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In this exercise sheet, all rings are commutative.

General de�nitions around the notion of a functor

Let us see how the construction of the Ext-modules can be adapted to an additive
right exact covariant functor.

De�nition 1. Given R a commutative ring, we set ModR to be the category of
R-modules.
A covariant functor F � ModR � ModS is said to be additive if F �0� � 0 (for both
the 0 map and the 0 object) and for all R-modules M , N , the natural map

F �M hN�� F �M�h F �N�
(induced by the projections) is an isomorphism.
An additive covariant functor is said to be right exact is for any short exact se-
quence

M � N � P � 0

the sequence
F �M�� F �N�� F �P �� 0

is exact.

De�nition 2. Let F be an additive right exact covariant functor. For an R-module
M , perform the following construction.

(1) Take a projective resoultion Pa �M of M .
(2) Apply F to the projective resolution to obtain a chain complex F �Pa� given

by

�� F �P1�� F �P0�� 0.

(3) De�ne LiF �M� � Hi�F �Pa��, i.e. LiF �M� is the i-th homology group of the
chain complex F �Pa�.

One can show that LiF �M� doesn't depend on the projective resolution, so that
it gives a well de�ned object. In a similar way as for the Ext-modules, one can
also construct LiF �f� � LiF �M� � LiF �M ¬� for any R-module homomorphism
f � M � M

¬

, and show that this turns LiF into a covariant functor. It is called
the i-th left derived functor of F .

As mentioned in Remark 9.1.7 of the printed course notes, the Tor-functors are
the left derived functors of �iR N . In formulas, Tor

R
i �M,N� � Li��iR N��M�.

One can prove the corresponding statement of Theorem 5.5.6 also for the left
derived functors of a covariant functor:
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Theorem. Let F be a right exact covariant functor and let 0� K �M � L� 0
be a short exact sequence. Then there exists a long exact sequence

�� L2F �K�� L1F �K�� L1F �M�� L1F �L�� FK � FM � FL� 0

Exercise 1. LetR be a ring and letM,N beR-modules. Prove that Tor
R
0 �M,N� 	MiRN .

�Hint: Try to adapt the proof of Proposition 5.3.8 in the printed course notes.�
Exercise 2. Let R be a ring and N an R-module. We say that N is �at if for every short
exact sequence of R-modules

0�M �M
¬

�M
¬¬

� 0

the sequence

0�M iR N �M
¬

iR N �M
¬¬

iR N � 0

is exact. Prove that the following are equivalent:

(1) N is �at,

(2) Tor
R
i �M,N� � 0 for every R-module M and every i % 0,

(3) Tor
R
1 �M,N� � 0 for every R-module M .

�Hint: For (1)�(2) take a free resolution of M and tensor it with N to compute the
Tor-functors. For (3)�(1) use the long exact sequence for left derived functors.�
Exercise 3. Let R � k�x, y� where k is a �eld. Consider the R-modules M �� �x, y� (i.e.
the ideal generated by x and y) and N �� R©M .

(1) Compute Tor
R
i �M,N� for all integers i ' 0.

�Hint: Use the de�nition.�
(2) Is N �at?

(3) Compute Tor
R
i �N,N� for all integers i ' 0.

�Hint: Use the long exact sequence.�
Exercise 4. Let R be a ring.

(1) Prove that free R-modules are �at.
(2) Prove that projective R-modules are �at.

�Hint: Use the characterization of projective modules as direct summands of free
modules.�

(3) Assume that R is an integral domain. Determine for which ideals I of R the R-module
R©I is �at.

Remark 0.1. There exists a partial converse of (2): a �at �nitely generated module over a
Noetherian ring is projective.
The �nite generation hypothesis is very important, as the Z-module Q is �at but not

projective. There are also counter-examples in the non-Noetherian case.

Exercise 5. Let R be a ring containing a multiplicatively closed subset T , and let M be
an R-module. Show that there is an isomorphism of R-modules

T
�1
M 	 T

�1
RiR M.
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Further show that this is an isomorphism of T
�1
R-modules.

�Remark: The right hand side naturally has the structure of a T
�1
R-module by point (1)

of Exercise 6 on Sheet 10.�
Exercise 6. Let R be a ring with multiplicative subset T , and suppose that L, M and N
are R-modules.

(1) Show that if there is an R-module homomorphism f �M � N then there is a natural

T
�1
R-module homomorphism fT � T

�1
M � T

�1
N .

(2) Show that there is an isomorphism of T
�1
R-modules T

�1�MhN� 	 �T�1
M�h�T�1

N�.
(3) Suppose there is an exact sequence

0� L�M � N � 0.

Prove that the sequence

0� T
�1
L� T

�1
M � T

�1
N � 0

is also exact. Deduce that if L LM is a subR-module, then T
�1 �M©L� 	 T

�1
M«T�1

L

and that localization by T is an exact functor of R-modules and that T
�1
R is a �at

R-module.
(4) Let p be a prime ideal of R. Show that there is an isomorphism of rings Frac �R©p� 	

Rp©pRp
.

�Remark: For a local ring A with maximal ideal m we call A©m the residue �eld of A.�
Exercise 7. Let R be a ring, let S be a multiplicatively closed subset, and let M and N
be R-modules. Show that for all i ' 0,

S
�1

Tor
R
i �M,N� 	 Tor

S
�1

R
i �S�1

M,S
�1
N�.

If furthermore R is Noetherian and M is �nitely generated, then also

S
�1

Ext
i
R�M,N� 	 Ext

i
S�1R�S�1

M,S
�1
N�.

Exercise 8. Many algebraic geometers tend not to say �projective modules�, but more �lo-
cally free modules� or even �vector bundles� (as in di�erential geometry!). It would take us
too far to understand the name �vector bundle� (see the course Algebraic Geometry II), but
we can already understand the name �locally free�.

Let R be a commutative Noetherian ring, and let M be a �nitely generated R-module.
Our goal is to show that M is projective if and only if there exists a collection of elements
raixi of R such that each Mai is free as an Rai-module, and SpecR � �i D�ai� where D�ai�
is the complement of V ��ai�� in SpecR (we call such a module a locally free module).
Throughout, you may freely use the following statement, which will be an exercise in the

next exercise sheet.

Proposition 0.2. For any �nitely generated R-module N , we have

N � 0 ¿ Np � 0¾p " Spec�R�.
We will prove our result in several steps:

` Show thatM is locally free if and only ifMp is free as an Rp-module for all p " Spec�R�.
Hint: It can be useful to show that for any �nitely generated module N and p "

Spec�R�, if Np � 0, then there exists a � p such that Na � 0.
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` Show that if M is locally free, then it is projective.
Hint: Remember that projectivity can be detected by exactness of a certain functor.

` Assume that R is a local ring (i.e. it has a unique maximal ideal). Show that M is
projective if and only if it is free.

Hint: Let m be the maximal ideal of R. A good starting idea would be to show that

if m1, . . . ,mn " M is a basis of M©mM , then M is in fact generated by m1, . . . ,mn.

Nakayama's lemma can help.

` Conclude that if M is projective, then it is locally free.


