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Plan of the course

@ Integers: 1 lecture
© Groups: 6 lectures
© Rings and fields: 5 lectures
©Q Review: 1 lecture

Today: Rings: lecture 2

Equivalence and congruence relations.
Quotient rings.

Principal ideal domain.

Ring homomorphisms.

©eoeceo

Characteristic of a ring.
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Recall: commutative rings

Definition

A commutative ring is a set A with two binary operations: + and - such
that

e Ais an abelian group with respect to addition with the neutral element 0,
e The multiplication is associative, commutative, admits a neutral element
1 # 0 and satisfies the distributivity laws.

Definition

The subset | C Ais an ideal in A if
@ / C Ais a subgroup with respect to addition.
Q@ Vxel, ae Awe have xa € /.

Definition 4;3 xga o
Ideal | C A'is called principal if | = (x) is generated by a single element.

v
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Equivalence and congruence

Definition

An equivalence relation in a set E is a relation satisfying
o reflexivity: a ~ a,
@ symmetry: a~ b = b~ a,

@ transitivity: a~ b,b~c = a~c.

Definition
A congruence relation in a commutative ring A is an equivalence relation
on the underlying set satisfying in addition

@a~bc~d = at+c~b+d,

@a~bc~d = a-c~b-d,
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|deals and congruence relations
Proposition

Q IfI C Ais an ideal, then a ~ b (=/> (b—a) €I is a congruence
relation.

@ If ~ is a congruence relation in A, then | ={a€ A : a~ 0} isan

ideal in A.
Proof: (1) Check Hat 0~5(>fﬁ€ i< an 47«4/@5«.@ ca-a el
cedf /0 égc(/wag?‘
,#uav&aa c@yﬂwce f cz€/ A-cel —s Cociidr o 7

~> (ecl )-(asc) 67 => G+l ~a+c
ac~€d : alc- d)m//a V) sacbd e —> ac— .

) an0 6o0 => atb=0, 000 -a~0=> 1= Jach ar~0]
'S an additwe #l. Cqrop
a-0 x€A: XX =5 aXc0X=0 25 ax €T

=> )JCZEA ;g,z~0]= l/z'fan 204@/

Example: &)jmwcz wa/nm 7 o~f s b = bn ﬁééZ
T =Fae7 0007 =/n)
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Quotient ring

Proposition

Let A be a commutative ring, and ~ a congruence relation in A such that
1+ 0. Then the set of congruence classes

A/~ = A/{xe A x~0}

is @a commutative ring.

Proof: H:KMA : XNQZ,D{%N a—fgiaf_g( 52?6?2%’/5(0%7/»«&/
/é&%ﬁ( Q("‘/QZ/ g/NZL => a,'(’g/ ~ &yt by /' Q,g,'\/aq_é_

{eAL

)

Example: 2 ||, a~bi=(b~a)cnD =l b
// N nj/ixed / Con c/ma Mo/]n

A. Lachowska Algebra Lecture 9 November 16, 2025 6/21



Ideals in a polynomial ring

Example: Let A = R[x] and | = ((x?> — 4)) a principal ideal.
Consider B = R[x]/I.

(x42) (x+1) = x+3x22 =3x+6 = 3(x+2} in B
v(x?__[/)

XX = )?= 4 i B
240 c{«‘viﬁars ‘n B ? [}_——E)Qi—f/l) = xl—l/ = 5 Y B

s 7

’ J = B mil an ij/”f&/ Wﬂ!h

«/(//émw#})’l B Can é WN{/M ’LIVM/% th %Aﬁw
ax+b  a bR

tfx(,m‘&e ; An
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Principal ideal domain

Definition
A commutative ring where every ideal is principal is called a principal ring.
An integral domain where every ideal is principal is called a principal ideal

domain (PID).

Conclusion: A principal ideal domain is PID

@ A commutative ring
@ that has no nontrivial zero divisors
@ and where every ideal is generated by a single element.
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PID: examples

Example 1. Any field is a PID. only 2idat: A= (1) and {0} = /2)

Example 2. Z is a PID. _ _
Pf Tf T3] »T-(0). Sypue T#10]> JaeT - as0

=> _g él’ => /Q/C—‘Zi ZMZ 0/6[& ﬂt J’M@%//MI:/{VC z/éf[:\a T
@ ango@m 54\//5-)71 6%% €J=>/’2=é&/+/‘ wAua 05F§0/~/
n=bder —srel but disHe maddit

~

€r &7
= he=kd Wel => I=(d)

Lo bt Jolo . 0)cZ aamez Jinal-T
oL, J=(t) i /D/hct/otw/ :>jw//ff,,,,m)
Bj[hclamz-bm onn: —’]X,V €2 Xatya, =C /=>ﬁ£§//%%>/c

/1‘97;1»/1«: ml=>r=0

7
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Ring homomorphisms

Definition ij reskrichve

A map f : A— B is a ring homomorphism if
o f(a+ b)="f(a)+ f(b),
e f(a-b)=1"(a):f(b),
o f(1la) =1p.

Definition V{,{«j rpﬁAq‘od/Wz
A subring C C B is a subset that is a ring with the same operations (+, -)
and neutral elements (0, 1) as in B.

Example: If C C Z is a subring, then 0 € Cand 1 € C
= 1+14+1+...4 1€ C for any number n € N. Similarly,
—1€ C = —ne C. Therefore, C = Z.
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Q:’nj Aamomg—r/;‘ism (with 1)

In'tatarap. Dematpy

1

element
ootk
¥No zeco divtsos
= = RV Abel: o
¢ <§ [XCTAY (:\iq:am I
ol = oo
s O T B S0y
Rings and their homomorhpisms
o I - = T 9ae
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Ring homomorphisms

Proposition

If f : A— B is a ring homomorphism, then
Q ker(f) C Ais an ideal,
@ im(f) C B is a subring.

0 Xeur][ ,ygbf/ = f(xw J[Mv‘][/y) =0 =>x+y cée//
f/‘fx ffﬁ ]{(/x f(-GJO =0 >aXéLy)[

2ed xetef 0 s

. Am][f,_// xeko
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Example of a ring homomorphism

Example: Let f : Z/nZ — Z/mZ.
() Imd is a Mny "z [17, € Tnf = [13,+(1],+.. <l1], -

= [/c7m :>fm7[: %Zl K Yk
2) f(fn\p = f1a1.) = (o3, —
Pl la) =n-[€). = 1], € 24,

F I 10, > F [0, =[ED = for migee

Conclusion: A ring homomorphism
f:Z/nZ — Z/mZ exists <= m |n.
Then f is unique.
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Example of a ring homomorphism

Example 1: f : Z/10Z — Z/5Z  [0) [4) (23 [3)[u] (5] [61[#][8](9]
b ebad 10 o /ﬁ] [51 réj ﬂiu (fu (ﬁj r‘/’zj (ﬁ) [fg
l%ff = 102,052} =([57) ielead 7 FU2)e[6]) = [23+[1] =[5] ’ﬂfﬁ
’WJL Yz
Example 2: f : Z/67Z — Z/12Z
ho ring Jemamarphin s 42 dou wof dovice €

Example 3: f : Z — Z/6Z yor ! ][ZOJ:[U] f/fj =[17 - jfﬂ‘):ﬂ‘]é
Viez
%’/'—522/@ /%4/: %Z

o = = E = 9acn




Characteristic of a ring

Fact:
For any ring A there exists a unique ring homomorphism 7 : Z — A. J
Proof: S T (020 , T(1)= /,/AGA => T(n4) “—”/11‘;“1...«‘1) =
4A+_’fA+.,. +_{A :/"IA 6/4
LA T A
n
T(\=nd, €A m—7m§ dodermmed | T(hek) =T ) 17lk)
T(hk) = T)Tle)

7

/CUT ZICZ/ 0)426&‘0(

Two possibilities for ker(7): Lo T = (0) [&r? /1) becanse
[ ket = () d»2 T%7% )
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Characteristic of a ring

Definition
Let A be a ring and 7 : Z — A the unique ring homomorphism. Then the
characteristic of A is

e ca =0 if ker(7) = (0) C Z,

o ca=d if ker(r) = (d) C Z, where d > 2.

Examples.
C(ﬁ):ﬁ 7-'Z/~>k =>kq/c = {(]/2=/0)
h —hn
C[Z):O T.’Z/—>Z TS 71/& )c&hx—ém%

n —n Yhez = for T = /0)

‘1 %=)- T 7= 4 7=()c
(;r\/?)‘)" %»[EJ{Z Zaz—/) z

A. Lachowska Algebra Lecture 9 November 16, 2025 16 /21



Properties of the characteristic

Proposition

If A is an integral domain, then cy = 0 or ca = p, where p is a prime
Proof:

/3/ conaclichom: Su//aaﬁe CA:YH«A L m>d LA
T fm)T(k) = Tlok) = 0 on A
v, Fo Tla) =0 mA
=> Tlm) and TU) are nondrivicd 2¢r0 divisors

=> A s ot an fnéjm/ Aomeson

Corollary (4 fidle s an ;n{cjm/ Aomacr )

Characteristic of a field is either zero, or a prime. J

[{n /xf/{ac/w Z/Z/ S e fo// =S p :/> ‘S Q/Of/mz)
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Direct product of rings
Definition
If A and B are rings, then the direct product

Ax B={(a,b), ac A, be B} is a ring with the ring structure given by
the component-wise operations:

(a1, b1) £ (a2, b2) = (a1 £ a2, b1 £+ bo)

(a1, b1) - (a2, b2) = (a1 - a2, b1 - bo).

The neutral elements are (04,05) and (14,15).

v

Example A=7/nZ x Z/mZ. Compute ca.
T Z— Yy, T (1, m.) B804, - [/0] fo3,)
< k=0 (mdn) wd k=0 /Wzm), L>O is He gmallt
=> k="Lem (mn)
C[%Zx%z) t/[m (n,m)
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Characteristic of a direct product

Proposition
If ca # 0, cg # 0, then caxp = lem(ca, cg). If ca =0 or cg =0, then
caxs = 0.

Sane proof & above //ﬁv Cy #  cp 7—‘&)_

‘?
If =0 = W= (1) > Th: (1, k1) =(0, G)=
éé/’f(_=7/03 => CAKG :0.

Cyp=0 = rq Z- A i &Q(/A Hhet é,g/"f;( = [0;
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Computation of the characteristic

Remark

Let A[x] denote the polynomials with coefficients in a commutative ring A.
Then the characteristic of A[x] is equal to the characteristic of A.

Lt 0 2~ Al  c@={€eAl
=1 €4
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Poll:

Let n > 2 be a natural number. For a ring A, let A[x] be the ring of

polynomials with coefficients in A. Then the characteristic of the following
ring is equal to n:

A: Z/nZ x T/ nZ (L) = (L], [61) = (0.0) = c=lem(nn)=n
B: Z/mZ x Z[x] x Z/n*Z. T(B) = (e k [Kp)=(0,0,0) = c=0

@(Z/nZ)[x] x (Z/n*Z)[x] T (k)= (160, [k]p) = c=lomlnn®) =n* V/
D: Z/nZ x Z/n*Z x 7./ n®Z. T(k) = (1), Tk [6],5) > c=omlnnind=n?
E: Z x Z/nZ x 7/ n*Z, Tle)= (k, [k3, [E32) = (000) =0
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