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Problem Set 5 Solutions

Exercise 1. Let G be a group and H C G a subgroup of index 2. Show that H is a normal subgroup.

Solution 1. Let [G : H] = 2. Then there are two left cosets of H in G: {H,zH}. If g € H, then ghg~! € H for any
heH. If g€ G\ H, then g = zhy, and for any h € H ghg~" = xhyhhy'z~". If this is in 2 H, then hyhhy 'zt € H,
and therefore z € H, contradiction. Therefore, ghg~' € H for any g € G and h € H, and H is normal in G.

Exercise 2. Let G be a group, and f : G — G a map defined by f(g) = ¢g° for any g € G. Find the conditions on G
for f to be a group homomorphism.

Solution 2. Assume f is a homomorphism then f satisfies the property:

f(gh) = f(g)f(h)

where g,h € G
Notice that since f is a homomorphism:

f(gh) = (gh)* = ghgh
f(9)f(h) = g°h* = gghh
Since f(gh) = f(g)f(h) then by substitution:

ghgh = gghh
Multiplying the right by A~' and the left by ¢g~' we obtain that:

hg = gh
which means G is abelian. Also if G is abelian, then f(gh) = ghgh = g?h? = f(g)f(h), so f is indeed a homomorphism.
Exercise 3. Construct an injective (with trivial kernel) group homomorphism from the cyclic group Cy to the sym-

metric group Sy. Describe its image in Sy in terms of the cycle notation. How many different injective homomorphisms
from Cy to S4 can you define?

Solution 3. To construct an injective homomorphism from the cyclic group Cy, it suffices to map the generator s € Cy

to an element of order 4 in Sy. There are 6 such elements, namely, all 4-cycles: {(1234), (1243), (1324), (1342), (1423), (1432)}.
The map sending s to any of these elements defines a homomorphism of groups with trivial kernel, and all of these
form a complete list of the distinct injective homomorphisms from Cy to Sy.

Exercise 4. (a) Write the permutations (234 5)(412) and (354)(36 1)(53)(1246)(4351)(73)(136)asa
product of disjoint cycles and then as a product of transpositions.

(b) Determine if the following subsets H = {(12)(34); (13)(24); (14)(23); (1)} and K = {(13)(34); (13);(34);(1)} are
subgroups in G = Sy.

(c) What is the order of the element a = (1 3 5)(2 4 6) and of the element b = (1 3 5)(2 5 6) in Sg? Find an element of
order 6 in S5. Hint: Recall that if ab = ba for group elements a,b € G, and the orders o(a) and o(b) are mutually
prime, then ab is of order o(ab) = o(a)o(b) (See PS4, Ex. 3(c)).

Solution 4. (a) The permutations can be decomposed in the product of the following disjoint cycles:

o (2345)(412)=(134)(25)=(14)(13)(25).
e (354)(361)(53)(1246)(4351)(73)(136)=(176)(235)(4)=(16)(17)(25)(23).

(b) Notice that for every element a,b € H, ab € H. Moreover for every a € H, a~! € H and e € H. Therefore, H is
a subgroup of S4. On the other hand, K is not a subgroup of Sy since (143) = (34)(13) doesn’t belong to K.



(c) Note that the element a = (1 3 5)(2 4 6) is the product of two disjoint 3-cycles. Therefore it has order 3. Observe
that (13 5)(256) = (1356 2)is a 5-cycle, hence it’s order is 5. Finally, the order of the element (123)(45) is 6,
because it is a product of disjoint cycles of coprime orders 3 and 2.

Exercise 5. It is known that the symmetric group S, is generated by all transpositions {(ik)}1<i<k<n. Show that
S, is also generated by the following sets of elements:

(a) All transpositions of the form {(1,4)}, 2 <i <mn.

(b) The transposition (12) and the n-cycle (123...n).

Hint: For any m,p € S,, the cycle decomposition of wpr—!

decomposition of p with the integer m(z).

is obtained by replacing each integer i in the cycle

Solution 5. (a) Using the hint, we have (1i)(1k)(1é) = (ék), so we can obtain all transpositions as products of
transpositions of the form (17).

(b) Note that (123...n)7! = (123...n)"~1. Then we have,
(123...n)(12)(123...n)" " = (23),
Conjugating further by the n-cycle, we can obtain transpositions (i,7 + 1) for all 1 <¢ <n — 1. Then
(23)(12)(23) = (13), (34)(13)(34) = (14), ...
so we can obtain all transpositions of the form (1¢), 2 < i < n. By (a), they generate S,,.

Exercise 6. Let G be a group and H a subgroup in G. We say that H is proper in G if H is not equal to G, and
mazimal proper in G if H is not equal to G and no other proper subgroup of G contains H.

(a) Let H be a subgroup of (Z,+). Show that H is maximal proper if and only if H = pZ for a prime number p.

(b) Find all subgroups in (Z, +) that contain 727 as a proper subgroup. Which of them are maximal proper subgroups?

Solution 6. (a) We know that any subgroup of Z is of the form nZ for n € N. Since nZ C mZ if and only if m
divides n. Then for any prime number p, the subgroup pZ cannot be contained in any other proper subgroup of
Z. Therefore it’s maximal.

(b) Observe that 72 = 23 - 32. Therefore 727Z is contained in 27, 3Z, 47, 6Z, 8Z, 9Z, 127, 187, 247, 367 and T2Z.
From the previous point the maximal subgroups are 2Z and 3Z.



