EPFL - Fall 2025 Zsolt Patakfalvi
Rings and modules Exercises
Sheet 5 - Solutions

Exercise 1. Let R be a commutative ring. The projective dimension of an R-module M is
the smallest integer n = 0 such that there exists a projective resolution

Oﬁpn_)Pn—l_)“'_)PO

of M. We write projdim(M ) = n, and if no finite projective resolution exists, this number
is by definition oo.

In our case, we focus on the ring R = k[x,y]/(:c2 - ys) and M = R/(z,y). The goal is
to show that M does not have finite projective dimension. Proceed as follows:

(1) Compute the dimension as a k-vector space of EXt}{(M, M).
(2) Show that there is a short exact sequence

0—M— Rly— M — 0.

(3) Use the two points above to show that Ext’(M, M) # 0 for all i = 0.
(4) Conclude that projdim(M) = oo.

Remark 0.1. A celebrated theorem of Serre states that a ring R is reqular if and only if every
module M over R has finite projective dimension. Without going into details, regular means
that the associated algebraic variety looks "good" (e.g. would be a smooth manifold over the
complex numbers). This gives a very important application of Ext-functors in commutative
algebra, since they help detect the projective dimension of modules (and hence regularity
of the ring).

In the case above, note that the associated variety (here {(z,y) € R*|2” = y°} if k = R)
doesn’t look good at the origin (draw this curve!), it has a so-called cusp singularity, and
hence it is not regular. This exercise is then about verifying Serre’s theorem in a special
example.

Proof. (1) To compute Extl(]\/[, M), we will find the first few pieces of a resolution of M.
Consider the sequence

R’ Yy R LAY s M,

where R — M is the quotient map, and we set 7(a,b) = az + by and (a,b) =
ay, —z)+b(z, —y*). It is immediate to see that the kernel of R — M is (z,y) = im(r),
and im(1) € ker(w). Hence, in order to show that the sequence above is exact, we
have to show that ker(w) = {(y, —z), (z, —v°)).

Let us do that now, so consider two polynomials f, g € k[z,y] such that zf + gy =
(2 = y°)h for some h € k[z,y]. Re-ordering, we get that

2
z(f —xh) = —y(g +y h).

Since = and y are coprime in the UFD k[z,y], we obtain that x divides g + th and y

divides f — xh. In other words, we can write

{g +y°h = apy;

f=xh =yp,.
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(and thus automatically p, = —p;). We then obtain that

(f.9) = h(z,=y") + ps(y. —2),

which concludes the proof that ker(r) = ((y, —z), (=, —yQ)).
Applying Hom(—, M) to the piece of the projective resolution of M that we found
gives a sequence

M? ¢ M? ¢ M,
(recall that Hom(R", M) = M" by sending a map f: R" — M to (f(e1),..., f(e,)) €
M"). Furthermore, an explicit computation with the explicit isomorphism we just
wrote shows that W'(T) = (7,7) =0, so 7 =0. Similarly, we get that w'(l, 0) =(9,7) =
0 and ¥'(0,1) = (=%, =7°) = 0, so again ¢' = 0. This shows that Ext' (M, M) = M?,
so its dimension over k is 2.

The quotient map R — M factors through R/y — M, and its kernel is then K =
(z,v))/(y). First, note that K # 0. Indeed, otherwise we could write

v = fy+g(a’ -y’

in k[z,y]. However, setting y = 0 in this equation gives x = g:c2 in k[2], which is
impossible.

Now, consider the surjection R — K given by sending 1 to . Then its kernel
certainly contains y, but also x since its image is 2’ = y3 € (y). Thus, the kernel
of R = K contains the maximal ideal (x,), so since K # 0, we deduce that K =
R[(z,y) = M.

First of all, let us show that

0-R5>R—-Rly—0

is exact. The only thing to show is that y is a non-zero divisor (i.e. the first map
is injective), but this follows from the fact that -y’ e k[x,y] is an irreducible
polynomial (seen as a element in k[z][y], it has degree 2 but no root).

The associated long exact sequence is Ext-modules shows that:

Hom(R/y, M) = M;
Ext' (R/y, M) = M;
Exti(R/y, M) =0 for all i = 2.

Let us apply Hom(—, M) to the sequence in (2). Then the long exact in Ext-modules
and our computation right above gives that

Ext' (M, M) = Ext™" (M, M)

for all = = 2, and a sequence

> Ext'(R/y, M) ———— Ext' (M, M) j

[» Ext’(M, M) 5 0.
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Since Extl(R/y, M) = M has k-dimension 1 and Extl(M, M) has k-dimension 2 by the
first point, we obtain that the map Extl(R/y, M) - Extl(M, M) cannot be surjective,
SO E:><t2(]\47 M) # 0 by exactness. Thus, we have obtained that Ext'(M, M) # 0 for all

1= 0.

(4) If M had a finite projective resolution, then by definition, we would obtain that for
any R-module N, Ext%R(N, M) =0 for i > 0. This contradicts the previous point.

Exercise 2. For two short exact sequences

0 — M, > M,

~
=
~
jan}

and

0 > Ny > Ny > N > 0

we say that there is a map between them if there exists morphisms f;
1 =4 < 3 and a commuting diagram

0 > M, > M, > M, > 0
\Lfl \sz \Lfs
0 > N, > N, > N > 0.

O

. M,L - ]\/YZ‘7 fOY

Show that whenever there is a map between two short exact sequences, then there is an
induced map between long exact sequences of Ext-modules, making the suitable diagram

commute.

Proof. By applying the Horseshoe Lemma 5.5.5 in the lecture notes there exists projective
resolutions P of M, and PN of N; for ¢ = 1,2,3 and a commuting three dimensional

diagram:

0—spM s pM2 s pMs__ 4

' / '

0 —> M, > M, > My —— 0
—> P —— P. > P
0 — N1 N2 > Ny — 0

By Theorem 5.4.20 in the Lecture notes we can extend this diagram, by extending f; :

M; = N; to a (unique up to homotopy) morphism of chain complexes f,

: PMi o PN for
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1 =1,2,3. Therefore we have a three dimensional diagram commuting up to homotopy:

0— P —— s pM s pMs 5

/ / '

0 — M, s M, l s My —
_> le P. > P —> 0
0 > N1 NQ > N > 0

Let K be some R-module, we can apply Homp(—, K) to the above diagram, then we get a
diagram which commutes up to homotopy by Remark 5.4.15 and with the backside of the
diagram still having exact rows as explained in (5.6.1) in the proof of Theorem 5.5.6. If we
take cohomology we get an induced morphism f;; Ext’(M;, K) — Ext'(N,, K) for every

2 0 and ¢ = 1,2,3 which commutes with the horizontal morphisms in the diagram by
Proposition 5.4.17. We want to show that these morphisms commute with the connecting
homomorphism (denoted &, and dy respectively) appearing in the long exact sequence Prop
4.5.1, i.e., from what has been said above we have a diagram :

Ext'™ (M, K) =23 Ext'(Ms, K) — Ext'(M,, K) — BExt'(M,, K)

l l l Lo

EXti_l(NlaK) o ? EXtZ(NZ’nK) — EXtZ(N%K) — EXtZ(Nl’K)

where only the commutativity of the first square needs to be checked. I.e we are checking
that the long exact sequence of cohomology (Proposition 5.5.1) is functorial. To this end
we revisit the set up of Proposition 5.5.1. We use the notation in Proposition 5.5.1 to
make it easier for the reader. To this end suppose we have a commutative diagram between
cocomplexes, with exact rows:

~
5
~
)

I

H,

N
dp l@a l@H
G,

~
)

~

Where the structure morphism of the complexes are denoted f;, g;, h; and fl-' , g;, h; respec-
tively (as in Proposition 4.5.1). We want to check that the morphisms J; : Hi(H.) -
H™'Y(F.), 6; + H'(H.) = H™'(F.) constructed in Proposition 4.5.1 commutes with the
morphisms induced by @z, ®y. To this end let x € Hi(H.), and let x € H; be a lift of x.

Let y € GG; be a preimage under (; of x then @iG(y) € G} is a preimage under 3 of @}{(i)



The situation is illustrated by the following diagram:

0—— F, « el S s H, —0
%/ J :pg/ J cle/
0—> F l s l > H, 2 J
1 ? i+l 1 > Gz‘+1 ‘ 1 ” Hi+1 — 0
v, b L
Bix
0 ? Fz‘,+1 = 4 G;+1 - 7 H£+1 — 0

Let now z € F,,; be such that a,41(z) = ¢;(y) (so that §;,(x) is the class of z inside

HHl(F.)). It is sufficient to show that a;H(q)Z;l(z)) = gl(@lg(y)) This follows by some

casy diagram chasing as follow: We have aj,,(®%'(2)) = &6 ' (c41(2)), but by definition

we have a;41(z) = ¢;(y). By the commutativity of the diagram ®5 (g:(v)) = g/(®5(y)).

Let now z' € Hi(Hl) be the image of x under the morphism induced by ®5. As a;H((IDZ;l(z))

g(®(y)) and @4 (y) is a preimage under 8 of @4 (z), which is a lift of ' to H, we obtain
3 I

that 6;(z") is equal to the class of ®%'(z) inside H"'(F.). The latter is by definition equal
to the image of §;(x) under the morphism induced by ®, which concludes the proof. [

Exercise 3. In this exercise we prove the the two 4-lemmas. To this end, suppose that we
have a commuting diagram with exact rows:

A > B > C > D

N

(1) Show that if a and ¢ are surjective and d is injective, then b is surjective.
(2) Show that if b and d are injective and a is surjective, then c is injective

Proof. (1) Let 8 € B', we want to show that there exists 3 € B such that b(3) = §'. To this
end, since c is surjective there exists v € C such that c(v) = fg,(ﬁ,). By commutativity
we get dfs(7) = fze(y) = fafo(B'). By exactness of the rows fsfo(5') = 0 and hence
f3(7) € ker(d). By assumption ker(d) = 0 and hence (using exactness of the rows)
v € im(fy). Let 8, € B be such that fo(3) = 7. We have fo(b(8;) = 3') = 0,
by commutativity and definition of 5; and ~. By exactness of the lower row there
therefore exists o' € A' such that f{(a') = b(B3) - A'. By assumption a is surjective,
so let o € A be such that a(a) = o/. We have bf;(a) = b(8;) — 8' by commutativity.
Let 8 = 6, — fi(a), then b(B8) = b(8) = b(B) + B = . We conclude that b is an
epimorphism.

(2) Let v € C be such that c(y) = 0; we want to show that v = 0. By commutativity
we have df;(7) = fsc(y) = 0, and by injectivity of d it follows that fy(y) = 0. By
exactness of the rows we get v € im(f,), so let 3 € B be such that f,(3) = 7. Now
again by commutativity we have f,b(3) = c¢fo(8) = 0 and thus by exactness of the
rows there exists &' € A' such that f(«') = b(8). Then by surjectivity of a we can also



take o € A with a(a) = o'. Thus we get by commutativity bf; (o) = fia(e) = b(S),
and by injectivity of b it follows that f;(a) = 3. But thus v = f,(8) = fofi(«), which

by exactness gives v = 0. Hence v is a monomorphism.
O

Exercise 4. !

(1)

(2)

Set k = F, and G = Z[pZ. Find all the submodules (i.e. ideals) of R = k[G].

[ Hint: To understand Fp[Z/pZ] in terms of more common rings, it might be a good
idea to look for ring morphisms F,[z] — IFP[Z/ pZ] and investigate both kernel and
image. |

For p = 2, let o denote a generator of G and set M = (x + 1) € k[G]. Compute
Extl(M, M) for all i = 0.

Proof. (1) We define a k-algebra morphism (i.e. a ring morphism that is also k-linear)

1

® : k[x] - k[G] by mapping  — dg4, where 0, is defined as in the hint and g € G is
a generator (such a morphism always exists by the universal property of k[z]). Then
notice that

P(2"=-1)=(6,) -1=6p-1=6,,-1=0

and thus (2" —1) € Ker ®. Thus we obtain a k-algebra map ¢ : k[I]/(gyp -1)— k[G].
Now as the image contains {d,i }o<;<, Which is a k-basis of k[G], we get that ¢ is a
surjective map of k-vector spaces of dimension p. Hence ¢ is an isomorphism.

Now the ideals of k[fﬂ]/(xp - 1) are in one-to-one correspondence with the ideals I of
k[x] containing 2” — 1. Notice that ¥ — 1 = (2 — 1)” as we are in characteristic p, and
thus as k[x] is a PID we obtain that the ideals of k[z] containing 2 — 1 are exactly
I, = ((z = 1)") for 0 < i < p. Translating this to k[G], we obtain that the ideals of
k[G] are precisely ®(1;) = ((3, —1)") for 0 < i < p.

Denote R = k[G]. The map R — M mapping r € R to r(z+1) is clearly surjective. To
compute the kernel, suppose that r(z + 1) = 0. By the isomorphism ¢ of the previous
point, we can view this as an equation inside k[x]/(xQ —1)- As P =1=(z+1)° =0,
we see that the solutions to the equation are precisely the multiples of x + 1. That is,
the kernel of R — M is again M. Hence we get a free resolution

> R—->R—R—M -0

where all the arrows are just multiplication by z+1. Dropping the M from the sequence
and applying Homz(—, M), and under the identification Hompy(R, M) = M, we obtain
the sequence

e Me—MeMe0

where again every map is multiplication by z + 1. But as (x + 1)2 =0in M, every map
is equal to 0, and thus all cohomology groups are equal to M. Thus Extyr(M, M) = M
for all ¢ = 0.

[

as modules over k[G] correspond to representations of G’ over k, we see that something is really wrong
for F,[Z[pz] compared to the case of exercise 3.



7

Exercise 5. In this exercise we define injective modules and prove Baer’s criterion. Let R
be a (not necessarily commutative) ring; any R-module and any R-morphism appearing in
this exercise will be a left R-module resp. a morphism of left R-modules.

We say that an R-module () is injective if it satisfies the following universal property:
Whenever we have an injective R-morphism f : X < Y and an R-morphism g : X — @),
then there exists an R-morphism h : Y — ) making the following diagram commute:

0—s x I3y

\Lg
Kk

Q

We will prove the following:

Theorem (Baer’s Criterion). Suppose that the left R-module Q) has the property that if I is
any left ideal of R and f : I = Q is an R-morphism, there exists an R-morphism F' : R = Q)
extending f. Then Q) is an injective R-module.

We will prove Baer’s criterion in several steps. Assume that the R-module () satisfies
Baer’s criterion.

(1)

Let X,Y be R-modules, and assume that Y is cyclic (generated by b € Y). Let
f X =Y be an injective R-morphism. Show that for every R-morphism ¢g: X — @,
there exists an R-morphism A : Y — () making the appropriate diagram commute.

[ Hint: Tdentify X with a submodule of Y and consider the subset I of R defined by
I={reR:rbe X} ]

Let X,Y be left R-modules with an injective R-morphism f : X <= Y (we identify
X with its image under f). Let b € Y be arbitrary. With a similar approach as in
the previous point, prove that any R-morphism ¢ : X — () can be extended to an
R-morphism h : X + Rb — () making the appropriate diagram commute.

Use Zorn’s Lemma to conclude the proof.

Axiom 1 (Zorn’s Lemma / Axiom of Choice). If (P, <) is a partially ordered set
with the property that every totally ordered subset (often called a chain) has an upper
bound, then there exists a maximal M € P. (that is, for N € P, we have M £ N)

[ Hint: Try to think of what it means for one partial extension of g : X — Q to be
smaller than another. ]

Proof. (1) Let I = {r € R|rb € X} where we consider Ra € Rb via f; it is straightforward

to check that this is an ideal. Then the map [ : I — Q defined by I(r) = g(rb) is a
homomorphism, so we can extend to L : R — @, by the hypothesis. Define h : Rb — Q
by h(rb) = L(r). This is well-defined because if rb = r'b, then r — r' € I and thus
L(r=r") = g((r=r")b) = 0. Also, it is straightforward to check that 4 is an R-morphism
extending g, so we are done.

As above, let I = {r € R|rb € X} and extend [ : I — @ defined by I(r) = g(rb) to
L: R — Q. Then we can define h : X + Rb — Q by h(x +rb) = g(z) + L(r). To show
that this is well-defined, assume that z +rb = ' +7'b. Then (r—r'Yo =2 —2 € X
and thus r — 7' € I, which implies

gz - x’) + L(r — r') = g(x - ac’) + g(r(b- b')) = 0.



Furthermore, it is straightforward to check that h is an R-morphism extending g, so
we are done.
(3) Say that X €Y and ¢ : X — @ is a homomorphism. Consider the set

P={(X\g) | XX cVY, g:X >V, glx =g}

We can define a partial order < on P as follows: (X', ¢') = (X" ¢") if and only if
X'c X" and ¢"|'y = ¢'. Then if {(X},g;)}icq is a totally ordered subset indexed by
some set €2, we can form U;eqf; : [J;eq Ai = @, which then is an upper bound to the
chain. Hence there exists a maximal h : X' = Q, by Zorn’s Lemma.

Now if we have some b € Y — X', we can extend h to X' + Rb, by the previous point.

This contradicts the maximality of h, so we must have X = Y, and we are done.
O

Exercise 6. Use Baer’s Criterion to show that QQ is an injective Z-module.

Proof. Let I be an ideal of Z, then I = nZ some n € Z. Let g : nZ — Q be a group
homomorphism. If n = 0 then the zero map from Z to Q extends g. Otherwise suppose
g(n) = . We can extend f by h:Z — Q defined by h(k) = % for all k. O



