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Plan of the course

1 Integers: 1 lecture

2 Groups: 6 lectures

3 Rings and fields: 5 lectures

4 Review: 1 lecture

Today: Groups: lecture 5

(a) Sign of a permutation in Sn

(b) The alternating group An

(c) Conjugacy classes in Sn

(d) Action of a group on a set by permutations

(e) The orbit-stabilizer theorem and the class equation of a finite group

(f) Cauchy’s theorem: If a group’s order is divisible by a prime p, then it

contains an element of order p
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Recall: Symmetric group Sn
A cycle (i1, i2, . . . in) is a permutation that sends

i1 → i2, i2 → i3, ... ik → i1 and stabilizes the remaining elements.

Two cycles (i1, i2, . . . ik) ↑ Sn and (j1, j2, . . . jm) ↑ Sn are disjoint if

and only if it ↓= jp for all t and p.

Disjoint cycles commute in Sn: if it ↓= jp for all t and p, then

(i1, i2, . . . ik)(j1, j2, . . . jm) = (j1, j2, . . . jm)(i1, i2, . . . ik).

Any ω ↑ Sn can be written as a product of disjoint cycles

ω = ( )( )( ) . . . ( ) uniquely up to the order of the cycles.

In Sn we have ε(i1, i2, . . . ik)ε→1
= (ε(i1),ε(i2), . . .ε(ik)).

A transposition is a 2-cycle in Sn. An inversion in a string of numbers

is the situation when a bigger number goes before a smaller number.

If ω is a permutation of the string (1, 2, . . . n), then the number of

transposition in any expression of ω has the same parity as the

number of inversions in the resulting string ω(1, 2, . . . n).
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The sign of a permutation

Theorem

A product of an odd number of transpositions cannot be equal to a

product of an even number of transpositions in Sn.
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E : (12) (12) = 1

2 transp .

O transp.

The parity of of transpositions in 5 is equal
to the parity of of inversions in 8/123 ...n)



The sign of a permutation

Definition

Let ω ↑ Sn. Then sgn(ω) = (↔1)
|transpositions in ω|

.

Proposition

sgn : Sn → {±1} is a group homomorphism.

Proof:

Recall: The kernel of a group homomorphism is a normal subgroup.
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syn(ot =1=> 5 = even # of transpositions
syn(o) =-1 5 = odd # of transpositions

Sgn (5
. 5) = (1) Atanep (2)

= (1) # Tramp(a) +#transp(t)
=

= (1)#tramsp(r). (,) #tamp()=Sgn (2) · sgn (i)

syn (1) = 10= 1

Ker Isgn) Sn normal subgroup.



The alternating group An

Definition

The alternating group An is An = ker(sgn)↭ Sn. It consists of all even

permutations in Sn.

By Lagrange’s theorem, |Sn| = |An| · |{±1}| = 2|An|.

Example: S3 = {1, (12), (13), (23), (123), (132)}.
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Recall: the cycle type of ω ↑ Sn is preserved by conjugation

Moreover, any element of type (i1, i2, . . . ik) can be obtained from any

other element of the same type by conjugation.

Definition

The conjugacy class of an element h in a group G is the set of elements

{ghg→1}g↑G .

Corollary

Sn is a disjoint union of conjugacy classes. Each conjugacy class is

determined by the set of lengths of disjoint cycles. The conjugacy classes

in Sn are in bijection with the partitions of the number n:

n = i1 + i2 + . . . ik ; i1 ↗ i2 ↗ . . . ↗ ik ↗ 1,

where {i1, i2, . . . ik} are the lengths of the cycles in the disjoint cycle

decomposition of elements in the given conjugacy class.
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Conjugacy classes in Sn

Example: G = S4.

Conjugacy classes ↘ partitions of 4.
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Conclusions: the group Sn

Any element ω ↑ Sn is a product of an odd or an even number of

transpositions. The sign of ω is determined by the parity of the

number of transpositions in ω.

The alternating group An is the kernel of the group homomorphism

ϑ : Sn → {±1} given by ω → sgn(ω). It consists of all even
permutations in Sn.

The conjugacy class of ω ↑ Sn is completely determined by the cycle

type of ω.

The conjugacy classes in Sn are in bijection with the partitions of

number n.
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Action of a group on a set

Definition

A finite group G acts on a finite set E if for any g ↑ G , any x ↑ E the

element g(x) ↑ E is defined, and 1(x) = x and g1g2(x) = g1(g2(x)) for

any g1, g2 ↑ G and any x ↑ E .

Definition

The set Orbx = {g(x)}g↑G is the orbit of the element x ↑ E under the

action of the group G .

We have

1 Orbx = Orby or Orbx ≃ Orby = ⇐.
2 Every element of E belongs to an orbit.

3 Therefore, E = ⇒r
i=1

Orbxi , where {xi}ri=1
is a complete set of

representatives of the orbits.
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Example : Su acting on E = 51
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Orbx /Orby + 0 = g,
x = gzy = y =gig , x Orbx

Similarly x Orby => Orb = Orby
z



Action of a group on itself by conjugations

Action of a finite group on itself by conjugation is an example of a group

acting on a set by permutations:

g : G → G g : h → ghg
→1.

Then Orbh = {ghg→1}g↑G ⇑ Ch is the conjugacy class of h in G .

Therefore, any finite group is a disjoint union of its conjugacy classes:

G = ⇒r
i=1Chi .
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(gigz) (h) = (g+gz)h/g .gz)" = g ,lgzhgilgi =

g. (gz (h) the
FgrgrEG



Conjugacy classes in G

Remark

If G is abelian, then Ch = {ghg→1}g↑G = {gg→1
h}g↑G = {h}. Therefore,

each conjugacy class contains exactly one element and the number of

conjugacy classes equals to |G |.
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The stabilizer subgroup

Definition

Let G act on a set E by permutations. If x ↑ E , then

Stabx = {g ↑ G : g(x) = x}

is the stabilizer of x in G .

Proposition

The stabilizer Stabx ⇓ G is a subgroup in G

Proof:
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(1) 1(x) = X EXE= 1 Stabx

(2) If gi .gze Stab
= gigz() =

g . (g) =ggige Sta

g(x) = X =(gig)x = 1(x) = X

"g" (g(x)) =g(x) = x

= gEStabx



The orbit-stabilizer theorem

Theorem

Let a finite group G act on a finite set E , and x ↑ E . Then

|Orbx | = [G : Stabx ] = |G |/|Stabx |.
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Orbx = Eg:x EG

Proof: Let H = Staby <G and consider the left cosets wrt HinG

Then M
: EgH]geg -Orbx is a bijection

def
M : gH-g . x YgEG =M is surjective : FgeG belongs to

a left H-coset

Suppose M(gH) /fH) + Orby =>gx
=f- x = fig , X = X

=> figtH = Stabx =

figHgf
=> M

is injective =>M
is bijective = #ofH-cosets= = /Orbx

= /Orbx)=b T



Application: the order of the rotational symmetries of a

cube

Let G be the group of rotational symmetries of a cube. Then G acts on

the set of faces E of the cube by permutations.
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Poll: All isometries of an octahedron

Let K be the group of compositions of rotations and reflections in R3
that

preserve the octahedron. Then the order of K is

A: 60

B: 16

C: 48

D: 24

E: 32
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Centralizer of an element of G

Definition

The center of a group Z (G ) ⇓ G is the set of all elements that commute

with any g ↑ G .

Definition

The centralizer of an element x ↑ G is the subgroup

Gx = {g ↑ G : gxg
→1

= x}. In other words, the centralizer of x ↑ G the

stabilizer of x ↑ G with respect to the action of G on itself by conjugation.
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z (G) = (x( G : xg
=gxVgt6]

=(x6 : gxg = x YgEG)
=> all 1-elt conj classes in G.



The class equation of a finite group

Theorem

The class equation of G is

|G | = |Z (G )|+
r∑

i=1

|Cxi | = |Z (G )|+
r∑

i=1

[G : Gxi ],

where Cxi are all the nontrivial (with more than one element) conjugacy

classes, and Gxi are the centralizer subgroups:

Gxi = {g ↑ G : gxig
→1

= xi}.
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Application: groups of prime power order

Proposition

A group of order p
n
, where p is a prime, has a nontrivial center.

Proof:
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Class equation of G: pkn ph

(G) = (z(G))+ /G : Gx
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#



Cauchy’s theorem

Theorem

Let G be a finite abelian group, and p a prime dividing |G |. Then G

contains an element of order p.
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M

Proof: By minimal criminal. Let G be the smallest counter- example.

161 is minimal, there is no elf of order p in G
,

and p
divides 161.

LetgeG = order(g) is not divisible typ (ifgrp = 1 = (g)=1)
(g) <G ebgp = (g)) = orderg) ,

not divisible typ => 1 %/g))= 161
.

=> pdivides 18/g)) and G/g) contains an elfof order
p ., he kg).

=> JhPE(g) => hP =g3 ; let be the order ofgs
=> (hp)

"

= (gs)"= 1 = > (Pk= 1 = (hk)P= 1 = h" has order
p.

#



Cauchy’s theorem

Non-abelian case

Cauchy’s theorem holds for non-abelian finite groups as well.
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Meaning that ifp divides (C)
,

then JhEG of order
p.

[PS73 : use the class equation ofG
and the abeian case
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