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Plan of the course

@ Integers: 1 lecture
© Groups: 6 lectures
© Rings and fields: 5 lectures

© Review: 1 lecture

Today: Rings: lecture 1

Rings: definition and first examples.

Zero divisors. Integral domains.

The ring Z/nZ

Ideals in a commutative rings. Intersection, sum and product of ideals.

©eoeceo

Ideals in Z and in polynomial rings.
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Rings: definition

Definition
A ring is a set A with two operations: + and - satisfying the axioms:

@ A is an abelian group with respect to +
with the neutral element 0 € A.

© The multiplication - is associative:
a-(b-c)=(a-b)-c Va,b,c € A.
© There exists the element 1 € A, 1 # 0, such that
l-a=a-1=a Va € A.

@ Distributivity:

a-(b+c)=a-b+a-c, (a+b)-c=a-c+b-c Vab,cecA

v
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Rings: examples
Example 1. A=2Z. *+,, 0 1 /2 7, 0) (S an a6 grop
hem € Z, nm @ zZ
267 no W%/;KMG werce j/ ¢ Z
Example 2. A = Z[v2] = {a+ bv/2}, pez. Oeh, 1A
(a+8VT) + (c+diT) = (a+c) + (62" €A Valbedez
€z €2 -a-4h € 2
(6tlfT)-(c+dV7) = aoc + 24l + (add+ 8. ))7 < 4
~ _— ~ =
éfgz {ZK £
—,/ 2462 a6 o7 => ho 1Erea
&MS/(XU" Cl*g/j/ T 04 ‘@ (2_2/@1//2’ ¢/4 ,h::,{%')/ffa;&z
£2 £z n generel

/4 /s an\kj, M/Q/Z//p{

Example 3. A = Q[v2] = {a+ bv2}. pe-
Everiee - Ul s a £
vercse © Ml s @f&é/ . - _ _ = e
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Why rings?

Bﬂ//ﬁm&&lﬂ r fVLL75

[M/’A;Lyj 447 ﬂlo w‘oq/

ﬁ%ﬂ/& m'nj S,

Gt rm/;or:‘amz
ih %ﬂf&éﬁ aud
% e /,[/Zf/ﬁ )

o
Mj{/‘# Dorromean,
P M‘ h Z&jy

M?Zifo;z

@ They generalize fields such as R and C.
@ They are the next structure in complexity after groups.
@ They provide an approach to study finite fields, useful in cryptography.

[} = =
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Commutative rings

Definition

A ring A is commutative if the multiplication is commutative:

a-b=>b-a Va,b € A.

Remark
Ifac A thena+a+a...+a=naé€A, similarly
—a—a—...—a= —naé€ A, therefore ka € A for all k € Z. Many

formulas known for numbers hold in commutative rings, for example

n
(a+b)" = Z (Z) akpn=k Va,b € A

k=0

We will consider only commutative rings in this course.
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Zero divisors
Definition

An element a € A is a zero divisor if there exists x € A such that x # 0
and a-x =0.

Example: 0 e A i a zeo oivisor - 0=0+0
4 O-x =(0+0)-x = O-x+0x ¥xel
(- 0x) (-0x)
N 5
0 = 0-x

Example: Rings without nontrﬁvial zero divisors:

Y hm=0 = n0 o m=0 o %H

K

a
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The ring Z/nZ

Let A=Z/nZ = {[0], [1],...[n — 1]} equivalence classes modulo n.
wd € Z s qbegry Gy [11€ Hly untal b wrt

dowd wt . => Fz e rivg

[a] € A: ged(a,n)=d >1

[a] € A: ged(a,n) =1

(] [&]=1o] » 4,

=> [aj iS o zerw dlwlw’

By Berontlc Hhm => Ixye 2
axiny = 1 &5 [e] [xT=(1] n Z
4=3[a] hasa m«%fé’mﬂw e i Zfz
if [61/a]=0 s>ﬁw - [¢]
w1 7
Q/Ojfa’]:ﬂ?]
i 10 5 Ja7e0
=>[a] M?Zd Zero dvipr on Z/Z/

Conclusion: An element [a] € Z/nZ is either a zero divisor, or invertible.
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Integral domain

Definition 0

A commutative ring with no nontrivial zero divisors is called an integral
domain.

Definition
A commutative ring where all nonzero elements have multiplicative
inverses is called a field.

Corollary

The ring 7/ nZ either has nontrivial zero divisors, or it is a field.

V.

Proof: A} nanbivial zero divisors <=> ho @ €2 < {20 &n-t wrd gellon)>4
/=5 n has no civiers ,4)<cg@7z {and n <> h=p isa prie

b/[f(] & ZXZ / jfd (g,/D) :j => [6/? /de a@ ngy{))zcadﬁa merse >
g
?PZ (s Qﬁ/o{ @
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The ring Z/nZ
Bamples. 24 100102312 /z/j} ) e (0] b

CCZAVZ ‘huereef

[47=043 3 [23[33=(] [47-f47- [j]o %y v a ficld
Lz = 1003, 11127, (31,47, [5]]
[2):f53=[0]  [473[31=Jo] nontwiad zero

oAvisors
- Z/Z is wot an ’”%W/ Jom:h

= = = = = 9Dae




Fields are integral domains

Proposition

A field is an integral domain. An invertible element in a ring is not a zero J
divisor.

PO Supme of -0, av0 . Tf Jaleh —aa-g
=> a'a-b =(aa)€ :{/g:g ?Jyfgz&j/%za
Vi / / ' =
Zf /»( s e k/(/p/:> Mﬁmm&{% are /MJ/% :>/ are nﬂz
744 p{z‘ﬂfm’r => ,4 /s an m%jﬂo/ Homam @

Remark: the converse is false. Ax gn?m// comam S M/Wané
) o flef
fXW”/J'é.’ Z & ap «'m%kw/a/mm:h, bt nof &%/9/
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Conclusions

o Fields C Integral domains C Commutative rings

@ 7Z/nZis an integral domain <= Z/nZ is a field <= n = p is a prime.

=] & = E DA
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|deals in a ring
Definition

Let A be a commutative ring. Then | C A is an ideal if / has the following
properties:

© / is a subgroup with respect to +:
Oc€/landifa,bel, then —ac/anda+bel.

Q@ VxecA aclwehavex-ael.

Example 1. A= => )y :fZé, beZ§ &7 is an el
D0+28 =2(av8) € 22, - 22 22 0¢22, VXEZ Jax€ 27
bt de => T= A7 ic an ical, Sﬁ/ixéoré

Example 2. A ahy ring.
JO) c A is anideal 2 Ox=0 Vi A
A CA < an cﬁlﬁz// ! X(/éA VX}/EA
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Properties of ideals

Definition
An ideal | C A is proper if | #£ A.
An ideal | C A is nontrivial if / # {0}.

Proposition

Let A be a commutative ring.
@ I CAisanideal andle | = T=A : Lx=xeT Vel = 1=/
@ /,JC Atwoideals = INJCA s an il inA
Q@ /,JC Atwoideals = |+ J={x+y}eryes C Ais cnichal n/
Q I,JC Atwoideals = |- J={Y; % yitxelyes C Aisanidal inh
Q /,J C Atwoideals => | UJCA is ot an iched /n genecd
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Properties of ideals: proof _
() T,Jduak mA, xy&I0T =>xeyel xeyed ey 10T
D€, 0T 06107, -xel -« =>x €TN]= 10T addibic sulposp.
I/aé/( >xXael apdxae T = aecIN] =TT anidal
— X elad ol g7 gz—éj el T
(3) 1,0 idals = (A X, x, ET+T Ytk =5 Xt Xt Yoo Rt y)e(atss) € T
::>__T“"_j AZ&Z&&/(’VL M %
-7}/45/4 => Q"[Xﬂ/) = 06{ +Ge—>/ e J+T => L+ 5 an ;aéo/
7 €7
ﬂ’) ZJLM => #(ZX‘-%]X,;E_/_/%-QCJ c&k&/wﬂ["‘/ 05],7/ LZ/‘XL-)%:éI.]
=> addipie smé/}nn?o el 7
.Z/_/a EA = o ‘Zx,%- = Z@yﬁ €T T => T T anidal
(%) Exm/é.‘ J-22 332 = TUJ= )0 22232254029 ]
Bt 2%315%2—[/] => /4,197[40;I ol Ave %rm‘/l
2
o & - = = DA
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|deals in a ring B
Example. [t A:Z/ , = 62// j:/ﬂZ/wa@
() I0J =)=2e2: 26, m&/?-‘/@h]h,méZ/ -

= ol malhyls of 6and /0] - Prualhplyy of Lem (416)=30) =
=307

DIT = {60t l0n)yn ez £, L9edl6i) 2] =27

6X7</0y =} &> jc&//{//ﬂ) Aivides k
(3) 17 = ;Zént./ﬁm[ Cnm6 2 - Jgﬁ_[h;m[ , M’,‘M‘_éz/;:@jz

o>« = = T 9Dace
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Ideals in Z.

Conclusion: Let | = nZ, J = mZ ideals in Z. Then VYn, m € Z* we have
Q /NnJ=lem(n, m)Z.
Q@ |+ J=ged(n,m)Z.

Q@ /- J=(n-mZ.

M lj(A zzw zM»
7
TTcTn1¢" S 7
< Qjélj

Zfﬁ& €1nJ el o x+0 € L+J
62 EJ Gj\ 6]
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Polynomial ring

Let A= R[x] polynomials in one variable with real coefficients.

Then A is a ring. A & e Rlx] ,,W,M/ - (x) éﬁ/xj
jﬁ "7 /% 0(/?3/*]
j[/x j(X _&ﬁi/?hm&/ 5//?&]

¢ RIx]
Consider
I'={(x+5) f(x)}f(xea and J={(x*+2)- f(x)}r(x)ea
_ S
Q@ /nJ= F(x%)(x 2>f(x}jﬂ) p
T —



Polynomial ring

o/ J— )f Z(X*%(;(x) [Xiﬂ)j;[}d}jl;ﬁ e = #(X*SJ&LZJ/[M}][(X)QA'

0 /1) )f(mf)fmf@zfz)j(x)gf@,jme/%
(ﬂg)\(ﬂ@ + {mfz;) - 4 eRAT
fu) §09
=> I+J21 = T+J=R[x]

o = = E = 9acn
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Poll: Consider the ring R[x] and let

F={(x =17 ()} rpgerpgs I = {(x = 1)(x +2) - F(x)} ()R-
Then

Alnd=1-J JNnJ= ;(X//)Q/M))[M]?
B: [ +J=Rx| T4J = J (ft)]
CU+Nn(l-A=1InJ T I)A(z-) = J)
@ J-(l+0)=1nJ TA(T+T) = [t x2) 0]
El-(I+J)=J-(+J) T (T¢3) = {(x4Pfa)}
{X‘/);/+(X’/)(Xv‘2) :/x—/)/KX—/)ff(xéj DI 1) ply)
)J j} ; W/ﬂ}:! 7// / //23&)6/%]

=] 5




Principal ideal
Definition

Let S C A be a subset of a ring. Let / be the minimal ideal that contains
S. Then | = (S) is the ideal generated by the set S.

S = {S,'} — {Z a,-s,-} = (5)

a;€eA

Definition
Ideal / C A'is called principal if | = (x) is generated by a single element.
I = {X ) a}aeA-
Example. “/OJ _ /0) cA A= (DA ar fmm{'/m? ik,
Wy <7 ;S /Jr«hcz/m/: MZ:/MJ
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Ideals in a field

Proposition
A ring A is a field <= 0 and A are the only ideals in A. J

Proof: :>> A is ﬁfb&( Ze%[¢7f0j7>j/(06l_; o+ 0
= S Aisa fzf%ﬁ JG'¢ed =5 aa’-4 el
=> 7=A
(:) Odmo/A are Hhe m‘% ciaks /(/ Lt QéA/ L e#0
Consider (2) =T = #X'Q?Xé/{
Swa a40 = J=(z)=A = Jyeh: yrasd =5y=4"
*o] Ais o fil
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