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Plan of the course

1 Integers: 1 lecture

2 Groups: 6 lectures

3 Rings and fields: 5 lectures

4 Review: 1 lecture

Today: Groups: lecture 6
(a) Groups: general picture

(b) Classification of simple finite abelian groups

(c) Direct product of groups

(d) Classification of finite abelian groups

(e) Elementary divisors and invariant factors: examples
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last lecture on groups
!

-



Finite groups

Abelian Non-abelian

Definition ab = ba →a, b ↑ G ↓a, b ↑ G : ab ↔= ba

Normal subgroups All subgroups H ↭ G : gHg
→1 ↑ H →g ↑ G

Conjugacy classes |Ci | = 1 →Ci ↓Ci : |Ci | > 1

Class equation |G | = |Z (G )| |G | = |Z (G )|+
∑

i , |Ci |>1 |Ci |,

Examples
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Cyclic groups
In Dihedral

groups
Do

Others ? Symmetric groups
Sn) An

alternating



Classification of finite abelian simple groups
Definition
A group G is simple if G has no proper nontrivial normal subgroups.

Theorem
A group or order divisible by a prime p contains an element of order p.

Proposition

If G is a simple finite abelian group, then G is isomorphic to a cyclic group

Cp of prime order.

Proof:
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Recall from last trime

-nontrivial&
(G) = 1 = G = (1) Y otherwise Jprime p

: p/16/
=> By Theorem F an element tEG of order p

=> St) <G is a subgroup (t) = Cp

Any stgp is normal in an abelian G => G = Cp.
#



Classification of finite non-abelian simple groups
180 years of work by more than 30 mathematicians.

Answer: 18 infinite series and 27 exceptional groups. The order of the

biggest exceptional simple group, The Monster, is about 8 · 1053.

Our goal today: classification of all finite abelian groups
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abelian and

- --

1832 - 2012



Direct product of groups

Definition
Let G ,H be groups. The direct product G ↗ H is the set of pairs

G ↗ H = {(g , h), g ↑ G , h ↑ H} with multiplication

(g1, h1)(g2, h2) = (g1g2, h1h2), the neutral element (1G , 1H) and the

inverse (g
→1, h→1

)(g , h) = (1G , 1H).

Example: G = C2 ↗ C3.

Question: Is Cn ↗ Cm ↘ Cnm always?
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t -G * Cy has order 6 (2x(z) = G

=>GXCz = Co is cyclic

- No
.



Direct product of groups

Example: G = C2 ↗ C2.

Remark

Suppose (a, b) ↑ Cn ↗ Cm such that o(a) = n, o(b) = m. then

(a, b)s = (a
s , bs) = (1, 1) implies o(a) divides s and o(b) divides s.

Therefore, the order of (a, b) is lcm(o(a), o(b)) = lcm(n,m).
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= 911,
1)

,

Cis
.

can i13 * C
=1 bl

each elf in C2x(2 bas order 2 :E1
,
91,q)= 1

=> CXC2 does not have an elt oforder 4.

C2x( # C



Direct product of cyclic groups

Proposition

Cn ↗ Cm ↘ Cnm if and only if gcd(n,m) = 1.

Proof: PS 7.

Corollary

Let Cn be a cyclic group such that n = p
k1
1 p

k2
2 . . . pkrr is the prime

factorization of n. Then Cn ↘ C
p
k1
1
↗ C

p
k2
2
↗ . . .↗ C

p
kr
r

.

Proof:
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Ccm(n ,
m) = um = gcd(nm) = 1

En = Cpx[m since god(p" m =p...put) = 1

Repeat with Sm
,

and so on...

=> get the decomposition
#



Properties of the direct product of groups

1 G ↗ H ↘ H ↗ G , |G ↗ H| = |G | · |H|.

2 H ≃ G ↗ H, G ≃ G ↗ H are subgroups.

3 G ↗ H is abelian if and only if G and H are abelian.

4 If H,K ≃ G are subgroups such that

(a) H ⇐ K = {1}
(b) →h ↑ H, →k ↑ K , hk = kh

(c) HK = {hk}h→H,k→K = G

Then G ↘ H ↗ K . The isomorphism is given by ω : H ↗ K ⇒ G ,

ω(h, k) = hk .
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Y : (g.
h) -> Ch.g) isomorphism

&(1,
h)

.
heHY = HCG

See
groups, po)



Classification of finite abelian groups

Theorem
Let G be a finite abelian group. Then G is isomorphic to a direct product

of cyclic groups of prime power orders

G ↘ C
p
n1
1
↗ C

p
n2
2
↗ . . .↗ Cp

nm
m
,

where |G | = p
n1
1 p

n2
2 . . . pnmm . Here {p1, p2, . . . pm} are primes,

not necessarily distinct, and n1, . . . nm ⇑ 1.

This presentation if unique up to the order of factors. The numbers

(p
n1
1 , pn22 , . . . pnmm ) are called the elementary divisors of G .

Examples:
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C+ =

CiCylic (6) = 4

(3 , 2)



Proof of the classification theorem

Generators and relations G = ⇓g1, . . . gk | R1, . . .Rl⇔

R1 = g
n11
1 g

n12
2 . . . gn1k

k
= 1

R2 = g
n21
1 g

n22
2 . . . gn2k

k
= 1

...
Rl = g

nl1
1 g

nl2
2 . . . gnlk

k
= 1





n11 n12 . . . . . . n1k

n21 n22 . . .
n31 n32 . . .




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"They can be encoded in a rectangular matrix
I rows

~ columns

Nijt

Which row-column operations do not change the group G ?



Operations on the matrix without changing the group
1 Adding an integer multiple of one row to another row.

2 Adding integer multiple of one column to another column.

3 Swapping two columns or swapping two rows.
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E (3) = rowl-3(row2) -> (i-3)

E[gh ghg1
h

Ex (37) => column 2 + 2 columns -> (15)

g (ghgh =[h
= Cz

=> beordering generators or relations (35)e(3) 47. ()



Operations on the matrix without changing the group
Applying these operations, we can get n11 = gcd(elements of the first

column and first row). Then by column and row operations we get





n11 0 0 . . . 0

0 n22 . . .
0 n32 . . .
0

0





Repeating with the smaller matrix, we get the diagonal matrix





n11 0 0 . . . 0

0 n22 . . .
0 0 n33

0

0





This matrix defines the same group:

G = ⇓g1, g2, . . . gr | gn11
1 = 1, gn22

2 = 1, . . . gnrr
r = 1⇔.
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The classification theorem: end of the proof
We have G = ⇓g1, g2, . . . gr | gn11

1 = 1, gn22
2 = 1, . . . gnrr

r = 1⇔.

G ↘ C
p
n1
1
↗ C

p
n2
2
↗ . . .↗ Cp

nm
m
,

a direct product of cyclic groups of prime power orders (not necessarily

distinct primes).
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=> Gi = (gi) are cyclic subgroups . (gi) 1(gj) = 1

gig=gjg : Gabelian

=> By property (4) of the directproduct
G = CnX CrezX ...

" Curr

By Proposition on the structure ofeach Cro
v distinct

Cran = Cpo >Cp2x .. xCar for come

primp. .. pr)
Finally G =

CuxCx same Sp... Pu can

repa
the



Corollary: Structure of abelian groups of prime power order

Corollary

Let G be an abelian group. If |G | = p
n
, where p a prime, then

G ↘ C
pi1 ↗ C

pi2 ↗ . . .↗ C
p
i
k
such that i1 + i2 + . . .+ ik = n.

The set of abelian groups of order p
n
is in bijection with the partitions of

n: n = i1 + i2 + . . .+ ik , such that i1 ⇑ i2 ⇑ . . . ⇑ ik ⇑ 1.

Example: |G | = 8.
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= 23

Partitions of 3 : (3)
,
(2 ,

1)
.

(1. 11)

G = Cs , GG*C
,
Gy = C + C x (2

I
(8) (4

, 2) 12.
2

, 2) elementary divisors

Pairwise non-isomorphic because C * (m = Cnm)god (nm) = 1

# of abelian
gps oforder ph = # ofpartitions ofn.



Another way to encode a finite abelian group

Theorem
A finite abelian group G ↘ Cd1 ↗ Cd2 ↗ . . .↗ Cdn

, where dn divides dn→1,

dn1 divides dn→2, etc, d2 divides d1, and |G | = d1d2 . . . dn. The numbers

(d1, d2, . . . dn) are called the invariant factors of G . They determine G

uniquely.
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Elementary divisors ofG

De Cp x [pa2x[pasx[p4x[22x[p x[p2x(pas
&n

> (12) dis
92 > Azz

AziL Azz > 933
Il

do "do"dy => By construction do / de and duld,

G = C
,
x2d

,

* Cy => invariant factors are Id
.
dads)

ds/dald,



Algorithm to classify all abelian groups of given order
1 Decompose |G | = n = p

k1
1 p

k2
2 . . . pknn (prime factorization).

2 Find partitions for each power k1, k2, . . . kn.

3 For each partition of ki , there is a unique group of order p
ki

i
:

ki = a1 + a2 + . . .+ at =↖ C
p
a1
i

↗ C
p
a2
i

↗ . . .↗ C
p
at

i

.

4 The possible groups of order n are the direct products of all possible

groups of orders p
ki

i
. This gives a decomposition of G as a direct

product of cyclic groups of prime power orders - the elementary

divisors of G .

5 For each of the distinct primes pi , write the obtained cyclic groups

C
p
ni

i

in the order of decreasing powers of pi , di!erent primes in

di!erent lines. Then in each column you will have cyclic groups of

coprime orders, their direct product is a cyclic group. Thus you obtain

cyclic groups of orders (d1, d2, . . . dn) and by construction

dn|dn→1| . . . |d2|d1. These are the invariant factors of G .
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Classification of finite abelian groups: example
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16) = 72 = 23. 32 partitions (3) (221) (12-1. 1)
(2) (171)

Gi Go

/x
↓d hd I ↓ ↓

I ↓
C72 G24 * Co Go * Ca G2 * C Csx*2xx

"There are 6 non-isomorphic abdian groups of
order 72 .

The elementary divisors: &(23
,

34 (23 3
,
3) (22

.

2
,
34 (23,

2
,

3
,

3),
(2,

2
,

2
,

32) (2 ,
2

,
2

,
3

, 3)3
The invariantfactors : <(72)

,
(24

,
3)

.
(36

, 2) (12,
6) (18,

2
.

3)
,
16

,
6
, 2))

6 G2 G G 65 Go

G = Cyx(a * (g = CyfX = CyxGs
divisors ↑ Temtang invariant factors *Ther 4does notdivide 18



Poll:

Which of the statements below is false?

A: There is only one abelian group of order 77 up to isomorphism

B: If p is an odd prime, then the groups Cp3 ↗ C23 and C2p ↗ C2p ↗ C2p

are isomorphic

C: For any n ↑ N+
the cyclic group Cn5 contains an element of order n

3

D: If p ↔= q are distinct primes, and pq divides n, then an abelian group of

order n contains an element of order pq

E: If 49 divides |G |, then G contains and element of order 7.
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7. 11 CXCG

P
false eltofers no eltoforders

=ht) (thighs = 1 g = th has order n3

Cpx(qG

A
=> 7 dir

. IG => Feltoforder 7 in G.


