
The kernel is
ker <€Dpz> ={rcA:p(x)=0foralli=1,...,n},
i=1

which is precisely the definition of the radical of A. Therefore, A/ Rad(A) = @, EndV;.

Corollary 9.6. For a finite dimensional algebra A over an algebraically closed field k,

dim A =) (dim V;)? + dim Rad(A).

i=1

Example 9.7. Let A = C[z]/(z"™) for a fixed n € N. A basis for Ais {1,z,...,2"'}. For an irreducible representation
V, by Schur’s lemma we must have dimV = 1. Let p : A — End(V) = C. Then p(z) = X for some A € C. The
relation ™ = 0 in A implies p(z™) = p(x)™ = A" =0, so A = 0. Thus, there is a unique irreducible representation Vj,
where p(z) = 0. Using the dimension formula:

dim A = (dim V5)? 4 dim Rad(A).

n 12

This implies dim Rad(A4) = n — 1. Indeed, Rad(A) = (x).

9.3 Semisimple Algebras

Definition 9.8. An algebra A is semisimple if every finite dimensional representation of A is completely reducible
(i.e., decomposes as a direct sum of irreducible representations).

Theorem 9.9 (Structure of Semisimple Finite Dimensional Algebras). Let A be a finite dimensional algebra over an
algebraically closed field k. Then

A is semisimple <— A @Matni (k).
i=1

Proof. (=) Assume A is semisimple. Consider the left regular representation of A on itself. Since A is semisimple,
this representation decomposes into a direct sum of irreducibles: A =~ @;_, Vi@"i for some irreducible representations
V;. Now consider the algebra of A-module endomorphisms of A, End 4(A).

Ends(A) = End (@ Vf”“) .

i=1
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By Schur’s lemma, since the V; are distinct irreducible representations over an algebraically closed field,

0 it
Hom 4 (V;, V;) = { i
k i=y
This implies that End 4 (D)_, V;*™) = @,_, End 4 (V™). Furthermore, Hom 4 (V™" V*"") 2 Mat,,, (Hom4(V;, V;)) =
_ (Homu(V,V) Homu(V,V)\
Matm (k) For example, EI]dA(V D V) = (HOHIA(‘/’ V) HomA(‘/" V) = Mat2 (l{j) SO, we have
Enda(A) = @5 Mat,, (k).
i=1

We know that End4(A) = A°P, the opposite algebra of A, where multiplication is reversed: a®®b = ba. The isomor-
phism is given by mapping an endomorphism ¢ to ¢(1) (see [PS5]).

= A% = (P Mat,,, (k).

=1

The opposite algebra of a direct sum is the direct sum of the opposite algebras. Also, (Mat,, (k))°P = Mat,, (k) via the
transpose map M ~ M7 which satisfies (AB)”T = BT AT.

= A éaMatm(k‘).

=1

(<) Let A = @;_, Mat,, (k). First, we show that Mat,, (k) is a semisimple algebra. Any finite dimensional
representation of Mat,, (k) decomposes into a direct sum of irreducible representations, all of which are isomorphic to
the standard representation V' = k™ (see [PS5]). A hint for this is to use the basis of matrix units {E;; }1<i j<» and the
identity decomposition 1 =" | E;;. Since a direct sum of semisimple algebras is semisimple, A = @._, Mat,,, (k) is
semisimple. O

Corollary 9.10. A finite dimensional algebra A over an algebraically closed field is semisimple if and only if
Rad(A) = {0}.

Proof. From Theorem 9.5, we have A/ Rad(A) = @;_, End(V;). A is semisimple if and only if A =~ @._, End(V;). O

Definition 9.11. A finite dimensional algebra A is simple if it is semisimple and has exactly one irreducible rep-
resentation up to isomorphism. This is equivalent to A = Mat, (k) for some n, and also equivalent to A having no
two-sided ideals other than {0} and A.

10 Characters of Representations

Definition 10.1. Let V be a finite dimensional representation of an algebra A. The character xy : A — k is a linear
function given by

xv(a) = Try (p(a)).

Remark 10.2. The commutator subspace [A, A] = span{xy—yx | x,y € A} is contained in the kernel of any character
xv. This is due to the cyclic property of the trace:

Try (p(2)p(y)) = Trv (p(y)p(z)) = xv(zy —yz) = 0.
Thus, a character can be viewed as a linear functional xy : A/[A, A] — k.
Theorem 10.3. Let A be an algebra over an algebraically closed field k.
(a) Characters of distinct irreducible finite dimensional representations of A are linearly independent.

(b) If A is a finite dimensional semisimple algebra, then the characters of its irreducible representations, {xv; }i_;,
form a basis for the dual space (A/[A, A])*.
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Proof. (a) Let Vi,...,V, be inequivalent irreducible representations of A. By the Density-3 Theorem 8.4, the map
p=py, ® - ®py.: A= End(V}) P --- ¢ End(V,)

is surjective. Suppose we have a linear combination of characters equal to zero: >.._; A\ixv;(a) = 0 for all a € A.
This means »_._; A; Tr(py,(a)) = 0 for all a € A. Since p is surjective, this is equivalent to >_._, A; Tr(M;) = 0 for
any tuple of matrices (My,..., M,) where M; € End(V;). In particular, for a fixed j € {1,...,7}, we can choose an
element a € A such that py,(a) = M; for any chosen matrix M; and py,(a) = 0 for i # j. For this choice of a, the
sum becomes

Aj TI‘(M]) =0.

Therefore all coefficients A; are zero, and the characters {xv, }/_; are linearly independent.
(b) We first show that [Matq(k), Matq(k)] = sla(k) :== {M € Matq(k) | Tr(M) = 0}. Clearly [Matq(k), Matq(k)] C
sly(k) since Tr(XY — Y X) = 0. For the other inclusion, consider the elementary matrices E;;. We have

[Eij, Ejm] = Eim (i # m)
[Eiiv1, Biv14] = Eii — Eig1,i11

These elements form a basis in slg(k). Therefore, [Matq(k), Matq (k)] = slq(k).

Since A is semisimple, it follows by the structure theorem 9.9 that A = Matg, (k) @ - - - @ Matg, (k). Then [A4, A] =
[Matg, (k), Matg, (k)] @ - - - ® [Matg, (k), Maty, (k)] = slg, (k) @ --- @ slg, (k). The dimensions of these components are
d? —1,...,d> — 1 respectively. This implies dim(A4/[A, A]) = dim A — dim[A, A] =", _ d? = > _,(d? — 1) =r.

There exists a unique irreducible representation of A for each component Matg, (k), up to isomorphism. This

implies there are exactly r irreducible representations of A. By part (1), we have r linearly independent characters.
Since dim((A/[A, A])*) = r, these characters form a basis in (A/[A, A])*. O

Example 10.4. Decomposition of a group algebra into a direct sum of matrix algebras. Let A = C[Cs] where
Co = {1, s} with s = 1. The irreducible representations are the trivial representation Vg (po(1) = po(s) = 1) and the
sign representation Vi (ps(1) =1, ps(s) = —1). The algebra decomposes as

1 1-—
A = Mat;(C) ® Mat; (C) = Ce; @ Cea,  where e; = ;—s,eg =— i
These are orthogonal idempotents:

1 1 1+s
6%21(1—5—23—1—32):1(1—1—25—1—1): 5 =1

1 1 1—s5
2 _ (1 _ 2y — Z(1 — = =
62—4(1 2s + s%) 4(1 25+ 1) 5 €a,

1 1
=-(1-s)=-(1-1)=0.
erep = 7(1-s%)=2(1-1)

Also, e1 +e2 = 2(1+5) + (1 — s) = 1. The left regular representation of A in the basis {e1,es} is given by:

1 1 1
8'6125'5(14—5):5(84-52):5(84—1):61

1 1 1
3'6218'5(178)15(8752):5(571):762

Thus, Ce; = Vy and Cey & V. This shows the decomposition of the left regular representation: A = Vy @ V.

11 Characters of finite groups

Definition 11.1. If G is a finite group and V is a finite dimensional representation over a field k, its character
xv : G = k is defined as xv (g9) = Trv (p(g))-

Note that V is also a representation of the group algebra k[G], and the character xv (g) on G is the restriction of
the character on k[G].

Lemma 11.2. The character xy : G — k is a class function, i.e., it only depends on the conjugacy class in G.

Proof. For any g,h € G,

xv(hgh™") = Try p(hgh™") = Try (p(h)p(g)p(h) ™) = Trv p(g) = xv(9)

by the cyclicity of the trace. O
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Definition 11.3. Let F'(G, k) be the space of k-valued functions on G. Let F.(G,k) C F(G,k) be the subspace of
class functions.

Theorem 11.4. The characters of irreducible representations of a finite group G over C form a basis in the space of
class functions F.(G,C).

Proof. By Maschke’s theorem, the group algebra A = C[G] is semisimple. From Theorem 10.3, the characters of
irreducible representations of A form a basis in (A/[4, A])*. We identify (A/[A, A])* with F.(G,C). An element
p € (A/[A, A])* is a linear functional on A that vanishes on commutators.
(A/[A, A])* = {p € Hom¢(C[G],C) : p(zy —yx) =0 Vz,y € C[G]}
={f e F(G,C): f(gh) = f(hg) Vg,h € G}

The condition f(gh) = f(hg) for all g, h € G is equivalent to being a class function:

f(hgh™") = f(h(gh™")) = f((gh~ ")) = f(g).

Thus, (A/[A, A])* = F.(G,C). Since the irreducible characters form a basis for the former, they also form a basis for
the latter. 0

Corollary 11.5. The number of isomorphism classes of irreducible representations of G over C is equal to the number
of conjugacy classes in G.

Corollary 11.6. Any finite dimensional representation of G over C is completely determined up to isomorphism by
its character.

Proof. Let Vi,...,V, be the distinct irreducible representations of G. Any finite dimensional representation V' can
be written as V = @;_, Vi@"i for some non-negative integers n;. The character of V is then xy = i nixv;. If
W@, Vi@mi is another representation, then xw = >\, m;xv;. Since the irreducible characters {xv;}/_; form
a basis of F.(G,C), the equality xyv = xw implies Y n;xv, = > m;Xv,, which in turn implies n; = m; for all i.
Therefore, V = W. O

Conclusions

1. C[G] is semisimple and C[G] = @._, Mat,, (C), where {V;}/_; are the irreducible representations of G and
n; = dim V;.

2. The sum of the squares of the dimensions of the irreducible representations equals the order of the group:

‘GI = Z::l nlz'

Example 11.7. The dihedral group D, has order 8, with presentation (r,s | r* = s? = 1,srs = r=1). Its elements
are {1,7,72,73 s, s, 572,573}, The conjugacy classes are {1}, {r?}, {r,73}, {s, sr%}, {sr,sr3}. There are 5 conjugacy
classes, so there must be 5 irreducible representations. The known irreducible representations are:

o Vp (trivial): p(s) =1, p(r) = 1 (1-dim)
e Vit p(s) = —1,p(r) =1 (1-dim)

o Va: p(s)
o Va: p(s)

e Vi (standard): p(s) = (? é) (1) = (‘1) 01> (2-dim)

1, p(r) = =1 (1-dim)
—1,p(r) = =1 (1-dim)

The sum of squares of dimensions is 12 +12 + 124+ 12+ 22 =1+ 1+ 1+ 1+ 4 = 8 = |D4|. This confirms that these
are all the inequivalent irreducible representations of D,.
The character table for Dy (with representatives from conjugacy classes) is:

Conj. Class | {1} {r,73} {r?} {s,sr?} {sr,sr3}
Representative 1 r r? s sr
X0 1 1 1 1 1

Y1 1 1 1 1 1

Y2 1 1 1 1 1

X3 1 -1 1 -1 1

X4 2 0 -2 0 0
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11.1 Dual representations

Definition 11.8. Let V be a finite dimensional representation of a finite group G. The dual space V* = Hom(V, C)
is also a representation of G, called the dual representation. The action is given by

(" (9)(L)(v) = L(p(g~")v) for Le V', veV,g€G.

One can check that p*(g192) = p*(g91)p* (g2).
Remark 11.9. The natural pairing (-,-) : V* x V — C is G-invariant:

(p*(9)L, p(g)v) = (p*(9)L)(p(9)v) = L(p(g~")p(g)v) = L(v) = (L,v).

Remark 11.10. We have V** ~ V as a representation of GG. Indeed, we have V' ~ V** as a vector space. Then for
any v € V ~V** and any L € V* we have

L(p™(g)v) = p" (97 )(L)(v) = L(p(g)v).

Remark 11.11. For a finite dimensional representation V', its dual V'* is irreducible if and only if V is irreducible. If
W C V is a subrepresentation, then its annihilator W+ = {¢ € V* : p(w) = 0 for all w € W} is a subrepresentation
of V*. Indeed, for ¢ € W+, g € G, and w € W:

(" (9) (@) (w)
since p(g~1)w € W. Thus p*(g)(p) € W.

e(p(g~Hw) =0,

Proposition 11.12. The character of the dual representation is the complex conjugate of the original character:
xv+(9) = xv(9)-

Proof. In a chosen basis, the matrix of p*(g) is (p(¢g~1))T. Thus, xv+(g9) = Tr(p(g7 1)) = xv(¢71). Let A1,..., A\, be
the eigenvalues of p(g). Since G is finite, g has finite order, say m. Then p(g)™ = p(¢™) = p(1) = I. This implies
that the eigenvalues \; are m-th roots of unity. In particular, |\;| = 1 and A\;* = \;. The eigenvalues of p(g~') are
AL oo At Therefore,

n n n

XV*(g)ZXV(g*I):Z/\Il:ZX:ZM:XV(Q)- O

=1

11.2 Tensor products of representations

Definition 11.13. Let V and W be two vector spaces over a field k. The tensor product V ® W is the vector space
spanned by elements of the form v ® w for v € V,w € W, subject to the relations:

(Nn+v)Quw=v1Q@W+uv;QW
v® (w1 +we) = v w1 + v ® we
(c-v)Qw=v®(c-w)=clvew) forcceck.

Remark 11.14. If V has basis {e1, ..., e, } and W has basis {f1,..., fm}, then V®W has basis {&; ® f; hi<i<n,i<j<m-
The dimension is dim(V @ W) = (dim V) - (dim W).

Definition 11.15. If V and W are representations of a group G, then their tensor product V ® W is also a represen-
tation of G with the action defined by linear extension of

pvew (9)(v @ w) = py(g9)v @ pw(g)w.
It is straightforward to check that pyew (9192) = pvew (91)pvew (92)-
Lemma 11.16. The character of a tensor product is the product of the characters:
xvew(9) = xv(g) - xw(g)-

Proof. Let A = (a;j) be the matrix of py (g) in a basis {e;} of V, and B = (by;) be the matrix of py(g) in a basis { fi}
of W. Then the matrix of pygw(g) in the basis {e; ® f} is the Kronecker product A ® B. This is a block matrix:

allB CngB N CLlnB

ang GQQB e G,QnB
A® B = ) . ) .

apiB an2B ... an.B
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The trace of this matrix is

Tr(pvew (g Za“ Tv(B) = (Z aii) Te(B) = Tr(A) Tr(B) = xv (9) - xw (9)- O

Definition 11.17. If V, W are representations of G, then Hom(V, W) is a G-representation with the action

p(9)(®) = pw(g)opopy(g™") for ¢ € Hom(V, W).
Lemma 11.18. If V,W are finite dimensional representations of G, then W V™* = Hom(V, W) as G-representations.
Proof. Define the map F: W ® V* — Hom(V, W) by

Flw® L)(v)=LWw)-w forweW,LeV*veV.

This map is a well-known vector space isomorphism. In particular, if {e;} is a basis of V and {e‘} a dual basis of L,
so that e’(e;) = d;;, and w € W, then ¢ : V. — W that sends ¢(e;) = w, ¢(e;) =0, # i is given by F(w ® €') = ¢.
We check that it is a G-module homomorphism (an intertwining operator). The action of ¢ € G on an element
w@LeWV*is

g-(w® L) = pw(g)we py-(9)L = pw(g)w ® (Lo py(g™")).

Applying F' to this transformed element gives a map from V to W:
F(g-(w® L))(v) = (Lopy(g~"))(v) - pw(g)w = L(pv (9~ ")v) - pw (g)w.
On the other hand, the action of g on the element F(w ® L) € Hom(V, W) is
(9 F(w® L))(v) = (pw(g) o F(w® L) o py(g7"))(v)
(9)(F(w® L)(pv(g~")v))
= pw (9)(L(pv (9~ ")v) - w)
= L(pv(g~")v) - pw (g)w.

Since F(g- (w® L)) =g-F(w® L), F is a G-intertwining map. Since it is an isomorphism of vector spaces, it is an
isomorphism of G-representations. O

:pW

12 Orthogonality of Characters

12.1 First Orthogonality Relation

Theorem 12.1 (First Orthogonality Relation). For any two finite dimensional representations V,W of a finite group
G over C, we define the inner product of their characters as:

(xv,xw) : xv (g
~al Z

geG

This inner product is equal to the dimension of the space of G-homomorphisms between them:
(xv,xw) = dim Homg (V, W).

In particular, if V. and W are irreducible representations, then

1 fVeEw

(v, xw) = {0 iV EW

Proof. Let P = ﬁ >_gec 9- We have

(xv,xw) = \G\ ZXV XW (9) |G\ ZXV )xw=(9)

9eG e
\G\ > xvew-(9) = xvew: |G| > g | =xvew-(P)
geG geG

We examine the properties of P:
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(a) P € Z(C[G)) (the center of the group algebra):

Gl %2 Gl f=
and

1 1 ,,

G 229"~ ] 2=,

e P(U) C U is a subrepresentation: h(Pu) = (hP)u = P(u) € P(U) for all h € G,u € U.
e P:U — P(U) is an intertwiner (a G-module homomorphism): hP(u) = Ph(u) for all h € G,u € U.

(b) P(U) is a trivial subrepresentation of U: for any u € U, h(Pu) = P(u) for all h € G.
(c) P?2=P:

1 1 1
P?= @291 @292 :@29192

g1€G g2€G 91,92€G
1 1 1
=GE 2 2 9= gpltl 9= g 2 9="
g1€G geG geG geG

Therefore P is a projector.
(d) If u € Uy C U where Uy is a trivial subrepresentation, then gu = u for all g € G.
1 1 1
P(u) = 7ZQU= *Zu=f|G|u:u.
G 227716l 2" T Ial
Thus P is a projector onto the (possibly multi-dimensional) trivial isotypical component of the representation U

of G.

Now let us apply P to the representation V ® W*. The trace of a projector is the dimension of its image. The image
of P acting on V ® W* is the trivial isotypical component, or the subspace of G-invariants, (V @ W*)%.

(xv, xw) = Trygw-(P) = dim(V @ W*)9.

We recall the canonical isomorphism of G-representations: V ® W* = Hom(W, V). Under this isomorphism, the
subspace of G-invariants corresponds to the space of G-module homomorphisms:

(V@ W*)¢ = Homg(W, V).

Indeed, if ¢ € (Hom(W,V))%, then ¢ is a linear map ¢ : W — V such that py(g) o ¢ o pw(g7') = ¢ for any g € G.
This condition is equivalent to py(g) o ¢ = ¢ o pw(g) for any g € G. Therefore,

(xv,xw) = dim Homg (W, V).
In particular, if V' and W are irreducible, by Schur’s Lemma:

1, fvVvew
dim Homg(W, V) =¢{ ' \
0, otherwise.
This completes the proof. O

Example 12.2. Let G = D, The character table for D, is given below. The numbers in the top row indicate the size
of the conjugacy classes.

1 2 1 2 2
voll 1 1 1 1
vilt 1 1 -1 -1
2|1 -1 1 -1 1
sl -1 1 1 -1
yal2 0 =2 0 0
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Let’s verify the orthogonality for some pairs of characters.
1
(X27X3):g(l'l'1+2'(—1)'(—1)+1'1'1+2'(—1)'1+2'1'(—1))
1
:§(1+2+1—2—2):0
1
(X4,X3):§(1~2-1+2-O-(—1)—|—1-(—2)-1+2-O-1+2~O-(—1))
1
:§(2—|—0—2—|—0+0)=O
1
(X47X4):§(1'2'2+2'0'0+1'(—2)'(—2)+2'0'0+2'0'0)
1
= S(@A+0+4+0+0)=1

Corollary 12.3. A representation V' of G is irreducible if and only if (xv,xv) = 1.

Proof. Any representation V' can be decomposed into a direct sum of irreducible representations V;: V = €, Vi@”i7
where {V;} are the inequivalent irreducible representations of G. The character of V' is then xv = >, nixv,. We
compute the inner product of xy with itself:

XV;XV anXszanV = Zninj(XViaXV})

,J

By the first orthogonality relation, (xv;, xv;) = di;. Thus,
(xv,xv) Zn (xvisxvi) = > mi
i

If (xv,xv) = 1, then >, n? = 1. Since n; are non-negative integers, this implies that there is a unique index k for
which ny = 1 and all other n; = 0. Thus V = V}, which is irreducible. Conversely, if V' is irreducible, it is isomorphic
to some Vj, so ng = 1 and all other n; = 0, which gives (xv,xv) =12 = 1. O

12.2 Second Orthogonality Relation

Theorem 12.4 (Second orthogonality relation). Let g,h € G and let Z, = {t € G : tgt~' = g} be the centralizer of g
i G. Then

Z xv(g9)xv(h) =

{|Zg| if g 1s conjugate to h
Velrr(G)

0 otherwise

where the sum is over all inequivalent irreducible representations of G.

Proof. We have xy (h) = xy=(h). Thus, the sum is

> oxvloxv-() = > Tr(pv(9) Te(pv-(h) = Y Tr(pv(g9) @ py-(h)).

Velrr(G) Velrr(G) Velrr(G)

Recall that Dy cp,(q) VO V™ = Dy ep(e) End(V) = C[G] as G-modules, where the action of G on End(V') is defined

as follows: A € End(V) is transformed to py (g)Apyv(h)~!. So we have the trace of the linear map F : C[G] — C[G]
defined by z + gxh~! for z € C[G]. We compute this trace in the basis of group elements {k}rcq. The matrix of F
in this basis is a permutation matrix. The trace is the number of basis elements k fixed by the map, i.e., the number
of k € G such that gkh™! = k.

Treiey(F) = |{k € G| gh~" = k)|

The condition gkh~! = k is equivalent to g = khk~!. If g is not conjugate to h, there is no such k € G, so the set is
empty and the trace is 0. If g is conjugate to h, say g = kohko_l for some kg € G, then the set of all k satisfying the
condition is {k € G | khk~—! = g = kohky '}. This is equivalent to ky 'kh(ky 'k)~' = h, which means k; 'k is in the
centralizer of h, Z,. The set of solutions is the coset koZ,. The size of this set is |Z,|. Since g and h are conjugate,
their centralizers have the same size, | Z,| = |Z}|. Thus, the trace is | Z4| if g and h are conjugate, and 0 otherwise. [
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Example 12.5. G = D4 The character table with conjugacy class representatives and centralizer sizes.

1] 2 1 2 2
ClassRep. [ 1] = [ 72 ] s | sr
X0 1] 1 1 1 1
X1 1] 1 1| -1]-1
X2 1]-1] 1 |-1]1
X3 1]1-11]1 1| -1
X4 210 |-2|0 0
| Zg] 8| 4 8 4 4

The second orthogonality relation states that the columns of the character table are orthogonal. For example, for
columns r and s:

> xi(rxi(s) =1-141- (1) + (1)« (=) + (1) - 140-0=1-1+1-1+0=0.

For the column r with itself:

S xilrxi(r) =12+ 12+ (<1)> + (=1 +0° =1+ 1+ 1+ 14 0=4=|Z].

If we normalize the columns by dividing by +/|Z,|, we get an orthonormal set of vectors.

Cl Cr CTQ Cs CST‘
X0 1 I 1 I I
/IZg‘ V8 2 V8 2 2
X1 1 I 1 _I7 I
m V8 2 V8 2 2
X2 11 _TI 1 _I I
/IZg‘ V8 2 V8 2 2
X3 11 _TI 1 I _I
1Z,] V8 2 V8 2 2
X4 2 2
T | VB 0 78 0 0

The rows and columns of this matrix are orthonormal.

12.3 Third Orthogonality Relation

Definition 12.6. Let V' be an irreducible representation of G, and let {v1,...,v,} be an orthonormal basis in V' with

respect to a G-invariant Hermitian inner product. The matriz elements of the representation py are the functions
tz‘g : G — C defined by

ty:(9) = (pv (g)vi, vj).

Theorem 12.7 (Third Orthogonality Relation). The matriz elements of irreducible representations satisfy the fol-
lowing orthogonality relations in F(G,C):

(a) If V and W are non-isomorphic irreducible representations, their matriz elements are orthogonal:
VYt =0 foralli,jk,l.

17

(b) For a single irreducible representation V :
Y 1
(tijvtkl) = dimv5ik5jl~ (1)

Proof. Let {v;} and {wy} be orthonormal bases in irreducible representations V' and W respectively. Let {wj}} be the
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dual basis in W*, defined by wj (u) = (u, w), where (, ) is a G-invariant Hermitian inner product.

1 -
(ot ) = @l >t (9)
geG

1 -
= @ Z<gviavj><gwk7wl>
geG

1
= @ Z<gviavj><wl7gwk>
geG

1 -
= @ Z<9Uiavj><g Ly, wy)

geG
= (P(v; ® w),vj @ W[ )vew-

where P = ﬁ > gec 9 is the projector onto the trivial subrepresentation.

(a) fV 2 W, then VW™ = Hom (W, V) contains no trivial subrepresentation, since dim Homg (C, Hom(W, V) =
dim Homg (W, V') = 0. Thus P acts as the zero operator on V ® W*, which implies (¢;,y;) = 0.

(b) If V.= W, we consider the action of P on V ® V*. We have dim(V ® V*)¢ = dim Homg(V,V) = 1. The
one-dimensional space of invariants is spanned by the element corresponding to the identity map Idy . In terms of the
basis, this element is ) v,, ® v;,,. The projector P maps V ® V* onto this one-dimensional subspace. Let’s compute

P(v; ®v}). This is an element in (V ® V*)€, so it must be a multiple of the identity element:

P(v; ®vy) = cik va Q.

m

The inner product is then
(t}g,tkvl) = (P(v; Qvy),v; @u]) = <cik va ® vy, U ® vl*> = ¢ik0j1.

To find ¢;x, we use the isomorphism V@V* ~ Hom(V, V) again and take the trace of the operator v; @v} : v — v; (v, vg).
Its trace is (v;, vx) = k. The trace is invariant under the action of P, because P projects V ® V* onto the linear
span of (3, vy, ® vy,) parallel to {> ., aixvi @ v > amm = 0}. We have Tr(P(v; ® vy)) = Tr(v; ® vf) = ik
Also, Tr(cik D, Vm @ V) = Cik Dy Tt(vm @ v5) = ik D, Omm = cix dim V. Thus, ¢ dim V' = §;;, which gives
Cik = ﬁéih Substituting this back, we get

b
dimV
This completes the proof. O

(3]

1jat‘k/l) = dirdji-

Corollary 12.8. The set of all matriz elements {VdimV t};}VeIrr(G),lgi,jgdimV forms an orthonormal basis for the
space of functions F(G,C).

Proof. The previous theorem shows that these functions are orthogonal. The number of such functions is

> (dimV)?

Velrr(G)

We know from the structure of the group algebra C[G] that C[G] = Dy ¢y, End(V). Taking dimensions, we get
G| = Xverm(e (dmEnd(V)) = >y o g (dim V)2. The space of functions F(G,C) has dimension |G|. Since we
have found |G| orthogonal functions, they form a basis. O

Example 12.9. Example: Let G = Dy Let V = Vy be the 2-dimensional irreducible representation.

= (1 o) = (7 )

Other matrices are: p4(r?) = <_01 _01>, pa(r?) = <_01 é), pa(sr) = ((1) _01>7 pa(sr?) = (_01 _01>7 pa(sr?) =

-1 0 . . . 10
( 0 1). The identity element is p4(1) = (O 1).
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Let’s check (t{y,t],) = dlmV4611522 = 1. The values of t],(g) for g € {1,7,72,73, s, 57, sr%, sr3} are {0, 1,0, -1, 1,0,
1
(t%zat%z) ) Z |t4112(9)‘2
gEDy
8(02+12+02 (12 + 12+ 0>+ (-1)* +0%)
1 4
:§(0+1+0+1+1+0+1+0):§:f

This matches the formula.

Let’s check (#3,,t],) = 0. The representation ps is 1-dimensional, with p3(s) = 1,p3(r) = —1. So t3,(g) =
x3(g). The values of tll(g) for g € {1,r,7%,r3 s, 51,812, sr3} are {1,—1,1,—1,1,—1,1,—1}. The values of t1,(g) are
{0,1,0,~1,1,0,—1,0}.

(ti’lvtéllz) -3 Z t t4112

‘]ED4
:é(l-o+(—1).1+1-0+(—1)-(—1)+1~1+(—1).0+1~(—1)+(—1)-0)
=%(0—1+0+1+1+0—1+0):0.

This also matches the formula.

13 Example of a character table

Let us construct the character table of the group Ay
Let G = A4. The conjugacy classes are:

3

(). (1264}, {123)), {(132)}.

We find a normal subgroup, the Klein four-group:
K ={1,(12)(34), (13)(24), (14)(32) }.

Since K < A4, we have the quotient group A4/K = Cj.
Suppose (U, p) is an irreducible representation of H = G/K. Let ¢ : G — H be the quotient homomorphism.
Then 5(g) = p(¢(g)) is a representation of G. This representation is irreducible because any G-subrepresentation of
U would also be an H-subrepresentation.
The irreducible representations of C5 = (¢ : 3 = 1) are one-dimensional. Let ( = e

271'2'/3.

o 1 (trivial): p(t) =1

o Vi:p(t)=¢

o Vo p(t) = ¢?
These give three 1-dimensional representations of A4. The sum of squares of dimensions is |A4| = 12 = Zfzo(dim Vi)? =
12 4+ 12 + 1% + (dim V3)?, which implies dim V3 = 3.

Let the characters of V3 be (3,a,b,c) on the conjugacy classes {1}, {(12)(34)},{(123)}, {(132)} respectively. We
can use the second orthogonality relation to compute xy,. Namely,

D ox(Mxa((12)(34)) = 1+ 1+ 1+3a =0,
le xi(123) =1+6+E24+b=0,
le xi((132) =1+ +€64¢=0,

which implies a = -1, b =c = 0.
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We can also obtain the same result using the first orthogonality with the first three characters:

1

(Xvss XV ) = 12(3~1—|—3a~1—|—4b-1—|—40-1):0 = 34+3a+4b+4c=0
1 _ _ _ _
(ng,x\/l):E(3-1+3a-1+4b-§+4e-(j2):0 = 3+3a+4b +4c(> =0

1

12(3-1+3a-1+4b-52+4c-§):o — 3+4+3a+4bC* +4cC =0

(XVg’ XVz) =
Adding the last two equations gives 2(3+3a)+4b(C+(?)+4c((?+¢) = 0. Since (+(? = —1, this is 6+6a—4b—4c = 0.
With the first equation, 3 + 3a + 4b + 4¢ = 0, adding them gives 9+ 9a = 0 = a = —1. Substituting a = —1 into
the first equation gives 4b +4c = 0 = b = —c. Substituting into the second equation gives 4b(¢ — (?) = 0. Since
¢ # (2, we must have b = 0, and thus ¢ = 0. The character of V3 is (3, —1,0,0).
The character table for A, is:

1 3 4 4

1| (12)(34) | (123) | (132)
Vo | 1 1 1 1 real type, FS(Vp) =1
Vil 1 ¢ ¢ complex type, FS(V1) =0
Va1l 1 ¢? ¢ complex type, FS(V3) =0
Vs |3 -1 0 0 real type, FS(V3) =1

The group A4 is the group of rotational symmetries of a tetrahedron. The representation V3 corresponds to this
3D action.

The element (12)(34) corresponds to the rotation S by 7 about an axis through the midpoints of edges (12) and (34).
In a suitable basis, this rotation is

1 0 0
re.=(0 =1 0], tr(ry)=—-1=xw((12)(34)).
0 0 -1

The element (123) is the rotation 7" by 27/3 about an axis through vertex 4 and the center of the opposite face.

1 0 0
T2r/3 = 0 -1/2 _\/3/2
0 V3/2 -1/2

The trace is tr(ror/3) =1 —1/2 —1/2 =0 = xv,((123)). Similarly for xy,((132)).
Let’s decompose V3 ® V3. The character is Xyg2 = (xv;)%

1[(12)(34) | (123) | (132)
XV3®2 9 1 0 0
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We compute the multiplicities of the irreducibles in V3 ® Vj:

<Xv3®2,XV0>=%(9.1+3'1.1):%:1
<Xv3®2,Xv1>:E(g.1+3.1_1):%:1
<Xv3®2,Xv2>:%(9.14_3.1_1):%:1
<Xv3®2,XV3>2%(9.3_’_3.1_(_1)):%:2

Thus, the decomposition is V3 V3 ZVy Vi & Vo \/},@2.

14 Tensor, Symmetric, and Exterior Power of a Representation

14.1 Tensor Powers of Representations

If V,W are G-representations, then V' ® W is a representation via g- (v @ w) = (pv(g9)v) ® (pw (g)w). We can consider
the n-th tensor power V" =V ®--- @ V.

14.2 Symmetric Powers

Definition 14.1. Let V be a finite-dimensional vector space. The n-th symmetric power of V is
S"V = V@ /Span(T — o(T)),
where 7 =v; ®v2 ® -+ - @ v, and 0(T) = v,-1(1) @ - - @ Vy-1(p) for any permutation o € S,.

Proposition 14.2. Let {e; le be a basis for V, where dimV = k. Then S™V has a basis consisting of monomials
{ei,€iy ..., | 1<idy <ig <.+ <ip <k}, and its dimension is

dim "V = <”+k1).
n

Proof sketch. Any tensor ej, ® --- ® e;, is identified with e;-1(;,) ® -+ ® e,-1(;,) in the quotient, so we can reorder
the basis vectors to be in non-decreasing order of indices. The number of such monomials is in bijection with the
number of choices of k — 1 dots (shown as stars) out of (n + k — 1) dots, where n + k — 1 is the sum of the power of
the monomial n and the k — 1 separating lines between different {e;}*_,. Here is an example for n = 5,k = 4:

L] [ ] * [ ] * L] * [ ]

€1€1|62|€3|€4

This corresponds to the basis element 6%626364.
The number of ways to choose k — 1 dots out of n + k — 1 dots is (";gf;l) = ("H“*l). O

n

Example 14.3. If dimV = 3,n = 2, with basis {e1, 2, e3}, then S?V has basis {eje1, ejeq, eres, ezea, ezes, ezes}.

24+3-1 4
. 21, _ _ _
dlmS[/—( 5 >—(2>—6.

Example 14.4. If dimV = 2,n = 3, with basis {e1, ez}, then S®V has basis {eje1e1, e1e1ea, e1ezea, ezeaea}.

. 3,  [(3+2—1\ [4\
d1mSV—< 3 =3 =4.

Definition 14.5. Let V be a vector space with dim V' = k. The n-th exterior power of V is

14.3 Exterior Powers

A"V =V®" /Span{P + s(P) | P=v, ® - ® v, s € S, is a transposition}.

This is equivalent to quotienting by v; ® --- ® v, where v; = v; for some ¢ # j.
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Proposition 14.6. Forn <k, A"V has a basis given by {ei; A---Ne;, |1 <iy <ig < -+ <ip < k}. The dimension
is dim A"V = (F). If n > k, A"V = {0}.

Example 14.7. Let k = 3,n = 2. A basis for V is {ey, e, e3}. Then A2V has a basis {e; Aes,e; Aes,ea Aeg}. Thus,
dim A%V = (3) =3.

Remark 14.8. For any vector space V, we have the decomposition V®2 = S2V @ A2V. The dimension check is:

k+1)+<k> k(1) k(k—1) K+ k+k -k

=% =dim V%2

. 2 . A2 —
dim S°V + dim A*V (2 9 5 + 5 5

14.4 Algebraic structure on 7TV, SV, AV

Definition 14.9. The tensor algebra of V is the graded algebra TV = @, , V®", where V®° = C. Multiplication
is given by concatenation: a-b=a ®b. If {xq,...,7} is a basis for V, then TV = C(z1,..., ), the free algebra.

Definition 14.10. The symmetric algebra of V is SV =TV/(v@w —-w®v |v,w € V). It is a graded commutative
algebra, SV = @nzo S™V. If {x1,...,x} is a basis for V, then SV = Cl[zy,...,zk], the polynomial algebra.

Definition 14.11. The exterior algebra of V is AV =TV /(v®v | v € V). This is equivalent to the ideal generated
by {v@w+w®wv | v,w € V}. It is a graded anti-commutative algebra, AV = @’;:0 A™V. Tts dimension is
dim AV = 3% (%) = 2%, where k = dim V..

14.5 Symmetric Group Action on V®"

Definition 14.12. Let V be a finite-dimensional representation of G. The symmetric group S, acts on V®" by
permutation of factors. For o € S,,, the action is

@(J)(ul DU -+~ ®un) = Ug-1(1) @ Ug-1(2) @+ @ Ug—1(p)-

(Note: permuting positions is equivalent to permuting content with the inverse permutation. In particular, the above
definition means that whatever is in the -th position in the pure tensor is sent to the o(#)-th position). Let’s check

that @(op) = (o) p(mu):
plop)(ur @ @ un) = Up)=11) @+ @ Uop)=1(n) = Up=1o-1(1) @ @ Uy=15-1(n)-
On the other hand p(0)p(p)(u1 @ - -+ @ up) = (o) (Uy-1(1) @ - - @ uy-1()). Let v; = u,-1(;). Then this we have
P(o) (tm1(1) @+ @ ty-1 () = @(O) (V1@ @ Vn) = Vo1(1) @+ O Voot () = U1 (o-1(1)) @ - U1 (01 () =

= Uop)=1(1) @ O U(gp)=1(n)-
This is a left action.

Proposition 14.13. The action of G on V" commutes with the action of Sy.

Proof. Let p be the representation of G and ¢ be the representation of S,,.

p(9)p(0)(u1 @ -+ @ un) = p(g)(Uo-1(1) ® *** @ Us—1(n))
= (p(9)ug-1(1)) ® - @ (p(g)Uo-1(n))-
Let v; = p(g)u;. Then the above is v,-1(1) ® - - @ Vy-1(). On the other hand,
e(a)p(g)(ur @ -+ @ un) = @(0)(p(g)ur @ -+ @ p(g)un)
= QO(O')(’Ul Q- Un)
=Up-1(1) @+ @ VUg—1(p)-

The two expressions are equal. O
Corollary 14.14. Every S, -isotypical component in VO™ is a G-subrepresentation of V&™.

Definition 14.15. If a representation W of a group H decomposes as W = @, L,?"’“, where {Ly} are inequivalent
irreducible representations of H, then L?”’“ is called the isotypical component of W corresponding to Ly.
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Proof of Corollary. The action of any g € G provides a linear map p(g) : V€™ — V", Since the actions of G and S,
commute, p(g) is an S,-intertwiner (i.e., a homomorphism of S,,-representations). By Schur’s Lemma, any such map
must preserve the isotypical components. That is, if W), = L™ is an isotypical component, then p(g)(Wj) C Wy.
This holds for all g € G, so each W}, is a G-subrepresentation.

In particular, S™V and A"V are G-subrepresentations of V®" (see PS 9).
e S"V C V®" is the isotypical component corresponding to the trivial representation of S,,.

e A"V C V®" is the isotypical component corresponding to the sign representation of S,,.

14.6 Frobenius-Schur Indicator
Definition 14.16. Let V be an irreducible complex representation of a finite group G.
1. f V2 V* V is of complex type. The Frobenius-Schur indicator is FS(V) = 0.

2. If V =2 V*, this is equivalent to the trivial representation Vg appearing in V ® V. Since V@ V = S2V @ A2V,
one of these subspaces must contain Vj.

o If Vy C SV, V is of real type, and FS(V) =1
e If Vo C A%V, V is of quaternionic type, and FS(V) = —1.

Remark 14.17. 1. An irreducible representation V of G is of complex type if and only if V' 22 V* if and only if
the character xy # xv+ = Xv if and only if the yy is not real.

2. An irreducible representation V of G is of real type if and only if xy is real and there exist a G-invariant
non-degenerate symmetric bilinear form on V. Indeed, the space of symmetric bilinear forms on V' is given by
S2(V*). We have V 2 V* and S?(V*) = S%(V) D V; if and only if V is of real type.

3. An irreducible representation V of G is of quaternionic type if and only if xy is real and there exist a G-invariant
non-degenerate skew-symmetric bilinear form on V. Indeed, the space of skew-symmetric bilinear forms on V is
given by A2(V*). We have V = V* and A%(V*) 2 A%2(V) D Vj if and only if V is of quaternionic type.

Lemma 14.18. (PS 8). Let V be a finite-dimensional representation of G. Then for any g € G,
xv(9?) = xs2v(9) — xazv(9)-
Corollary 14.19. The Frobenius-Schur indicator can be calculated as follows:
=@ GI > xvlg
geG

Proof. Consider the sum over the group elements of the equality of the Lemma 14.18:

1
|G| Z xv (g =G > xsev(9) e Z Xazv(9) = xs2v(P) — xazv (P),
9€G geG
where P = ﬁ > gec 9 is the G-invariant projector onto the trivial representation V and the trace of P over any

representation computes the multiplicity of Vg in it.. Since V is irreducible, we have that V ® V* contains exactly
one copy of Vy. The multiplicity of Vj in V ® V is zero if and only if V' 22 V*, otherwise the multiplicity of V4 in
VeV 2S3(V)eA%(V) is exactly 1. In particular, Vo C S?(V) if and only if FS(V) =1 and Vy € A%(V) if and only
if FS(V) = —1. Therefore,

FS(V) = xs2v (P) = xazv (P e Z xv (g
geG

Proposition 14.20. The number of elements of order 1 or 2 in G is given by

{geG:g?=1}= > FS(V)-dmV= > dimV- > dimV.

Velrr(G) V real V quat.
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Proof. Consider the left regular representation of G on C[G]. The trace of the action of an element h € G is

G, ifh=1

trlcg(h) = {o i hA1

Therefore, tr |cig)(¢?) is |G| if g* = 1 and 0 otherwise. The number of elements with g% = 1 is

1
{geG:g* =1} = il > trlere(e®)

geG
We can also express this trace by decomposing C[G] into irreducible representations: C[G] = @Velrr(G) yedimV
{geG:g* =1} = Z > ([@mV)xv(g?)
QGG Velrr(G)
Velrr(G) geG
= > (dimV) |G| > (xs2v(9) = xa2v(9)) | (by Lemma 14.18)
Velrr(G) geG
= Z (dim V') ({xs2v, Xvo) — (Xa2v» XVa))
Velrr(G)
= Y (dimV) (dim(S?V)¢ - dim(A*V)).
Velrr(G)

By definition, for an irreducible representation V:
e dim(S?V)¥ =1 and dim(A%V)% = 0 if V is of real type.
o dim(S?V)% =0 and dim(A%V)% =1 if V is of quaternionic type.
e dim(S?V)¢ = 0 and dim(A%V)% = 0 if V is of complex type.

The expression is therefore equal to

> (dmV)FS(V)= ) dimV- > dimV.

Velrr(G) V real V quaternionic

15 Algebraic integers in representation theory

Definition 15.1. z € C is an algebraic integer if z is a root of a monic polynomial with integer coefficients (Ex:

2% —1 =0, roots of unity).

Lemma 15.2. z is an algebraic integer if and only if z is an eigenvalue of a matrix with integer coefficients.

Proof. If z is an eigenvalue of a matrix with integer coefficients, then it is a root of the characteristic polynomial,

which is monic with integer coefficients.
If 2 is a root of p(r) = 2™ + ap_12" 1 + -+ + a12 + ao, then it is an eigenvalue of the companion matrix:

00 ... 0 —ao
10 ... 0 —a
01 ... 0 —a»
0 0 ... 1 —Qp_1

By induction, the characteristic polynomial is p(A). For example, for n = 3:

A 0 ag
det [ -1 X ay = A (A +az) +ap+a A=\ +ax)? + a1\ + ap
0 -1 )\+a2
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Corollary 15.3. The set of algebraic integers A is a ring.

Proof. Let o, 8 € A. Then they are eigenvalues of integer matrices A, B with eigenvectors v, w respectively.
Av=qav, Bw=fw
Then a + f is an eigenvalue of A ® Id +1d ® B:
(ARId+1d®@B)(vew) =alv@w) + v w) = (a+ B)(vew)

And «f is an eigenvalue of A ® B:
(A® B)(v@w) = (af)(vew)
Since A ® Id+1d®B and A ® B are integer matrices, a + 5 and af are algebraic integers. O

Definition 15.4. Let « be an algebraic integer, and p(z) the minimal monic, integer coefficient polynomial such that
a is a root of p(x). Then other roots of p(z) are called the algebraic conjugates of a.

Lemma 15.5. Algebraic conjugates of iy + g + -+ + uy, where a; € A, are of the form o) + ob + -+ ), where
af is an algebraic conjugate to o.

Proof. If a; is an eigenvalue of A;, then oy + a9 is an eigenvalue of Ay ® Id +1Id ® A;. The algebraic conjugates to
(a1 + a) are the other eigenvalues of 47 ® Id 4+ Id ® A,.

If {v;} are eigenvectors of A; and {w;} are eigenvectors of Ay, then {v; @w;} are the eigenvectors of A;®Id+1d ®A,,
with the eigenvalues of the form o + o, where o] is an eigenvalue of A; (and thus conjugate to ay), and o, is an
eigenvalue of Ay (and thus conjugate to as). O

Proposition 15.6. ANQ =7Z.

Proof. Let 2 € ANQ. Since z € A, it is a root of a monic polynomial p(z) = 2™ 4+ a,_12" ! + -+ + ag with a; € Z.
Since z € Q, we can write z = % with ged(p,q) = 1 and p, ¢ € Z, g # 0. Substituting into the polynomial equation:

n n—1
<p> +an1<p> +...+a1<p>+a0:0
q q q

P+ an—1p" g4+ apg" Tt + apg" =0

Multiply by ¢™:

This can be written as p" = —q(a,_1p" ' + -+ + apg""!). This shows that ¢ divides p". Since ged(p,q) = 1, this

implies ¢ = £1. Therefore, z = 5 = +p, which means z € Z. O

Theorem 15.7. Let G be a finite group and V' a complex irreducible representation of G. Then dim'V divides |G|.

Proof. Let C be a conjugacy class in G, and let R =), _~h € Z[G]. Then R is central in C[G]. By Schur’s Lemma,
R acts by a scalar on an irreducible representation V', so py(R) = AIdy. We claim that this scalar A is an algebraic
integer. Indeed, consider the action of R by multiplication in the finite Z-module Z[G] It acts in the basis of matrix
elements as a matrix with integer coefficients. The characteristic polynomial of this matrix is a monic polynomial
with integer coefficients satisfied by R, so its image py (R) satisfies the same equation. Thus A is a root of a monic

polynomial with integer coefficients.
Taking the trace of py(R) = A1dy:

tr(py (R)) = tr(AIdy) = AdimV
Also,

tr(pv (R)) = tr (Z pv(h)> = Z tr(pv (k) = Z xv (h)

heC heC heC

Since the character is constant on the conjugacy classes, for any g € C, xv(h) = xv(g) for all h € C.

> xv(9) = [Clxv(g)
heC
So, |Clxv(g) = Adim V| which implies A = %. We know A\ € A.
Let {C;} be the set of conjugacy classes of G, and let g; € C; be a representative for each class. Let A\; = %

Each )\; is an algebraic integer. Consider the sum ). A;xv (g;). This is an algebraic integer because:
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2. xv(g;) is a sum of roots of unity, hence an algebraic integer.
3. A is a ring.

Let’s compute the sum:

Ci i
ZAZXV 9i) Z | ngg v(9i)

= dim v Z |Cilxv (gi)xv (gi)

= == Y

geG
=G (xv,xv)
dim vV VAV
Since V' is irreducible, the inner product of its character with itself is (xv, xv) = 1. So, we have 3 I ‘ € A. But g ‘ |
is also a rational number. Therefore, diern”V € ANQ = Z. This means that dim V divides |G]|. D

Example 15.8. Let G = S5. Let C = {(123),(132)}. Let R = (123) 4 (132) € Z[S3]. We can show R satisfies
a monic polynomial with integer coefficients. For instance, (R)? = (123)2 + (132)% + (123)(132) + (132)(123) =
(132) + (123) + 2e = R + 2e. So R? — R — 2e = 0. The polynomial is 22 —z — 2 = 0.

16 Burnside’s Theorem

Definition 16.1. A group G is solvable if there exists a series of nested subgroups {e} = Go<G1<--- <G, = G
such that G; <G;41 is a normal subgroup and the quotient group G;+1/G; is abelian for all i.

Theorem 16.2 (Burnside). Any group of order p®q®, where p,q are primes, is solvable.
First, a simpler case:
Proposition 16.3. Any group G of order p* (a p-group) is solvable.

Proof. By induction on a. If a = 0, G = {e}, which is solvable. If a = 1, G = C),, which is abelian and thus solvable.
Assume the proposition holds for all groups of order p* with k < a. Consider the class equation for G:

Gl =12(G)| + Z[G : Cg ()]

where Z(G) is the center of G and the sum is over representatives of conjugacy classes with more than one element.
|G| = p* is divisible by p. Each index [G : Cg(z;)] is greater than 1 and must be a power of p. Thus, p divides
each term in the sum. It follows that p must divide |Z(G)|. So, the center Z(G) is non-trivial. Z(G) is a normal
subgroup of G. Consider the quotient group G/Z(G). Its order is |G/Z(G)| = p* for some k < a. By the induction
hypothesis, G/Z(G) is solvable. Since Z(G) is abelian (and thus solvable), and G/Z(G) is solvable, it follows that G
is solvable. O

The proof of Burnside’s theorem requires the following lemmas.

Proposition 16.4. Let V' be an irreducible representation of a finite group G and C a conjugacy class in G such that
ged(|Cl,dim V) = 1. Then for any g € C, either xv(g) =0 or py(g) = X -Idy for some scalar A € C.

Proof. As shown before, |C:1‘1>$"(/9) is an algebraic integer. Since ged(|C|, dim V') = 1, there exist integers a, b such that

(9).
a|C| + bdim V = 1. Multiplying by X2

xv(9)

a|C|XV(9)
dimV

dmy Tl =

The first term a% is an algebraic integer. The second term by (g) is also an algebraic integer (since characters

are sums of roots of unity). Since the set of algebraic integers A is a ring, their sum ﬁiVT(?/) is an algebraic integer.
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Let n = dim V. The eigenvalues of py(g) are roots of unity, say €1,...,&,. Then xv(g) = 1 + -+ 4 ¢ep. Let

t = XV(g) = Stte We know ¢ € A. By the triangle inequality, [¢| = leat +E"| lea]+- HE"' 2 — 1. Equality
holds 1f and only if all ; are equal, say e; = = e, = ¢. In this case, py(g) i 15 a scalar matrlx eldv
If |t| < 1, consider the algebraic conjugates of t. If ¢’ is conjugate to t, then nt’ is conjugate to nt and therefore

any conjugate t' is of the form %, where €} is a conjugate of ¢; (and thus also a root of unity). So |¢/| <1 for

all conjugates. Let P(z) be the minimal monic polynomial of ¢ with integer coefficients. The roots of P(z) are the
conjugates t1, ..., of t. The constant term is P(0) = (—1)*#; ...#x, which is an integer. The product of the absolute
values of the roots is |t ...t;x| < 1. Since one root ¢ has [t| < 1, we have |P(0)| = |t1...tx| < 1. The only integer with
absolute value strictly less than 1 is 0. So P(0) = 0. This implies that ¢ = 0, so xv(g) = 0. O

Proposition 16.5. Let G be a finite group and C a conjugacy class of order p*, where p is a prime and k > 0. Then
G is not a simple group.

Proof. Let g € C. Since k > 0, g # e. By the second orthogonality relation for characters, since g is not conjugate to
the identity, we have

Z xv(e) - xv(g) = Z (dim V)xv(g) = 0.

Velrr(G) Velrr(G)

We partition the irreducible representations Irr(G) into three sets:
o 1j: the trivial representation.
o D={V elir(G) \ {Vo} | p divides dim V'}.
o N={V elrr(G)\ {Vo} | p does not divide dim V'}.

The sum becomes:

(dim Vo) xv, (9) + Z (dim V)xv(g) + Z (dim V)xv(g) = 0.

o veD VeN

The sum } . p(dim V)xy(g) is a sum of terms where dim V' is a multiple of p. Since each xv(g) is an algebraic
integer, this sum is of the form p - a for some algebraic integer a € A. So, 1 +p-a+ ) o n(dimV)xy(g) = 0. This

implies +ZV€N(dimv)XV(g) —a € A.

If the set N Were empty, we would have 1 + p-a =0,s0a = —1/p. But a € A and —1/p € Q\ Z (for p > 1),
which contradicts AN Q = Z. Thus, N cannot be empty. Also, > o n(dimV)xv(g) # 0. This implies there must
exist some V' € N such that xv(g) # 0.

For this representation V € N, we have p { dim V. Since |C| = p*, we have ged(|C|,dim V) = 1. By Proposition
16.4, since xv(g) # 0, it must be that py (g) acts as a scalar matrix, py(g) = Aldy.

Now, let H = (ab~! | a,b € C) be the subgroup generated by ab~! with a,b € C. This subgroup has the following
properties:

e H is normal: For any = € G, x(ab™)z™! = (zaz~1)(xbz~!)~1. Since C is a conjugacy class, zaz~! € C and
bzl eC. SoxHx"! C H.

e H is nontrivial: If H = {e}, then ab~! = e for all a,b € C, which means a = b. This would imply |C| = 1. But
we are given |C| = p* with k > 0. So H # {e}.

e H is proper: For any generator ab—! of H, its image in the representation V is py(ab™!) = py(a)py (b))~ =
(AIdy)(A"t1dy) = Idy. So H is contained in the kernel of py-. Since V is a non-trivial irreducible representation
(V € N), its kernel is a proper normal subgroup of G. Thus H C ker(py) # G.

We have found a proper nontrivial normal subgroup H. Therefore, G is not simple. O

Proof of Burnside’s Theorem. Let G be a counter-example of the smallest order. Such a group G must be simple.
If not, it has a proper normal subgroup N. Then |N| and |G/N| are of the form p®¢¥ and are smaller than |G|.
By the minimality of G, both N and G/N are solvable. If N and G/N are solvable, then G is solvable, which is a
contradiction. So, a minimal counter-example must be simple.

Let G be a simple group of order p%q®. By Proposition 16.5 it cannot have a conjugacy class of order p* or ¢* with
k > 1. So the order of any conjugacy class in G is either 1 or is divisible by pq. If all conjugacy classes are one-element,
the group is abelian and thus solvable. Suppose we have nontrivial conjugacy classes. Then the class equation gives

Gl = 2@+ Y (Gl

34



Here |G| = p®¢®, and pq divides |C;| for all i. Also, |Z(G) > 1 since it contains g = 1. Therefore pg must divide
|Z(G)|, which means that G is not simple, a contradiction.
O

17 Induced Representations

Induction is a method to construct a representation of a group G starting from a representation of a subgroup H C G.
If V is a complex representation of G, and H C G is a subgroup, then V is also a representation of H by restriction,
denoted Resg V. If V is irreducible, the restriction Resg V' does not have to be irreducible.

Definition 17.1. Let H C G be a subgroup and let V be a complex representation of H with representation map
pv : H— GL(V). The induced representation Indg V' is defined as the complex vector space of functions

md$V ={f:G—= V| f(hx)=py(h)f(z) for all z € G,h € H}
with the action of G given by (g - f)(z) = f(zg) for all g,z € G.
It is easy to check that Indg V is a complex vector space. This action of G is well defined:
(g- (g M) = (g Nzg) = f(xgg") = ((99') - /) ().
This action preserves the space Indg V:
(9- f)(hax) = f(hxg) = pv(h)f(zg) = pv(h)(g - f)(z).
We have an isomorphism of vector spaces
Ind$ V ~ Hompy (C[G], V)
where C[G] is considered as a left H-module.

Proposition 17.2. The dimension of the induced representation is given by

dimInd$ V = (dim V) - ﬂ = (dimV) - [G : H].

Indeed, we can introduce a basis in Ind%. Let {w;}?_, be a basis in V and {u € H\G = {Hg : g € G}}
representatives of the right H-cosets in G. Then {87} such that &’ (u) = d, ,w; is a basis in Ind%.

17.1 Example: Induced Representations of A,

Let’s consider the alternating group Aj.

(123) (132)
(12)(34) (134) (143)
As= L 3RO q0) || (124)
A923)) \ (243) ) \(234)

Let K ={1,(12)(34), (13)(24), (14)(23)}. K is a normal subgroup of A4 isomorphic to the Klein four-group Cs x Cs.
The index is [A4 : K] = 12/4 = 3. The right cosets of K in A, are:

{K-1, K-(123), K-(132)}

Let {w;} be a basis for a representation V' of K. A basis for Ind‘;}4 V can be constructed from functions 62 supported
on a single coset o. Let the coset representatives be 1, (123), (132). We can define a basis vector ¢, for each coset o.
For a 1-dimensional representation V', the basis for Ind?}“ V can be denoted {41, 9123, 0132}

Let Vp be the trivial one-dimensional representation of K, so py, (k) = 1 for all k¥ € K. Let’s compute the
representation pr,q = P ait vy

Action of g = (12)(34) € K:
(pma(g)o1)(x) = d1(zg) = 61(z) (since x € K & zg € K)
(pna(g)d123)(z) = S123(2g) = d103(xg2 ' 2) = d123(K'z) (for some k' € K)
= PVo(k/)5123($) = 0123()
(plnd(g)5132)($) = 6132(1‘9) = (5132($) (similarly )
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The action of any element of K is trivial on the basis vectors. Thus, for any k € K,

100
pma(k)=10 1 0 = Xppas v (k) =3.
0 01
Action of g = (123):
(Pma(9)d1)(x) = 61 ((123))

Since 4y is supported on K, this function is non-zero only if 2(123) € K, which means « € K(132). This corresponds
to the basis vector d132. So (123) maps d; — d132.

(Pma(g)d123)(z) = d123(2(123)) (non-zero for x(123) € K(123)) = d123 — &1

(pnd(g)d132)(x) = d132(x(123)) (non-zero for x(123) € K(132)) = 132 — 0123
So the action of (123) permutes the basis vectors: d; — 0132, 0123 — 01, d132 — J123.

01 0
pna(123) = [0 0 1] = x40, (123) =0,
100
Similarly for g = (132), we find x| 444, (132) =0
K
Now let V1 be one of the non-trivial one-dimensional representations of K. For example, let xy, ((12)(34)) =
xvy ((13)(24)) = —1, xv, ((14)(23)) = —1. Let’s compute the character of Ind%* V.. For g = (12)(34):
e The action on d1: (prma(g)d1)(x) = d1(zg) = §1(gz) = p(g)d1(x) = d1(x), since € K commutes with g € K and
p(g) = 1. Therefore prna(g) : 61 — d1.

e The action on 0123: (pmda(g)d123)(x
(14)(23)(123), therefore we get p((14)

) =

(

e The action on d132: (pmd(g9)dis2)(x) = diz2(zg). We compute (12)(34) = (132) implies z = (234)
(13)(24)(132), therefore we get p((13)(24))d132 = —0d132. Therefore prna(g) : d132 — —d132.

The calculation shows:

0123(xg). We compute z(12)(34) = (123) implies z = (134) =
23))5123 = 75123 Therefore pInd( ) : 5123 — 7(5123.

1 0 0
e (12G0) = 0~ 0 ) = Yo, (124 = 1.

The action of (123) and (132) is similar permutations as for Vp, so their characters are 0.
The character table of A4 (with ¢ = e>™/3) and our computed induced characters:

A, [1[ (261 () [ (23) (4) [ (132 @)
Vo 1 1 1 1
Ve 1 1 ¢ ¢?
Vea 1 1 ¢2 ¢
Vs 3 -1 0 0
Indg' Vo | 3 3 0 0
nd* Vy | 3 —1 0 0
Using character theory, we can decompose these induced representations:
(Xtnavor i) = 75 (3 14831 = 12 =1

(Xtnd Vos XV ) = 1—2(3-1+3~3-1) =1
1
<XIndV07XV<2> = 5(31+331) =

1
(XInd Vo> XV3) = 5(3'3+3‘3'(*1)) =0

Therefore, Ind* Vo = Vo @ V; @ Vie.
For the other induced representation:

Xinas v, = (3,=1,0,0) = xvs.
Therefore, Ind‘;}“ Vi =2 V3. This shows that the unique 3-dimensional irreducible representation of A4 can be con-

structed by inducing a 1-dimensional representation from the subgroup K.
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17.2 Character Formula for the Induced Representation
Theorem 17.3 (Frobenius Character Formula). Let H C G be a subgroup, and let V' be a representation of H with

character xv. Let {xs}scm\a be a set of representatives for the right cosets of H in G. The character xmav of the
induced representation Indg V' is given by

Xmdv(9) = Z xv(zogx; ).
c€eH\G
x,,gat;IGH

Proof. Let praq be the representation Indg V. We want to compute xmav(g9) = tr(pma(g)). The space Indg V can
be decomposed as a direct sum of subspaces V,,, where o runs over the right cosets H\G:

md$ vV = @ Vy, where V, ={f eInd$ V: f(x) =0 for all = ¢ o}.
c€H\G

Each subspace V,, has dimension dim V. The action of g € G on a function f € V, is (g- f)(z) = f(zg). If x ¢ og~ 1,
then 2g ¢ o, so f(xg) = 0. This means that the action of g maps the subspace V, to the subspace V,,-1. Therefore,
the matrix of prma(g) in a basis adapted to this decomposition is a block matrix. A diagonal block corresponding to
V,, is non-zero only if cg~! = o, which is equivalent to og = 0.

Xmav(9) = tr(pma(9)) = D tr(pma(9)lv,)-

oc€H\G
og=0

Now, assume og = 0. Let x, be the representative of the coset ¢ = Hzx,. The condition cg = ¢ means z,9 = hx,,
which implies h = z,gx,' € H.

Consider the isomorphism of vector spaces a : V, — V given by «a(f) = f(z,). This is an isomorphism because
any function f € V, is uniquely determined by its value at z,, since for any other y = hz, € o, f(y) = f(hz,) =

pv(h)f(zs).

We can see how the action of g on V,, corresponds to an action on V' via this isomorphism. For any f € V,:

a(plnd(g)f) = (plnd(g)f)(xtf) = f(ajUg)
= f(hz,) (since z,9 = hz,)

= pv(R)f(zs) (by definition of Ind% V)
= pv(h)a(f).

This shows that the action of prhq(g) on V, is conjugate to the action of py (h) on V:
pnd(9)|v, = a o pyv(h)oa.
Therefore, their traces are equal:
tr(pma(9)lv,) = tr(pv (h)) = xv (h) = xv(zo92;").
Summing over all cosets o such that cg = o gives the desired formula. O

An alternative form of the character formula is:

1 _

Xnav(9) = 177 > xvlzga™).
€G
rg::*lEH

Example 17.4 (A4 characters revisited). Let’s re-calculate the characters of Ind‘;}‘1 Vo and Ind‘;}“ Vi using Theorem
17.3. The coset representatives are x1 = 1, zo = (123), x3 = (132).

efForg=1:2,-1-2;' =1€ K for all 0.
Xmav (1) = xv (1) +xv(1) + xv(1) = 3dim V.
For V; and V., this is 3.
e For g = (12)(34):
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o=K: z1gx;7"t = (12)(34) € K. Term: xv((12)(34)).
(2) o= K(123): magzy " = (123)(12)(34)(132) = (14)(23) € K. Term: xy ((14)(23)).
o= K(132): x3gr3" = (132)(12)(34)(123) = (13)(24) € K. Term: v ((13)(24)).
Xmd v ((12)(34)) = xv ((12)(34)) + xv ((14)(23)) + xv ((13)(24)).

For V =1V}, thisis 1+1+4+1 = 3. For V = V. (any non-trivial 1-dimensional representation of K), the characters
for the three non-identity elements are {1, —1,—1} in some order. The sum is always —1.

e For g = (123):
(1) 0 = K: z1g27" = (123) ¢ K.
(2) 0 = K(123): o9z, ' = (123)(123)(132) = (132) ¢ K.
(3) 0 = K(132): a3gxs' = (132)(123)(123) = (123) ¢ K.

No terms contribute to the sum. Thus, Xxmav((123)) = 0.

This confirms the characters we computed earlier.

17.3 Frobenius Reciprocity

Theorem 17.5 (Frobenius Reciprocity). Let H C G be a subgroup. Let V be a representation of G, and W a
representation of H. Then there is a natural isomorphism of vector spaces:

Home(V, Ind$, W) = Homp (Res$ V, W).

Remark 17.6. This theorem states that induction (Ind%) and restriction (Res$) are adjoint functors between the
categories of finite dimensional complex representations of H and G.

Proof. We explicitly construct the isomorphism by defining maps in both directions. Let « : Homg(V, Ind% W) —
Homp (Res$ V, W) be defined by

a(¢)(v) = ¢(v)(e) for ¢ € Homg(V,Indf; W), v €V,

where e € G is the identity element.
Let 3 : Homp (Res% V, W) — Home(V, Ind$ W) be defined by

(B() () (x) = ¥(py (z)v) for ¢ € Homp(Ress V,W), veV, z € G.

We need to check that these maps are well-defined and are inverses of each other. Let’s denote the action py (g)v by
gv and pw (h)w by hw.

1. a(¢) is an H-intertwiner: We need to show a(¢)(hv) = h(a(¢)(v)) for h € H.

a(¢)(hv) = ¢(hv)(e) (by def of «)
= (ho(v))(e) (since ¢ is a G-intertwiner)
= ¢(v)(eh) = ¢(v)(h) (by def of action on Ind§ W)
= h(¢(v)(e)) (since ¢(v) € Ind§; W)
= h(a(¢)(v)) (by def of )

2. B()(v) is in Ind$ W: We need to show (B(1)(v))(hx) = h((B(¥)(v))(z)) for h € H.

(B()())(hx) = ¢((hz)v) (by def of 3)
= (h(zv))
= h(Y(zv)) (since ¢ is an H-intertwiner)
= h((B(¥)(v))(z)) (by def of 3)

3. B(¢) is a G-intertwiner: We need to show 3(v)(gv) = g(8(¥)(v)) for g € G.

(B(¥)(gv))(x) = ¢ (x(gv)) = ¥ ((zg)v)
(g(BW) (W) (&) = (B()(v))(xg) = P((zg)v)

The two are equal, so 8(¢) is a G-intertwiner.
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4. avo 8 =1d: For any ¢ € HomH(Resg V, W), we check a(B(v)) = 1.
(a(B(¥)))(v) = (B(¥)(v))(e) = P(ev) = ¥(v).

5. Boa =1Id: For any ¢ € Homg(V,Ind% W), we check S(a(e)) = .

(B(e(9))(v))(z) = (a())(zv) (by def of 3)
= ¢(zv)(e) (by def of )
= (z¢(v))(e) (since ¢ is a G-intertwiner)
= ¢(v)(ex) = ¢(v)(x) (by def of action on Ind$ W)
Thus, B(a(¢)) = ¢.
Since o and (3 are inverse linear maps, they are isomorphisms. O O

Example 17.7 (A4 Reciprocity). For irreducible representations, dim Hom(V;, V5) is the multiplicity of Vi in Vo (if
V1 is irrep). Frobenius reciprocity implies (V, Indg W)e = (Resg V,W)g.

o dim H0111A4(V0,111d24 Vo) = dim HornK(Resé4 Vo, Vo). Resf}‘* Vo is the trivial representation of K, which is Vj.
So dim Hom g (Vp, Vo) = 1. This matches Ind[A}4 Vo =2 Vo @ V¢ @ V2, which contains one copy of V.

o dim Horr1,44(V3,Indl’%4 Vo) = dim Hom (Res* V3, Vp). The character of Resf! Vz is (3, —1, —1,—1), that can be

read off he character table of A4 if we take into account that each nontrivial element of K is in its own conjugacy
class in the abelian group K. The inner product with yv, = (1,1,1,1) is $(3—1—1—1) = 0. So the dimension
is 0. This matches the fact that V3 is not a component of Ind‘;}“ .-
We can also understand the restriction of V5 to K geometrically. Recall that V3 is the representation of A4 acting
by rotational symmetries on the regular tetrahedron. In this representation the elements of K act as rotations
by 7w about the axes connecting opposite mid-sides of the regular tetrahedron. These axes form are mutually
orthogonal in R3, which can be seen by inscribing a regular octahedron in the regular tetrahedron as shown in the
picture. Then the lines connecting mid-sides of the tetrahedron are the big diagonals of the octahedron, which
are mutually orthogonal. Each of the axes spans a one-dimensional representation of K obtained by restriction
from V3, where one of the three nontrivial elements of K acts by 1 and the other two by —1. Therefore, Res‘;}4
is isomorphic to a direct sum of three inequivalent nontrivial one-dimensional representations of K.

e dim H0r11,44(V3,Imdf}4 Vi) = dim HomK(Resﬁ4 Vs, Vi). We know Ind‘;‘{4 Vi = Vs, so the LHS dimension is 1.
Let’s check the RHS. Let V4 be the representation of K with character (1,1,—1,—1).

(Res™t Vi, Vi) ic — 3(3 A (=) 14 (=1) - (=) + (=1) - (=1)) = 3(3 414D =1

The dimensions match.

17.4 Induction and Restriction in Tensor Product Form

We can view induced and restricted representations through the lens of bimodules and tensor products. Let k be the
underlying field. The group algebra k[G] can be viewed as a bimodule in two ways:

k[H]-k[G]-bimodule  k[G]-k[H]-bimodule
E[H] ~ k[G] ~ k[G] kG| ~ K[G] ~ k[H]
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We denote these as k[G]; and k[G]z respectively.
If V is a right A-module and W is a left A-module, their tensor product over A is

VoaaWx2VeyW)/(v.aw—-—vQa-wl|veV,weW,ae A).
Lemma 17.8. The restriction functor is given by tensoring with k[G];.
Res% V = k[G], ®Qpa) V-
Proof. Consider the map F : ResgV — k[G]1 ®4[q) V defined by F(v) = 1 ®jg v. This map is injective and
surjective, hence an isomorphism of vector spaces. We check that it is an H-homomorphism. The left H-action on

k[G]; is multiplication, and the action on Res% V is the restriction of the G-action. For h € H,

F(h-v) :1®k[g] (h-v)
=h®yg v (since V is a left k[G]-module)
=h-(1®g v) (by definition of the left H-action)
=h-F(v). O
Lemma 17.9. The induction functor is given by tensoring with k[G]a.
Ind§; W = k[G]s @k W.
The dimension is dim(Ind$ W) = ||g‘| dim W.

Proof. Let {x,} be a set of right coset representatives for H in G. Define a map T : Indg W — k[G]s ®pe W by

Z z; " @pm [ (o).

oc€H\G
We show this map is a well-defined isomorphism of G-modules.

1. T(f) is well-defined. Suppose we choose different representatives y, = h,x, for some h, € H. Then

Zyg Dkt f(Yo) —Z( > o) @iy fhos)
_233 ®nia) (hy ' f(hots))
— ngl i) (7 (ho f(24)))  (by def of Ind§; W)

= 2, @ flo) =T(f).

2. T is a bijection. Let {w'} be a basis for W. A basis for Ind§; W is given by functions {67} where 0% (z,,) =
Sopw'. A basis for k[G]z @k W is given by {z;1 @ w'}. We see that T maps basis to basis:

T Zmu ®k[H]5 Tp) Z% Qk[H] 5a#w =z, ®k[ H|W
1

3. T is a G-homomorphism. The left G-action on k[G]z ®y(z) W is by left multiplication on the first factor.
Zz k) (9 f)(@o) ZSC k() [ (@)

On the other hand,

g-T(f)=g9- (Z 2, @kla] f(%)) = (97, ") @nia f (o).

o o
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We have 2,9~ = hax, for some h € H and a unique coset p. This implies gz, ' =z, 'h™'. As o runs over the
coset representatives, so does . We can re-index the sum.

9-T() =D (92,") @upay f (o)
= i(xulhl) @k f(zs) (where z,97" = hx,,)
=Yz, O b flao)
=> 2, @ f(h )

= Zﬂﬁﬁl Qi) f(2pg) =T (g f)- O
This gives the following parallel formulations:
Induction Restriction
IndG W ResG V
Homy ) (k[G]1, W)  Homy g (k[G]2, V) (exercise)
k(G2 @k W k[G)1 @k V

Frobenius reciprocity can be seen as an instance of tensor-hom adjunction:

Homy ¢ (V; k[Gl2 @k W) = Homy, g (K[G]1 @4y V, W).

18 Representations of the Symmetric Group S,

18.1 Partitions and Young Tableaux

Definition 18.1. A partition of a positive integer n is a sequence A = (A1,...,A,) of positive integers such that
TL:)\1++>\T and)\1 2)\222)\7«21

Partitions of n are in one-to-one correspondence with Young diagrams of size n. A Young diagram Y), for a partition
A consists of rows of boxes, with \; boxes in the i-th row.

Example 18.2 (A = (4,4,2,1), n =11).
Y, =

Definition 18.3. A Young tableau T, is a Young diagram Y, filled with the integers from 1 to n, each used exactly
once.

Example 18.4. A Young tableau for A = (4,4,2,1):

7—)'\:

11

10

18.2 Young Symmetrizers and Specht Modules
Definition 18.5. Given a partition A of n and a chosen Young tableau 7y:
e The row stabilizer Py C S, is the subgroup of permutations that preserve the set of numbers in each row of 7).

e The column stabilizer @) C Sy, is the subgroup of permutations that preserve the set of numbers in each column

of Ty.
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It is a fact that P\ N Qx = {1}.

Example 18.6. Let n =7 and A = (3,2,2). Consider the tableau:

3

T\ =

Then the stabilizers are:

Py = S(123) X Spa5) X S(e,1y = 53 X S2 X 52
P\ =31-20.21 =24

Qx = S{1.46) X Sq2,57) X S(3p = 53 X 53 X 51
Qx] = 313111 = 36

Definition 18.7 (Young Symmetrizers). In the group algebra C[S,,], we define two elements associated with a tableau

Tx:

e The row symmetrizer: ay = ﬁ ZpePA p.
o The column anti-symmetrizer: by = @ >qc0, sen(q)g.
These elements are idempotents, often called Young projectors. Specifically, for any p € P\ and g € Qx:
pay =axp =ay and g¢by = byg = sgn(q)by.
This implies ai =ay) and bi =b,.

Definition 18.8. The Young symmetrizer (or Specht element) corresponding to Ty is the element ¢y = ayby € C[S,].

The coefficient of the identity element 1 € S, in ¢, is m, which is non-zero, so ¢y # 0.

Definition 18.9 (Specht Module). The Specht module Vy associated with the partition A is the left ideal in the group
algebra generated by cy:
Vi = C[S,]ex C C[S,).

This is a left C[S,]-module, i.e., a representation of .S,,.
Goal: To prove the following classification theorem:
1. For each partition A of n, the Specht module V) is an irreducible representation of .S,,.
2. Every irreducible representation of .S, is isomorphic to V) for a unique partition A of n.

Remark 18.10. The number of irreducible representations of .S,, is equal to the number of its conjugacy classes. The
conjugacy classes of S,, are determined by cycle type, which are in one-to-one correspondence with partitions of n.
This matches the number of Specht modules.

18.3 Examples
Example 18.11 (A = (n)). The Young diagram is a single row.

= L[ [1]]

For any tableau, Py = S,, and Q) = {1}.

So, c¢x = ax. The Specht module is V,,y = C[Sn]ax. For any = € S, xc) = c¢5. This is the one-dimensional trivial
representation.
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Example 18.12 (A= (1") = (1,1,...,1)). The Young diagram is a single columun.

Y=L |

For any tableau, Py = {1} and Q) = S,,.
=1, by= 1
ay =1, A= E Z Sgn(g)g
gESn

So, cx = bx. The Specht module is V(;»y = C[S,]bx. For any x € S, wcx = sgn(z)cx. This is the one-dimensional
sign representation.

1]2]

Example 18.13 (S3, A = (2,1)). Consider the tableau T, = The stabilizers are Py = {1,(12)} and

Qx = {1, (13)}. The symmetrizers are:
=50 4(2), b= 1(1-(3).
The Specht element is:
or = 3(1 +(12)(1 = (13)) = 3(1 +(12) = (13) — (12)(13)) = 3(1 +(12) = (13) — (132).

Let v; = 4c¢). The Specht module V) is spanned by the action of S3 on v;.

(12)v; = (12) + 1 — (12)(13) — (12)(132) = (12) + 1 — (132) — (13) = vy.

(13)v; = (13) + (13)(12) — 1 — (13)(132) = (13) + (123) — 1 — (23) = vy.
(123)vy = (123) + (13) — (123)(13) — (123)(132) = (123) + (13) — (23) — 1 =: v,.
(132)vy = (132) + (23) — (132)(13) — (132)(132) = (132) + (23) — (12) — (123) =: vs.

We can check that v; + v2 + v3 = 0, so the space is 2-dimensional. The element (12) is the reflection about the
axis v1, and (13) the reflection about the axis vz. The cycles (123) and (132) act as rotations by 27/3. This is the
unique 2-dimensional irreducible representation of S3. The action can be visualized as the symmetries of an equilateral
triangle in a plane, where vectors corresponding to vy, vs, v3 point to the vertices and sum to zero.

18.4 Properties of the Young Symmetrizer
A key step in proving the irreducibility of Specht modules is the following lemma.

Lemma 18.14. For any = € C[S,], we have ayxby = €\(x)cy for some scalar £x(x) € C. The map £y : C[S,] — C is
linear.

Proof. By linearity, it suffices to prove the lemma for x =g € S,,.
1. Let g € PA@). Then g = pq for unique p € Py,q € Q.
axgbx = ax(pq)bx = (axp)(gbr) = ax(sgn(q)bx) = sgn(q)arbr = sgn(q)ca.
So in this case, £5(g) = sgn(q).

2. Let g ¢ P,Q\. We will show that aygby = 0. The proof relies on showing there exists a transposition ¢ = (¢j)
such that ¢t € Py and also t € gQxg~!. The latter condition means g~ 'tg € Q. If such a transposition ¢ exists,
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let t' = g~tg € Q). Since t is a transposition, ¢’ = g~1tg is also a transposition, so sgn(t') = —1. Then we can
write:

axgby = (axt)gby (since t € Py = axt = ay)
= ax(tg)bx
= a)\(gt/)b)\

axg(t'by)

= axg(sgn(t')by) (since t' € Q))

= —a)gb,.

This implies that aygby = 0.

It remains to show that if g ¢ P\Q, such a transposition ¢ = (i) must exist. This is equivalent to showing that
there exist two numbers ¢, j that are in the same row of the original tableau 7, and also in the same column of
the permuted tableau ¢7).

Assume no such pair (4, j) exists. This means that any two numbers in the same row of 7, must be in different

columns of g7,. We will show this implies g € PAQx. Let T = ¢g7x. Then the column-permuting group for 77
1

is the group Q) = gQxrg™ .
Consider the numbers in the first row of 7). In g7y, they have to lie in different columns. Therefore, we can find
a permutation ¢j € Q) that moves these numbers into the first row of ¢; 7). Then, we can find a permutation
p1 € P that arranges these numbers in the first row of p;7\ to match their order in the first row of ¢;7}.
Therefore we have:

(pllT/\)lst row — (%7?\/)1315 row-

Note that the property that we are interested in, namely that there are no two numbers (i, j) in the same row
of 7, and in the same column of 7}, is unchanged by the operation that we have performed, or in fact by any
action of elements of the row group on 7, and column group on 7.

Since we assume that there are no two elements are in the 2nd row of p; 7, and in the same column of ¢} Ty, we
can repeat the argument for the second row, acting by g5 on ¢} 7 and by p2 on p; 7Ty to get

7! !
(p2p17-)\)1st and 2nd row — (qQQ17-)\)1st and 2nd row -

and so on, until we get
P =0T =797

L we have ¢ = ggg~! for some § € Q. Then we have

Since 7 € gQxq™
PTh = gq9” "gTx = gq7Tx,

which implies g = pg ' € PyxQ\x.

This contradicts our assumption that g ¢ Px@Qx. Therefore, a transposition ¢ = (ij) with the desired properties
must exist, which completes the proof. O

Definition 18.15. The lexicographic order on partitions of n is defined as follows: A > p if the first non-zero entry
of \; — p; is positive.

Example 18.16. For partitions of n = 5:

e (3,2)> (3,1,1).

For partitions of n = 11:

e (5,4,1,1) > (5,3,2,1).

The partition (n) is greater than any other partition of n.

Lemma 18.17. If A > p are partitions of n, then axC[S,]b, = 0.

Proof. It suffices to show that for any g € S, axgb, = 0. This will follow if we can find a transposition ¢ € Py such
that g~'tg € Q. If such a t exists, let t' = g~'tg. Since t € Py, axt = ay. Since ¢’ € Q,,, t'b, = —b,. Then we have

axgby, = axtgb, = axg(g~'tg)b, = axgt'by = —axgb..
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This implies 2axgb, = 0, and thus axgb, = 0.

We now show that such a transposition ¢ always exists. Let ¢t = (4, 7). We need to find i, j that are in the same row
of the tableau T (so that (i,7) € Py) and are also in the same column of the tableau g7}, (so that (i,j) € Qg™ ').

Since A > p, there must be some index k such that Ay > ux and \; = p; for all ¢ < k. Consider the first row of
Ty. It contains A\; numbers. The tableau g7}, has columns whose lengths are given by the partition p. If Ay > puq, the
first row of T has \; elements. The number of columns in g7}, is p1. Since A1 > u1, by the pigeonhole principle, at
least two of the elements from the first row of T must lie in the same column of g7},. Let these elements be ¢ and j.
Then t = (i,j) € Py and (i,5) € Q9"

If A1 = p1, we can permute the elements of the first row of T using some p; € Py and the elements of the first row
of gT,, using some ¢q; € gQ,g~ " so that they match. This does not change the problem. We proceed to the second
row, and so on, until we find an index k where \; > pi. At this stage, we consider the \; elements in the k-th row of
Ty. By a similar pigeonhole argument, two elements from the k-th row of T must lie in the same column of ¢7),,. [

Example 18.18 (S3). The partitions of 3 are (3), (2,1), and (1,1,1). In lexicographic order:
(3)>(2,1)>(1,1,1)
Let’s denote these by o > A > p respectively. The standard tableaux are:

3

The corresponding group elements are:
1
Gy = G Z g by =€
gESs

ar = 5(e+(12)) b = 2(e - (13))

1
ay =¢€ by = 6 Z (=1)%g
geSs

DN | =

By Lemma 18.17, since (3) > (2, 1), we must have a,C[S3]by = 0. Let’s check for g = e:

e Y] [T ) S ST

gESs gES3 gES3
since right multiplication by (13) just permutes the elements of Ss. Similarly, since (2,1) > (1,1,1), we must have
axC[Ss3]b, = 0. For g = e:

axbe = g5le+ (12) [ (-1 | = 5 S (1% + 55 3 (-1)(12)g = 0.

g€ESs g€ESs gESs

The second sum is — Zhes3(—1)hh, which cancels the first sum.

Remark 18.19. It is easy to see that swapping rows and columns in the proof of Lemma 18.17, we can obtain
a dual statement, namely that If u < X are partitions of n, then b,C[S,]ax = 0. In the example above we find:

buar = 35 (Sgesy(-1)79) (e + (12) = 0 and bra, = (e ~ (13)) (X5, 9) = 0.
Lemma 18.20. For any partition \, ¢3 = acy for some non-zero scalar o € C.

Remark 18.21. Problem Set 12: find «. This implies that e) = éc)\ is an idempotent, i.e., e?\ =e).

18.5 Irreducibility of Specht modules and the Classification Theorem

Lemma 18.22. Let A be an associative algebra and let e € A be an idempotent (e* = e). Let M be a left A-module.
Then Hom 4 (Ae, M) = eM as vector spaces.
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Proof. First, recall the standard isomorphism Hom 4 (A, M) = M. A homomorphism f : A — M is determined by
f(1)=v e M, since f(a) = f(a-1) = af(1l) = av. The linear map 5 : Homy (A, M) — M given by 8(f) = f(1) is an
isomorphism, with inverse a : M — Hom 4 (A, M) given by a(v)(a) = av. We check this:

(B0 a)(v) = Bla(v) = a()(1) = 1-v = .

(aoB)(f)a) =a-B(f) =a-f(1) = f(a-1) = f(a).

So Homa (A, M) = M.
Now, consider the idempotent e. The element 1 — e is also an idempotent. The algebra A decomposes as a direct
sum of left ideals A = Ae ® A(1 —e). Any module M also decomposes as M = eM & (1 — e)M. Then,

Hom (A, M) = Homy(Ae ® A(1 —e), M) =2 Hom 4 (Ae, M) ® Hom 4 (A(1 — e), M).

A map f € Homu(Ae, M) is sent by 5 : Homa (A, M) — M to an element v € M such that v = ev. Specifically, a map
f: Ae — M is determined by f(e) € eM. Conversely, an element ev € eM is sent by « to a(ev)(a) = aeev = aef(e).
Thus, Hom 4 (Ae, M) = eM. O

Theorem 18.23. The modules V = C[S,]cy are irreducible, and the set {V\}xen forms a complete set of inequivalent
irreducible C[S,,]-modules.

Proof. Let A= CJS,]. Let ey = écA be the idempotent from Lemma 18.20. Then V) = Ac) = Ae). We compute the
homomorphism spaces between these modules. Let A, 1 be partitions of n. Using Lemma 18.22, with M =V,, = Ae,:

Homg, (V,V,) = Homa(Aey, Ae,) = exAe,,.

This is proportional to cxC[Sy]c,.
Case 1: A > p. By Lemma 18.17, axC[S,]b, = 0. Then ¢ C[S,]c, = axbrC[S,]a,b, C arC[S,]b, = 0. So, if
A > p, Homg, (Vi,V,,) = 0. By symmetry, if A # p, V) and V,, are not isomorphic. We can also notice here that if
A < p, then by the dual statement to Lemma 18.17, we have b\C[S,]a,, = 0, which also implies axbxC[S,]a,b, = 0.
Case 2: A = u. We need to compute dim(exC[Sy]cn).

C)\C[SH]C)\ = a)\b)\C[Sn]G,)\b)\.

By Lemma 18.14 this implies that ¢xC[Sy]cy is a one-dimensional space spanned by ¢y. Therefore, dim Homg, (V, V)) =
1.

By Schur’s Lemma, if V = @, V" is a decomposition into irreducibles, then dim Hom(V,V) = >, n?. Since
dim Homg, (V, Vy) = 1, we must have that V) is irreducible.

We have constructed a set of pairwise non-isomorphic irreducible representations {Vj }a-pn. The number of partitions
of n is equal to the number of conjugacy classes in S,,. Since the number of non-isomorphic irreducible representations
of a finite group is equal to its number of conjugacy classes, this set is complete. O

Remark 18.24. The module V) = C[S,]cy is defined using a specific tableau T to construct Py and Q. If we
choose a different standard tableau T, we get a different symmetrizer ¢). However, the resulting module C[S,]c} is
isomorphic to V).

18.6 Induced Representations of 5,

Let Py be the row stabilizer subgroup for a tableau 7. Consider the representation of S,, induced from the trivial
representation of Py. Let Uy = Ind}i"; Ctriv- This module can be realized as a left ideal in the group algebra:

Indg;l (Ctriv = (C[Sn] ®C[P>\] (Ctriv = (C[Sn]a)\a

where ay = > g. The isomorphism maps x ® 1 — zay.

gEPA
Proposition 18.25. For partitions A, i of n:
1. If X > p, then Homg, (Uy,V,,) = 0.

2. dimHomSn (U,\,V)\) =1.
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Proof. Using the isomorphism Hom 4 (Aa, M) = aM for A = C[S,,], we have:
Homg, (Ux, V) = Homg, (C[S,]ax, C[Sy]cu) = axC[S,]c, = axC[Sy]aub,.

This space is contained in ayC[S,]b,. By Lemma 18.17, if X > p, then a\C[S,]b, = 0, so Homg, (Ux, V) = 0.

For A = p, we have Homg, (Uy, V) = axC[S,]cx = axC[S,]axby. This space is spanned by axby = cj, so it is
1-dimensional. To confirm that it is nonzero, we can apply the Frobenius reciprocity:

Homg, (U, Va) = Homg, (Ind7? Cuiv, Va) = Homp, (Cuiv, Resyy Vi),
Since we have
Res}q)"; Vy = Resi; C[Sn]axby D Res "1 axby = Cuiy,

this implies that dim Homg, (U, Vi) # 0. O

This proposition implies that the decomposition of Uy into irreducibles V), is of the form:

Un=EPEunV, and K =1.
B>

The numbers {K,»} are the Kostka numbers.

18.7 Character of the Induced Representation U,

We now compute the character xy, of the representation Uy = Indiz Ciriv-

Theorem 18.26. Let C, be the conjugacy class in S, corresponding to the cycle type T = (11,22 .. .), where iy, is
the number of cycles of length k. Let A = (A1,..., ) be a partition of n. Let Hy,(x) = «f* + x5 + - + 2% be the
power sum symmetric polynomial in N > p variables. Then the character value xu, (g) for g € C; is the coefficient of

= -~-x1’>" in the polynomial product [, <, Hy ().

Proof. The character of an induced representation Indg V' is given by the formula:

1 _
XInd§ vig) = W Z xv(zgz™t).
z€G,xgx—1€H

In our case, G=95,, H=Py,and V = (Cmv, so xv is always 1. For g € C, the formula simplifies to:

C, NPy - 2,

r €S, xzgr e P} = ,
{ gt € | = SR

XUx (g) |P ‘
where Z, is the centralizer of g. The size of the centralizer is |Z,| = Hm>1 mimi,,!, where i,,! corresponds to the
permutations of the disjoint cycles of length m and mim refers to the cyclic permutation inside each of the disjoint
cycles of length m. The size of the subgroup Py = Sx, x Sy, x ... is [Py| = [[; Al
We need to find [C- N Py|. An element in Py is a product of permutations, one for each row group Sy;. Let 7;,,
be the number of m-cycles in the permutation acting on the j-th row. For an element to be in C. N Py, we must
have )7 =i, for each m, and for each row j, >° m-r; = A;. The number of elements in Sy, with cycle type
(171,272 ... ) can be computed again as the quotient of the order of the group by the order of the centralizer of the
given cycle type, namely N
j

[ 0T
Hle mimrs.,.:

|Cr- N Py| = ZHH

b
mTimr; |
roj>1 m>1 T im

So,

where the sum is over all (r;,, ) satisfying the conditions }_,r;,, = i, for each m and }_
Putting it all together:

Z Z"L
(o) = (gl n el = 1 Hw ZHH

r j>1

(H mlmzm > Z H mTim T
=Y gt = g
- Hm Z Twa . ! H] Jm‘

mm -7, = A; for each j.

]
m>1 I T,
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This final expression is the coefficient of 27" - -- a:;}” in the expansion of ], -, («7* +--- +z}")"". By the multinomial
theorem, the coefficient of [ ];(z}")™m in (27" +--- + )i is Hi’:! ;. The total exponent of z; is ) m-r; , which

iTim-

must be equal to A;. Summing over all possible choices of r; = gives the desired coefficient. O

18.8 Example: 53

Let’s analyze the induced representations for Ss.
o )\ = (3) D:I:‘ P(3) = S3. U(3) = Indgz (Ctriv = (Ctriv-

o )\ = (]_, ].7 ].) . P(17171) = {6} U(17171) = Indfg} (Ctriv = (C[Sg]

[ ] )\ = (2, 1) ‘ P(Q,l) =~ SQ. U(271) = Indgz (Ctriv-

Let’s compute the character of U, 1) using the theorem. Here A = (2,1). We need two variables, x1,z5. We seek
the coefficient of z3x3.

e Identity element g = e: Cycle type (1%). i; = 3. We need the coefficient of 22z in Hi(7)3 = (21 + 22)% =
&} + 3xiws + 3x123 4+ x3. The coefficient is 3. So xv, ,,(e) = 3.

e Transposition g = (12): Cycle type (11,2'). i; = 1,i2 = 1. We need the coefficient of #2z5 in Hy(z)Ha(z) =
(21 + @2) (2} + 23) = 2} + aiwe 4+ 125 + 23. The coefficient is 1. So xv,, ,,((12)) = 1.

e 3-cycle g = (123): Cycle type (3'). i3 = 1. We need the coefficient of 23x5 in Hs(z) = 23 + 3. The coefficient
is 0. So xv,,,((123)) = 0.

The character table for Ss is:

e (12) (123)
Viey |1 1 1
Vaay |1 —1 1
Ve |2 0 -1
Uay |3 1 0
By inspecting the characters, we can see that xv, ,, = Xv(5, + Xv(,,,- Therefore, U 1) = V(3) @ V(2 1).

Conclusions: Representations of S,

1. The irreducible representations of .S,, are indexed by partitions A of n.
VA = C[Sy]ea
We have V), 2V, if and only if A = p.
2. The induced representations from trivial representations of Young subgroups Phy:
Uy = Ind2; Coriy
where A = (A1, A2, ..., A,) is a partition of n.

U,\ = (C[S,qu
The character of Uy on a conjugacy class C; of cycle type i = (i1,1i9,...) is given by:

xu, (C3) = coefficient of 2 = H:r;\J in H H,,(z)'™,
J

m>1

where H,,(z) = Yoo, & for N > p.
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18.9 Character of Specht module V)

Consider the Vandermonde determinant in N variables:

A)= [ @i-=)

1<i<j<N

Let p=(N—1,N —2,...,1,0). Then A(x) can be expressed as:

Al)= Y (=1)7a7®)

cESN
_1\o : : o def a; p _ .N—1 N-2 0
where (—1)7 is the sign of the permutation o, and z® = [[,z7". For example, o = a7 ‘x5 “---z}. The
determinant form is:
xiv_l xiV_Q coox 1
xévfl xévfz ooz 1
A(z) = det
x%71 x%ﬁ ... zy 1
For example, with N = 3:
2 x; 1
3wy 1| = (11 — 22) (w1 — 23) (22 — 3)
r3 w3 1

Theorem 18.27 (Frobenius Character Formula). Let N > p, where p is the number of parts in the partition A =

(M, ...

,Ap). The character of the irreducible representation Vy on the conjugacy class Ci of cycle type i = (i1,142,...)

is the coefficient ©y of 2 7 = I1; x;\ﬁNij in the polynomial A(x)[],,>, H,,(x)m.
Proof Sketch. Let ©,(C}) be the specified coefficient.

(1)

First, we express ©) in terms of the characters of induced representations xy, .

coeff of 227 in < Z (l)ax”(p)> H H,, ()

ogeESN m>1

0. (Gs)

Z (=1)° [ coeff of 27 in () H H,, (z)im

ceSN m>1

= Z (=1)° [ coeff of 2 +P=o(P) ip H H, ()

oceSN m>1

- Z (_1)UXUA+o—v(p>(Ci)

ogESN

Here, if A + p — o(p) has negative entries, the corresponding character is taken to be zero, and if it is not
non-increasing, then the terms are rearranged to make it a partition.

This shows that ©) is a virtual character. Let = A+ p — o(p). The term for o = 1 (the identity) gives xp, .
For other o, the partition p > A since p > o(p).

Or= XU, + Y _ e,
>

Substituting xu, = ZMZ)\ Ky, xv, where K, are the Kostka numbers and K\ = 1, we get

Ox=xv + > Mauxv,
u>A

for some integers My,,.

To show that © = xv,, it suffices to show that (©),0,) = 1, where (-, ) is the standard inner product on class
functions. See a combinatorial argument given see Etingof, Introduction to Representation Theory.

O
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18.10 Dimension of the Specht module V)

The dimension of a representation is its character evaluated at the identity element. The identity element in S,, consists
of n 1-cycles, so its cycle type is i = (n,0,0,...). For this class, H,,(z)° = 1 form > 1 and Hy(2)" = (z1+--+2n5)"
Thus, from Theorem 18.27:
dim V) = xv, (Cno,...)) = coeff of 2’7 in A(z)(z1 + -+ +an)™
Theorem 18.28. The dimension of the irreducible representation V) is given by
n!

j=1%" 1<i<j<N
where lj = X\j + N — j.
Proof. We need to find the coefficient of 27 = I1; x? in A(z)(z1 4+ +an5)™

dim Vy, = coeff of 2*** in ( Z (1)”x"(p)> (x4 +an)"

g€SN
= Z (-1)° (coeff of 2P in 27" (zy + - + a:N)”)

oESN

. To get the monomial z*** = H x , we need to extract the
—o(4)

For a given ¢, we have the term z7() = [T, x;-v_a(j)

MENTT = 2 in the expression z7) (x; 4+ ... + 2x)". We already have the factor x

g
-N
and it remains to take x ol

monomial T inside z7(®)
7 from (k14 ... +zn)", if I; > N —o(j). The coefficient of this monomlal is given
by the multinomial coefﬁment, provided all exponents are non-negative. This coefficient is W, assuming
l; > N —o(j) for all j. If this condition fails for some j, the coefficient is 0.

dim V) = Z (—1)°

n!

[L{ = N +o(i)!

n! P I]jb!
- 1 > (-1 LW — N +0())!

= T C TG 1 = N+ o)+ 1)

J

The condition l; > N —o (i) is implicitly handled because if [; < N—o (i), then [;—N+0(i) < 0 and I;—N+o0(i)+1 <0,
and I; > 0, so the product contains zero.

:WZ Haj[, where aj; =1;({; —1)...(l;, - N+i+1)
3" oesy
n!
The N x N matrix (aj;) has entries aj; = kN Ol Y1 — k).
Wil -1)...(Lh—-N+2) ... 1 1
lb(lo—1)...(l—=N+2) ... Iy 1
det(aji) = det . . . .
INIn—1)...(INn—N+2) ... Iy 1
The columns of this matrix are polynomials in [;. The ¢-th column (from the right, ¢ = 1,..., N) is a polynomial of

degree i — 1. By performing column operations, subtracting the second to the right column from the previous one, then
a combination of the second and third column from the previous one, and so on, this determinant can be transformed
into the Vandermonde determinant.

NN
A P P |
det(aj;) = det ? 2 ) S = H (I — 1)
: : t. : : 1<i<j<N
N N N |
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Substituting this back, we get the desired formula:

n!

dim V)\ =

(l; = 1;) wherel; =X+ N —1i. O

18.11 Example: S3, A = (2,1)

Let n =3, A =(2,1,0). We take N = 3. The values of [; are:
eli=M+N-1=2+3-1=4
e lb= )+ N-2=1+3-2=2
e ls=X3+N-3=0+3-3=0

Using the formula from Theorem 18.28:

. 3! 6 6-16

Alternatively, using the determinant form:

(A D A T R VO B
diIan(gﬁl):ﬁlg(lg—l) l2 ll=—12-1 2 1
200 -1 o1 ®lo 01

1 1 16
o (12:2-4-2)=-(4-8) = =2

o )= 2(24-8) =

As a direct calculation, we need the coefficient of 22 = 212329 in A(z)(z1 + 22+ x3)3. The condition [; > N — o (j)
for j =31is 0 > 3 — 0(3), which implies ¢(3) = 3. The permutations in Ss satisfying this are 0 =1 and o = (12).

_ . 3! _ 6 _
o Foro=1: (-1)! A3 2=3F2)1(0=353)1 — anlol — o
|
e For o = (12): (—=1)*% (4,3”),(2,3“)!(0,3%), = — 301 = — 1.

Total dimension is 3 — 1 = 2.

Exercise

Calculate dim V5 1) with N = 2.

18.12 The Hook Length Formula

Definition 18.29. Let Y, be the Young diagram of a partition A. For a cell (7,7) in the diagram (i,7 > 1,7 < \j)
the hook length h(i,7) is the number of cells in the hook starting at (i, j), which consists of the cell (i, 7) itself, all
cells to its right in the same row, and all cells below it in the same column.

Example 18.30. For A = (2,2,1), the hook lengths are:

’»—lwylk
—

Theorem 18.31 (Hook Length Formula). The dimension of the irreducible representation V) is given by
n!
[i.gyen hli5)

where the product is over all cells (i,j) in the Young diagram of A.

dim V) =
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Proof Sketch. We start with the formula from Theorem 18.28, taking N = p (the number of parts of \).

. n!
dim Vi = =7 T @-u)

J=1"9" 1<i<j<p

The proof consists of showing that Moy ls

(k=1):

5 = [1¢,jyex h(3, 7). This is done row by row. For the first row

I! .
—_ = h(i,1
[l — 1) };[1 1)
Let’s analyze the terms. I; = A\; +p — 1. This is the number of cells in the first row plus the number of cells in the
first column, minus one, which is exactly the hook length of the top-left cell, h(1,1). The terms in the denominator
areli —lj=M+p—1)—(\j+p—J) =X —Aj +j — 1. These values correspond to the "missing” numbers in the
product [;! that one needs to cancel to obtain the product of hook lengths in the first row.

Put I3 = h(1,1) in the lower left corner of ¥). Then go down from Iy to 1 by putting the number k& — 1 to the
right of k if k lies inside Y}, or above k if k lies outside of Y). Since an orthogonal north-east walk on checkered paper
between two given squares takes the same number of steps, you will finish exactly at the upper right corner of Y, with
the number 1. Now notice that the numbers inside the diagram Y, are exactly the hook lengths in the first row. The
numbers outside Y) are those that we need to skip from I;! to get the product HieAl h(i,1). In the j-th row we have
li—1l; = X\ —Aj+j—1, where (A\; — \;) indicates by how many steps \; is longer than \;, plus j indicates the number
of squares down from the first row, and —1 stands for not counting the corner twice. So l; —[; is exactly the length
of the "missing hook” in each row starting from row 2 down to the last row p.

The figure below shows a Young diagram of type (6,4,4,3,3,1,1) with hook lengths in the first row and the same
diagram with all numbers from 1 to 12 listed according to the rule above and the missing hook lengths I; — {; for
j =2,...p shown in red outside of the original Young diagram.

2lols|s]2]1] _.  [12]9]8]5]2]1
3
4

98

10

1211

A similar argument holds for each row:

l;! a
P — h(k,)
[l (i = 1)) kl;[l

Multiplying these expressions for all rows ¢ = 1,...,p gives the desired result.
-1
dim V: | ﬁ 1 ﬁ (U= 1) n! -
MLV =1 70 i by = 3 -
il L j=it1 [Lii.yen h(i,5)

Example 18.32. Hook length formula for the irreducible representations of Ss.
A=(1,1,1) A=(2,1) A=(3)

311
311

dim Vi 11y = 31 dim Vi 1) = 3L _ 9 dimV(3):37!:1

3-2-1 3-1-1 3-2-1

18.13 Induction and restriction between S,_; and 5,.

1. Resgz_l Vi =@er ) Va, where R(p) is the set of Young diagrams obtained by removing one square from Y),.
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2. Indg;f_l V, = ®A6A(;4) Vi, where A(p) is the set of Young diagrams obtained by adding one square to Y),.

See PS 13 for the proof.

Example 18.33. Restriction from S4 to S3. We used the hook length formula to check the dimensions.

Sy
V

4!

1211 °

dim
3

Induction from Ss to Sy:

S3
V

dim V ‘:2

dimIndg! V ‘:42:8

Conclusions: Representations of 5,

Ss
Res v oV
3! 3!
M= sT =3
=241
Sy
Ind
(;4 3 di 4 2 di 3
m=s Am=aTeT T M
=3+2+3

1. Complex irreducible representations of S,, are the Specht modules {Vi}x a partition of n; Va = C[Sy]ea.

2. The character is given by the Frobenius character formula: v, (C;) = coefficient of X*™* =[] j

J

polynomial A(z) 1,51 Hm(2)"™, where A(x) = [li<icjen(@i—z)).

Here C; is the conjugacy class of type (i1, 2, ..

., 4, ... ), where i; = #of cycles of length .

AR

in the

3. The dimension is given by the hook-length formula: dim V) = ﬁ'h(”), where h(i,j) is the number of
i ;

[SP

squares in the hook starting at square (4, j) in the Young diagram Y.

4. Branching Rules: Induction and restriction between irreducible representations of S,,_; and .S,, can be encoded
by adding and removing a single square from the Young diagram.

19 Schur-Weyl Duality

Theorem 19.1 (Double Centralizer Theorem). Let A, B be two subalgebras of End E, where E is a finite dimensional
complex vector space. Suppose that A is semisimple and B = Endy E. Then

1. A=Endg F = Endgna, g E (double centralizer property).

2. B is semisimple.

3. As a representation of AQB, E decomposes as E = €
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V.@W,; where {V;};cr are the irreducible representations
of A and {W;};cr are the irreducible representations of B.



Proof. Since A is semisimple, the representation E decomposes as E = @,.; V; ® W;, where V; are the irreducible
representations of A and W; = Hom,4 (V;, E) are the multiplicity spaces.

Consider the endomorphism algebra B:

i€l

B =EndsE =Homs | PV; @ W,;, P Vi ® Wy | ~ @D End(W;)
jer kel il

This follows from Schur’s Lemma, which states that Hom4(V;, V;) = 6;;C. The algebra B is a direct sum of matrix
algebras, which implies that B is semisimple, and {W;};cs is the complete set of irreducible representations of B.
Now consider the centralizer of B, Endpg E:

Endp E = Homp | @ V; @ W;, P Vi @ Wi | ~ €D End(V;)
jeI kel iel

Since A is semisimple, A ~ @, ; End(V;). Thus, Endp E' ~ A. The irreducible representations of this algebra are
{Vi}icr. Therefore, we have the decomposition

E:@Vi@m O
el

The idea is to apply this theorem to E = V®" where A = C[S,,] is a semisimple algebra acting by permutation of
factors, and B = End s (V®").

Let dimV = k. The endomorphism algebra End(V) = Mat(C) can be viewed as the Lie algebra gl(V) with the
commutator bracket [A, B] = AB — BA. The Jacobi identity holds: [A, [B,C]] + [C,[A4, B]] + [B, [C, A]] = 0.

Let T (gl(V)) be the tensor algebra of gl(V'). The universal enveloping algebra U(gl(V')) is defined as the quotient

U(gl(V) < T(gl(V))/{u ® v — 0 ® u— [1, 0]} eqv)

This is an infinite-dimensional associative algebra.

Example 19.2. Let V = C?, so gl(V) = gl,. A basis is given by:

e=(00) 7=(00) n=(o %) 1=(c %)

The Lie algebra relations are:

[eaf] :ef_fe:h
[h,e] = he — eh = 2e
[h, fl = hf— fh==2f
and [z,I] = 0 for all € {e, f,h}. The universal enveloping algebra is U(gl,) ~ C{e, f, h, I)/(Relations). Elements

of U(gl,) are polynomials in non-commuting variables e, f, h, I. For example, f? corresponds to f ® f in the tensor
algebra.

The algebra gl(V) = End(V) acts on V. This action extends to an action of U(gl(V)) on tensor powers V™. This
is defined via the coproduct A : U(gl(V)) — End(V®"). For X € gl(V), we define recursively:

AMX =) 19070 @ X @190

i=1
Forn=2,AX =X®1+1®X for any X € gl(V). For the elements of U(gl(V)), we define A(ab) = A(a)A(b). Let’s
check that it preserves the Lie bracket relation:
Ale, f) =Ah)=h®@1+1®h
[A),A(f)] = (e01+10e)(fRl1+10f)—(fel1+1@ f)e@1+1®e)
=(ef@l+e@f+fRet+1l®ef)— (ferl+fRe+e® f+1R® fe)
=(ef—fe)@l+1le(ef —fe)=hR1+1Qh

This confirms that A defines a representation of U(gl(V)) on V®2. The map A" is coassociative, so we have a
well-defined action of U(gl(V')) on V& for all n € N,..
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Theorem 19.3 (Schur-Weyl Duality). Let E = V@ where V is a finite dimensional vector space over C. Let S,
act by permutation of factors in V™. Let f : C[S,] — End E be the corresponding representation map, and let
A=TImf CEndE. Then the centralizer algebra B = End s FE is the image of U(gl(V)) in End E under the map A™.

Proof. First, we show that the image of U(gl(V)) is contained in the centralizer. Let b € U(gl(V')). The operator A™b
acts on V", The action of A”X for X € gl(V) is symmetric with respect to permutation of factors. For example,
for n = 2 and the transposition (12):

(12) o (Ab)(v @ w) = (12)(W R W+ v bw) =W R bv + bw v
(Ab)o (12)(v@w) = (Ab)(wRv) =bwRv+w bv

The actions commute. Since the algebra U(gl(V')) is generated by elements of gl(V'), the image of U(gl(V')) commutes
with the action of S,,. Thus, Im(U(gl(V))) C Ends E = B.

For the other inclusion, we need to show that any endomorphism that commutes with the .S,, action comes from
U(gl(V)). The algebra of endomorphisms commuting with the S, action is the algebra of symmetric tensors in
End(V®") 2 (End V)®", which is S"(End V). So we need to show that the image of U(gl(V)) is precisely S™(End V).
This follows from the next lemma. O

Lemma 19.4. 1. If U is a C-vector space, then the space of symmetric tensors S™U is spanned by elements of the
formu®" =u®---Qu, foruecU.

2. For a C-algebra A, the algebra of symmetric tensors S™A is generated by the elements A™(a) = >, 196-1) g
a® 12— fora e A.

Proof. (1) The space S™U is an irreducible representation of GL(U) under the action g-(u; ®- - -Quy) = gui ®- - -Q gy,
The subspace W = span{u®" | u € U} is clearly a subrepresentation, since g-u®™ = (gu)®" € W. Since W is non-zero,
and S™U is irreducible, we must have W = S™U.

(2) This is a consequence of the fundamental theorem of symmetric functions (related to Newton’s identities).
This theorem states that any symmetric polynomial can be expressed as a polynomial in the power sum symmetric

polynomials. Let Hy(z1,...,2,) = Y., aF. For example, the elementary symmetric polynomial e, (z1,...,z,) =
Z1...x, can be written as a polynomial P(Hq,..., H,) with rational coeflicients. For n = 2, z1z9 = %((ml +29)% —

(a3 a3) = L(H? — ).

Now, let A = End(V). For any a € A, consider the elements X; = 1® - ®a®---®1 (with a in the i-th position).
These commute with each other. For a* € A we have A"(a*) = > XEF. By the theorem on symmetric functions,
any symmetric polynomial in the X; can be generated by the power sums A"(a*). In particular, we can generate
X1Xs... X, =a®a® - ®a. By part (1) of the lemma, these elements span S™A. Thus, the elements A™(a) for
a € A generate S™A. Since A = gl(V'), this shows that the image of U(gl(V)) is S™(End V). O

Theorem 19.5 (Schur-Weyl Duality for U(gl(V))). 1. The image A of C[S,] and the image B of U(gl(V)) in
End(V®™) are centralizers of each other.

2. Both A and B are semisimple. V®" is a semisimple representation of both C[S,] and U(gl(V)).

3. The space V™ decomposes as a representation of C[S,] x U(gl(V)) as

yenr :@Vw@m
A

where X runs over partitions of n. Here {Vy} are the irreducible Specht modules for Sy, and {L) = Homg, (Vy, V®™)}
are inequivalent irreducible representations of U(gl(V')), or zero.

Proof. The algebra A = Im(C[S,,]) is semisimple (since C[S,,] is). By Theorem 19.3, B = End4(V®") is the image of
U(gl(V)). All statements now follow directly from the Double Centralizer Theorem 19.1. O

Example 19.6. Let V = C2. For n =2, V¥% = S2(V) ® A%(V). In terms of the Schur-Weyl decomposition:

v®2:v‘ | ‘®L‘ | ‘@VH@)LH
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Here VD:‘ is the trivial representation and Vf— is the sign representation. LD:‘ = S%(V) is 3-dimensional, and

LH = A2%(V) is 1-dimensional. If {e1, ex} is a basis for V, then LD:‘ is spanned by {e1®e1, e1 Qe +ea®eq, ea®eq}

and LH is spanned by {e] ® ea —es @ e }.

For n = 3, V®3 has dimension 22 = 8. The decomposition is

The dimensions of the S5 representations are dim VD:I:‘ =1 and dimV

representations are: dimLD:I:‘ = dimS*(V) = (°73
dimensions: 8 = (dim VD:I:‘ - dim LD:I:P + (dim Vf

This implies 2 dim L,

O IR R

‘: 4, so dim I,

‘:2.

3+271) —

‘ = 2. The dimensions of the g,

(3) = 4. dim

3

‘ can be found by checking

—‘):(1-4)+(2~dimL ‘).

Remark 19.7. Only the partitions A with a number of rows less than or equal to dim V' will appear in the decompo-
sition (i.e., Ly # 0 only if A} < dim V).

The End

o6




