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Plan of the course

1 Integers: 1 lecture

2 Groups: 6 lectures

3 Rings and fields: 5 lectures

4 Review: 1 lecture

Today: Rings: lecture 2

(a) Equivalence and congruence relations.
(b) Quotient rings.
(c) Principal ideal domain.
(d) Ring homomorphisms.
(e) Characteristic of a ring.
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Recall: commutative rings

Definition

A commutative ring is a set A with two binary operations: + and · such
that
• A is an abelian group with respect to addition with the neutral element 0,
• The multiplication is associative, commutative, admits a neutral element
1 →= 0 and satisfies the distributivity laws.

Definition

The subset I ↑ A is an ideal in A if

1 I ↑ A is a subgroup with respect to addition.

2 ↓x ↔ I , a ↔ A we have xa ↔ I .

Definition

Ideal I ↑ A is called principal if I = (x) is generated by a single element.
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Equivalence and congruence

Definition

An equivalence relation in a set E is a relation satisfying

reflexivity: a ↗ a,

symmetry: a ↗ b =↘ b ↗ a,

transitivity: a ↗ b, b ↗ c =↘ a ↗ c .

Definition

A congruence relation in a commutative ring A is an equivalence relation
on the underlying set satisfying in addition

a ↗ b, c ↗ d =↘ a+ c ↗ b + d ,

a ↗ b, c ↗ d =↘ a · c ↗ b · d ,
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Ideals and congruence relations

Proposition

1 If I ↑ A is an ideal, then a ↗ b ≃↘ (b ⇐ a) ↔ I is a congruence
relation.

2 If ↗ is a congruence relation in A, then I = {a ↔ A : a ↗ 0} is an
ideal in A.

Proof:

Example:
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#

def

(1) Check that a - 6 <=> 8-at I is an equivalence : a-a-I
a - b and ifa - b

,
6 -ct1= a -cI

-it is also a congruence : 6-afI
,

d - c +1 = ba + d- c = I

②I => (b+d)- (a + c) +] = b+ dv a + c

acrbd : a(c -d) +d)) = ac - bdeI => acubd
.

(2) an0
,

600 => a + 6 -0
,

000
,

-ar0 = I= GacA :aro)
is an additive subgroup

avo
,
XeA : XuXaXoX = 0 = axtI

=> SatA : an03 =Iis an ideal
#

Congruence modn in [: anb)b-a = kn for keZ.
Then I = Gat: an ol = n = (n)

.



Quotient ring

Proposition

Let A be a commutative ring, and ↗ a congruence relation in A such that
1 →↗ 0. Then the set of congruence classes

A/ ↗ = A/{x ↔ A : x ↗ 0}

is a commutative ring.

Proof:

Example:
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a = (x + A : X-a3
. Define a + 5=6,- t = ab welldefined

because a,
was

,

b
,~ba+ b

, wantbe ; ab
,
~anbe

IE Ayr
#

~ where arbh= 16-a) en] = 2/2 =40n fixed



Ideals in a polynomial ring

Example: Let A = R[x ] and I = ⇒(x2 ⇐ 4)⇑ a principal ideal.

Consider B = R[x ]/I .
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[T+ 2) · [x)=x + 2 =3x + 6 =3+ 2) in B
- (x2-4)

X . Y= = 4 in B

zero divisors in B!=inegral domain.
8 O

Exercise: Any element in Babe writtenuniquely in thfois



Principal ideal domain

Definition

A commutative ring where every ideal is principal is called a principal ring.
An integral domain where every ideal is principal is called a principal ideal
domain (PID).

Conclusion: A principal ideal domain is

A commutative ring

that has no nontrivial zero divisors

and where every ideal is generated by a single element.
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PID: examples

Example 1. Any field is a PID.

Example 2. Z is a PID.
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only 2 ideals : A= 11) and 203 = 10)

Proof: If I = 303-I= 10) Suppose It90] = FacI : a + 0

=> - a EI = (a) I .

Let deIbe the smallestpositive elf in I

By Euclidean division
,

letneI = n = kd+ r where O * d+

n = kd + + = EI butIis the smallest
EI EI positive in I= r = 0

=> n = kd EneI = I= (d)
W

Ex .

Let J = (a, .

.
.
an)2* a, ...

an [Exal =>

Then J = (k) is principal =>god(a.... and

By induction on n :
Jx

, ye : X9
,

+yaz = c (gid(a , an)) <



Ring homomorphisms

Definition

A map f : A ⇓ B is a ring homomorphism if

f (a+ b) = f (a) + f (b),

f (a · b) = f (a) · f (b),
f (1A) = 1B .

Definition

A subring C ↑ B is a subset that is a ring with the same operations (+, ·)
and neutral elements (0, 1) as in B.

Example: If C ↑ Z is a subring, then 0 ↔ C and 1 ↔ C
=↘ 1 + 1 + 1 + . . .+ 1 ↔ C for any number n ↔ N. Similarly,
⇐1 ↔ C =↘ ⇐n ↔ C . Therefore, C = Z.
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Very restrictive

Very restricture



Rings and their homomorhpisms
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·
Ringhomomorphism (with 1)

:.
1

⑭

M

Rings



Ring homomorphisms

Proposition

If f : A ⇓ B is a ring homomorphism, then

1 ker(f ) ↑ A is an ideal,

2 im(f ) ↑ B is a subring.
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& Xe Kerf , Yeherf = f(x + y) =f() +f(y) = 0 = x + y zherf

f(u : x) = f(a) .f() = f(a) . 0 = 0 = a -x =kerf
atA

, XEkerf ip fatA
,

=> kerf =I
.

xekerf



Example of a ring homomorphism

Example: Let f : Z/nZ ⇓ Z/mZ.

Conclusion: A ring homomorphism

f : Z/nZ ⇓ Z/mZ exists ≃↘ m |n.

Then f is unique.
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11) Imf is a embring in /I ImEFmmmTZ
(2) f((>n) = f (10]n) = 107m

=

f (1]n + (1)n+ ...

+ (1]n) = n . (1)m = (n]mE /mI
=> m divides n

f: (1]n -115m => f : /k]n- > (kim = fis unique



Example of a ring homomorphism

Example 1: f : Z/10Z ⇓ Z/5Z

Example 2: f : Z/6Z ⇓ Z/12Z

Example 3: f : Z ⇓ Z/6Z
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10) (1) (2) (33/43/53167/7)(87(9)
5divides 10=
verf = <103 ,

1533 =(157) ideal in102
f(z)+ (6)) = (2] + (1) =(3) =f(s))

im = 2/52

no ring homomorphism : 12 does not divide 6

yes : f(0) = 10] f() = (1) = f(k) = (k]c
fkEZ

Verf = 62 = (6) inf= 162.



Characteristic of a ring

Fact:

For any ring A there exists a unique ring homomorphism ω : Z ⇓ A.

Proof:

Two possibilities for ker(ω):
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Since T (0) = 0
,

5 (1) =1 A = > 5(n - 1) = +(1 + 1 + 1
...

+1) =

T (h) = -1- An + H = T(n) ++(k)
5 (nk) = T(n)·(k)

I

Kert = ICX an ideal

Vert = (0) (kersF(1) because[ kn = (d)
,

da
- 2

+ (1) = 1x + 0x .)



Characteristic of a ring

Definition

Let A be a ring and ω : Z ⇓ A the unique ring homomorphism. Then the
characteristic of A is

cA = 0 if ker(ω) = (0) ↑ Z,
cA = d if ker(ω) = (d) ↑ Z, where d ⇔ 2.

Examples.
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c(r) = 0 : = 503 = 10

c(2) = 0 T :- T is the identity map
n -> n Fn* = kent = 10)

<(2) = u i :-> En kert = (n) 2
k - (k]n



Properties of the characteristic

Proposition

If A is an integral domain, then cA = 0 or cA = p, where p is a prime.

Proof:

Corollary

Characteristic of a field is either zero, or a prime.
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By contradiction : Suppose C = m . k
,

ms1
,
61

Em)
·T =T (mk) = 0 A

T(C) = 0 in A

=> T(m) and(k) are nontrivial zero divisors

=> A is not an integral domain.
#

(A field is an integral domain

lin particular Ent is a field >n =p is aprime



Direct product of rings

Definition

If A and B are rings, then the direct product
A↖ B = {(a, b), a ↔ A, b ↔ B} is a ring with the ring structure given by
the component-wise operations:

(a1, b1)± (a2, b2) = (a1 ± a2, b1 ± b2)

(a1, b1) · (a2, b2) = (a1 · a2, b1 · b2).

The neutral elements are (0A, 0B) and (1A, 1B).

Example. A = Z/nZ↖ Z/mZ. Compute cA.
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5: -> Y* * /me T(a) = (113n
,

ATm)
.

5(k) = (SkIn
.

/k]m) ECOIn
, 10]m)

=> k = 0 (modu) and k = 0 (modm)
,

↳O is the smallest

=> k = (cm(m
,
n)

CRYn* x 2 mz)
= Ccm (n

,
m)



Characteristic of a direct product

Proposition

If cA →= 0, cB →= 0, then cA→B = lcm(cA, cB). If cA = 0 or cB = 0, then
cA→B = 0.
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Same proof as above (for +O
, c +0)

.

If CA = 0 = +() = (Ta
,

+B) = +(k) = (h(x
,
k() = (0x

,

0p) =

kerT = 203 =
AXB

= 0
.

CA = 0 => T:+ A is such that Ker To = 203



Computation of the characteristic

Remark

Let A[x ] denote the polynomials with coe!cients in a commutative ring A.
Then the characteristic of A[x ] is equal to the characteristic of A.
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Let =: -> A(x] i (A) = 1 A(x]
= 1CA

-(k) = ktA = k = 0 in A(x]

() k = 0 in A

=> C(A(x]) = CA -



Poll:

Let n ⇔ 2 be a natural number. For a ring A, let A[x ] be the ring of
polynomials with coe!cients in A. Then the characteristic of the following
ring is equal to n2:

A: Z/nZ↖ Z/nZ

B: Z/n2Z↖ Z[x ]↖ Z/n2Z

C: (Z/nZ)[x ]↖ (Z/n2Z)[x ]

D: Z/nZ↖ Z/n2Z↖ Z/n3Z

E: Z↖ Z/nZ↖ Z/n2Z
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~ (k) = ((k]n
.

(k]n) = (0,
03 => c = ecm(n, n) = n

5 (k) = ((k]n2

,

k
,

(b]nz) = 10,
0

, 0) = c = 0

& -(k) = ((k]n
,

(k]nz) = c = km/n
,
nz) = n2 V

[(k) = ((k]n
,

(k]n =, (k]ns) = c = km/nninz)= 43

[(k) = (k , (k]n
,
(k]az) = 10,

0
,
0) = c = 0

.


