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Plan of the course

@ Integers: 1 lecture
@ Groups: 6 lectures
© Rings and fields: 5 lectures

© Review: 1 lecture

Today: Groups: lecture 6 4o/ lihwe on TP /
Groups: general picture

Classification of simple finite abelian groups
Direct product of groups

Classification of finite abelian groups

©eoeceo

Elementary divisors and invariant factors: examples
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Finite groups

Abelian Non-abelian

Definition ab=baVa,be G Jda,be G: ab+# ba
Normal subgroups All subgroups H<LG: gHg e HVge G
Conjugacy classes |G| =1 V(G G |G >1

Class equation |G| = |Z(G)| |Gl =1Z(G)[+ X =1 | Gil;

Examples @%0(7% C, ﬂz/u&m/jmyx D
O ! Jroebiegort S 24
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Classification of finite abelian simple groups
Definition
A group G is simple if G has no proper nontrivial normal subgroups.

Lheorem Recalll %m bt fome

A group or order divisible by a prime p contains an element of order p.

Proposmoz
IfGisa s:mple finite abelian group, then G is isomorphic to a cyclic group

C, of prime order. )
roof: [G[=1 <> G- 1} 1 Obhenite T prive P / /&/
) Jandid L€ o Z« "

(S <& ,gﬁ%mp (t>=C,

=5
A% Wﬁ/_) Pt an/ nan adelian & => G: C/;
2
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S .. abeliah and
Classification of finite non-abelian simple groups /32 -20/

180 years of work by more than 30 mathematicians.
Answer: 18 infinite series and 27 exceptional groups. The order of the
biggest exceptional simple group, The Monster, is about 8 - 103,

CLASSIFICATION OF FINITE SIMPLE GROUPS

i

Our goal today: classification of all finite abelian groups
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Direct product of groups (A TCC I)
Definition
Let G, H be groups. The direct product G x H is the set of pairs

G x H=1{(g,h), g € G,h € H} with multiplication

(g1, m)(g2, h2) = (g142, h1h2), the neutral element (1¢,1y) and the
inverse (g1, h1)(g, h) = (1c, 117).

Example: G = G x G3. = f(j,/\], el Kg(b} c, = (a: 42-_1)’ %:(grgéj)
20,0, (1), [/,éz)l (a,1) (2,€) (s, ¢)]-Cxt, LF t= (2,€)
o (€)= (01), 1=(1,8), 5= (0 £) £ (1 4)
t €Gx(y ha odr 6 [GxGl=6
= GxG = G %oéfz

Question: Is Cy X Cpm =~ Com always? — /0.
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Direct product of groups

Example: G = C2><C2 «y)[// //5) [4/ /aé/j }< C
L) 63 .
Tl dlh GG e 282 5t
=5 CzXCz d@& lfw# ZQA/& an Z/Z?Z 0]107”044’ 6/

%(2% Cy

Remark

Suppose (a, b) € C, x Cp, such that o(a) = n, o(b) = m. then

(a, b)° = (a°,b°) = (1,1) implies o(a) divides s and o(b) divides s.
Therefore, the order of (a, b) is lem(o(a), o(b)) = lem(n, m).
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Direct product of cyclic groups

Proposition
Cn X Cyy =~ Cpy if and only if ged(n, m) = 1. J

Proof: PST7. . fun)=pm 7= jao/[mw </

Corollary

Let C, be a cyclic group such that n = pfl pé‘z e pff is the prime
factorization of n. Then C,, ~ Cpk1 X Cpk2 X ... X Cpk,.
1 2 2

Proof:
Cv\ = CP/KJ x (v jw/@%/' m :Pal{zm/)/(r) .

/‘2&/}@/ \,VHLZL Cm , MJ o oy ..
=5 d@éll %%L ﬂ(&m//m//m

#
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Properties of the direct product of groups

@ GxH~HxXG,|GxH =|G|-|H. ¥ @Uﬂﬂj};gm/m
@ HC G x H, GC G x H are subgroups. J(//A)%f’q}tﬁ/fé
© G x H is abelian if and only if G and H are abelian.

Q If H K C G are subgroups such that
@ HNK={1}
@ Vhe H Vk e K, hk = kh
@ HK ={hk}nenkek =G
Then G ~ H x K. The isomorphism is given by ¢ : H x K — G,

¢(h7 k) = hk. Su 5,”[7& /Jﬁ?f
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Classification of finite abelian groups

Theorem

Let G be a finite abelian group. Then G is isomorphic to a direct product
of cyclic groups of prime power orders

GE Cpfl X Cpgz X ... X Cpr’;m,

where |G| = pi*py? ... ppr. Here {p1,p2,...pm} are primes,

not necessarily distinct, and ny,...ng; > 1.

This presentation if unique up to the order of factors. The numbers
(p1*, P32, ... por) are called the elementary divisors of G.

Examples:
Céxéltcg /f Clx C2 ;4& 4 /&/:[/
(3,2) [2,2) d
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Proof of the classification theorem

Generators and relations G = (g1,...8k | R1,... R))
Rl — gnugnlz . ‘gklk =1
n
R2 n21gn22 . ngk — 1
R gn/lgn/2‘ glglk =1

Thy con & cocoled

n o N2
np1 N2
n31  n32

sz2/42é;§¢¢Z§¢* K%ézf£;>r

(?/FWMJ

Nik
r Ca&z,mhs
VJV:J‘ ¢ Z

MMerwww&W\%mmém cﬂzw{cl%%,ﬂggmv>6jf
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Operations on the matrix without changing the group
© Adding an integer multiple of one row to another row.

B (15) ol - = o)
2= ) AN >
LN éig“j B :E;Lg%z ke

Q Addlgg nteger multiple of one column to another column.

Q ‘3 o => cgémm 2+ 2&7&:%@.{ —~ (3 1)

f{ﬂ -4 (9)h '>{§j/) A NUM 1 Jf -

GFIN =1 £

N C?

© Swapping two columns or swapplng two rows 7 3 ¥j[3
—— fw/é&rijﬁ Wéﬂ or f&é[ / 0 /O />
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Operations on the matrix without changing the group
Applying these operations, we can get n1; = ged(elements of the first
column and first row). Then by column and row operations we get

ni1 0 0 ... 0
0 noo
0 n3o
0
0
Repeating with the smaller matrix, we get the diagonal matrix
ni 0 0 ... 0
0 noo
0 0 n33
0
0

This matrix defines the same group:

G=(g1.8 .8 g =1g%=1..g"=1).
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The classification theorem: end of the proof
We have G = (g1,8,...8 | g =1,82 =1,...g/" =1).
= G (g an gl G0
95 =i G abelia.
= (%7 /Df"(fé[ﬁ (4/) 57[ f/.L 5&‘7457[//’0%4{:/
G ZJC”(«XCHHX' ' ><C;'rr
@ /%L)ZD&Q']‘G{M 6A %A JX’MCLIZ O/Wﬂ% C/&K Y
Coe = Cp Com v G 4 Wﬁy;,%ﬂ P
/jm G ~ C n,*’CwY o xCym A
ﬂ% P\& /7 WA”é 75/:/ /th«a 7%/.. ﬁng Can /:70%7/

G: Cpllvl X Cpgz X ... X Cp";qm7

a direct product of cyclic groups of prime power orders (not necessarily
distinct primes).
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Corollary: Structure of abelian groups of prime power order

Corollary

Let G be an abelian group. If |G| = p", where p a prime, then

G~ Cp,-1 X Cp,-2 X ... X Cp,-k such that i1 + i + ...+ i, = n.

The set of abelian groups of order p" is in bijection with the partitions of
n:n=1i+i+...+ i, such that ii > b > ... > i, > 1.

Example: |G| =8. = 92

Porddos of 3. (3), (2.1), (101)

G C , 6: CL/ 63 = C XCZXC
(5) //9) ' (22,2 %ﬂaﬂﬂ% dovisors

/%M'VW@ h,@w-tm»ar/)LLjC 45@% ChX(m: Chm <f>j£@/(hﬂh N
#Q\/Mﬁn g/w@/ﬁ?%r/)h = #8//#/"/\/&14 6//2‘
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Another way to encode a finite abelian group

Theorem

A finite abelian group G ~ Cg, X Cg, X ... X Cq,, where d,, divides d,_1,
dpn, divides d,_2, etc, d» divides di, and |G| = did>...d,. The numbers

(d1, da,...dp) are called the invariant factors of G. They determine G
uniquely.

E&MM@ ﬁ(/%'ms v/@

G — C/ﬁ,% X C/)/% XC/,)/J'@ )‘(/)2"’2« KC/’LauX[ﬂawé%% o
a, > 2y > Qi

Ql; >4’;,7_

Qb/ > ﬁ}z >4’;}

- By contuddine dy 1y ad o)

G:Cﬂ{/ X Cﬂ/x xcé/b = C}H/M\C(/v% ]/a&éf Ure /04,//1&/3)
d [oly /4,
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Algorithm to classify all abelian groups of given order

o
2]
o

Decompose |G| = n = pflpé‘2 ... pkn (prime factorization).
Find partitions for each power ki, ko, ... kj.

For each partition of k;, there is a unique group of order pf’:
ki=ar+a+...+a: — Cp§1XCP?2><...><Cp~_9r.

The possible groups of order n are the direct products of all possible
groups of orders pf". This gives a decomposition of G as a direct
product of cyclic groups of prime power orders - the elementary
divisors of G.

For each of the distinct primes p;, write the obtained cyclic groups
pr,- in the order of decreasing powers of p;, different primes in
different lines. Then in each column you will have cyclic groups of
coprime orders, their direct product is a cyclic group. Thus you obtain
cyclic groups of orders (di, da, ... d,) and by construction

dnldn—1]| ... |dz2|d1. These are the invariant factors of G.
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Classification of finite abelian groups: example
[Gr =£) = 23-32 /D”X”/‘M /BJ [2;/) //é/?/)

(2) (1>])
G, Gy G Gy Gy Gy
/)/:? C23X C2’—'>< Cz’xCQ CZQ 2C, | CoaxCxCy | Cox( %G,y
P2 Cy GG | Cp i Csx G | Cg l ‘/ Cs ¥ ¢y l
Lol |

RN
Coy  CoyxC C¥Ca Ga¥ (o CgrGrG Co* G xC,
Tlura Gre 6 m—i&w/m M@m s z{/zméf 72_
.
/e ’/@%J@ divisors ;[23, 3 (223)3) (27 23)(71233)
(2,2,2,5%) (2,2,2,33)}
Th Wm/ﬁw{m A (72),(24,3) (362) (1,€) (15 2.2) (4}
- & G G, s &
gz = CVQC/Z%/,(Q = C,_%G X gg = C,x
Jé}%{m %‘w‘m ﬂ;\vm'aivl ]Z;Néd \Mﬁw 4/ loes L@/ Mycﬁ K
T



Poll:

Which of the statements below is false?
7 Il C?” C;/ =

A: There is only one abelian group of order 77 up to isomorphism

If p is an odd prime, then the groups C,3 X Cy3 and Cp x Cpp X Cpp
are isomorphic ohse ot s ﬂ@f no el ofsrdy §

) { 2 j[ ‘fh Amzmé/,sn
C: For any n € NT the cyclic group C,s contain$ an elemient of order n

D: If p # g are distinct primes, and pq divides n, then an abelian group of
order n contains an element of order pg (), xG < &

E: If 49 divides |G|, then G contains an element of order 7.

=> fdw )G/ =5 :7%//%/%{&/;:% &
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