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Plan of the course

© Integers: 1 lecture
© Groups: 6 lectures
© Rings and fields: 5 lectures
© Review: 1 lecture

Today: Groups: lecture 5

Sign of a permutation in S,

The alternating group A, Sv\

Conjugacy classes in S, j”ﬂ/ss’ M

Action of a group on a set by permutations /\‘\5‘%%‘/

The orbit-stabilizer theorem and the class equation of a finite group

© 06 e e e e

Cauchy’s theorem: If a group’s order is divisible by a prime p, then it
contains an element of order p
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Recall: Symmetric group S,

e A cycle (i1, i, ...ip) is a permutation that sends
i — fp, ip = i3, ... ix — I and stabilizes the remaining elements.

e Two cycles (i1, i, ... k) € Sp and (j1,/2,.-.Jm) € S, are disjoint if
and only if iy # j, for all t and p.

@ Disjoint cycles commute in Sy: if iy # j, for all t and p, then
(s iy o ik)Uts f2s -+ dm) = (1525 -« - Jm) (i1, i2, - - - ik)-

@ Any o € S, can be written as a product of disjoint cycles
o=()(C )( )...() uniquely up to the order of the cycles.

e In S, we have (i1, ia, ... ik)7 L = (m(ir), m(i2), ... 7(ix))-

@ A transposition is a 2-cycle in S,,. An inversion in a string of numbers
is the situation when a bigger number goes before a smaller number.

e If o is a permutation of the string (1,2,...n), then the number of
transposition in any expression of ¢ has the same parity as the
number of inversions in the resulting string o(1,2,...n).
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The sign of a permutation

b (12)f) -1
Lowp O vy

Theorem

A product of an odd number of transpositions cannot be equal to a
product of an even number of transpositions in S,,.

T/ a%§ % # / /VW/?%/MH ‘3 47M[
7/ 7% /Jomé %#O/M%mm M G(/Z 2 <,,14)
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The sign of a permutation

Definition
Let 0 € S,. Then sgn(o) = (—1)|transl°ositions inof J

ggh((f\:/ﬂ = G = ten# D][ %m/dz%w
Sjm (6)141 &> § o= M{&( # 0/ M/%/M

Proposition
sgn : S, — {£1} is a group homomorphism. J

Proot: gy (6:0) = () 0 ()7 POt )
- (40#’4”% (s) /‘/J #/mo?[ﬂ g (G)fj”(?)
Y (1)- 1°=4
Recall: The kernel of a group homomorphism is a normal subgroup.
keor /thj = Shp normal éwﬁrmf
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The alternating group A,

Definition
The alternating group A, is A, = ker(sgn) < S,. It consists of allfeven
permutations in S,,.

k—-c 64 :Mdac%ﬂ/

By Lagrange's theorem, |S,| = |A,| - [{£1}] = 2|A,|. (k) /vrm/mfp{w

e (123)= (3)1)
Example: S3 = {1, (1042), (0103), (0202{), (123), (132)}.

Lven LYin U

Ay = P4, mL0d]  JAFS -2
Ay= o= (E %=1}
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Recall: the cycle type of o € S, is preserved by conjugation
Moreover, any element of type (i1, iz, ...ix) can be obtained from any
other element of the same type by conjugation.

Definition

The conjugacy class of an element h in a group G is the set of elements
{ghg '}geq-

Corollary

Sn Is a disjoint union of conjugacy classes. Each conjugacy class is
determined by the set of lengths of disjoint cycles. The conjugacy classes
in S, are in bijection with the partitions of the number n:

n=1in-+il+...i; hH=>>. .20 >1,

where {i1, I, ... ik} are the lengths of the cycles in the disjoint cycle
decomposition of elements in the given conjugacy class.
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Conjugacy classes in S,

Example: G = §,.
Conjugacy classes <> partitions of 4. l{} {3, I} {2,2} yrZ, /, 1] //,/,/,/} J

Fu) o ggetn (234), (123). Tos1=¢

f31] d-gebs (32,029 /3}2:

md/w#ﬂ ) Q&é{ 01471 /
ke ) oo (2) 773

J2y 2-opels () (%)
]t b i £ 1

6+8+3+46+1= 2%
[S,[=4!=29

(%

o = = E = 9acn
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Conclusions: the group S,

@ Any element o € S, is a product of an odd or an even number of
transpositions. The sign of ¢ is determined by the parity of the
number of transpositions in o.

@ The alternating group A, is the kernel of the group homomorphism
¢S, — {£1} given by 0 — sgn(o). It consists of all even
permutations in S,,.

@ The conjugacy class of o € S, is completely determined by the cycle
type of o.

@ The conjugacy classes in S, are in bijection with the partitions of
number n.
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Action of a group on a set

Definition

A finite group G acts on a finite set E if for any g € G, any x € E the
element g(x) € E is defined, and 1(x) = x and gi1g2(x) = gi(g2(x)) for
any g1,8> € G and any x € E.

EXWZ: S am/yg o £ :/I, Ry
Definition
The set Orb, = {g(x)}gec is the orbit of the element x € E under the
action of the group G.

We have 4 NOd, +7 => 9K = ) =Y = 117”( e My
4 j j )/Srwjé«ré X€0’gy => @4:@4

@ Orby, = Orby, or Orb, N Orb, = 0. vV
@ Every element of E belongs to an orbit.

© Therefore, E = U!_, Orb,,, where {x;}/_; is a complete set of
representatives of the orbits.
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Action of a group on itself by conjugations

Action of a finite group on itself by conjugation is an example of a group
acting on a set by permutations:

g:G—=G g:h— ghg™L.

GEI M) - Mg s g < 5 ) |,
Vj,,jleé

Then Orby, = {ghg_l}geg = Cp, is the conjugacy class of hin G.
Therefore, any finite group is a disjoint union of its conjugacy classes:

G = Ule Ch[..
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Conjugacy classes in G

Remark

If G is abelian, then C, = {ghg '},cc = {gg *h}zec = {h}. Therefore,
each conjugacy class contains exactly one element and the number of
conjugacy classes equals to |G].
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The stabilizer subgroup

Definition
Let G act on a set E by permutations. If x € E, then

Stab, = {g € G : g(x) = x}

is the stabilizer of x in G.

Proposition
The stabilizer Stab, C G is a subgroup in G

Proof: ) f()=x WxecE~ 1 & Ské
) If 9.9 6 St = g2 09 =51 (:6)) =3 &) =>G.9.6 St
g[X):X => @“fgjx = 1¢x) :>\<X

\ - ~
"4 ’(5&»):5 ‘(x) =x 7
Oamb iR HES i

- g7 Stl,



The orbit-stabilizer theorem BV ;{7«}%
Theorem

Let a finite group G act on a finite set E, and x € E. Then

|Orby| =[G : Staby] = |G|/|5tabx|j
/Dmo/x Z@JZ A/: ‘S%@gx (é ond m/}fﬁéf %Ab 4//% Caké wm[%/:h &
TAW /Vf ){7/4} e - (Qr%y (S a /y'c:o%bm
e j%/ ljx b{jéé = < hy’za/w« %Zé/%@iﬁfi
Supue. pu(§H) g (JH)€ Oy > gx=f x 2> LTk -x
s (e H=Sthe > LR H<H = aHafH  n
> ij € ij 5%’@% (/7[// (jjfif »ﬂ/—j/é/
o> o5 ajechie = it jechis - pof toh <1904,
N /Oré/ /&

JHE e .. LD

) Q (>




Application: the order of the rotational symmetries of a

cube
Let G be the group of rotational symmetries of a cube. Then G acts on

the set of faces E of the cube by permutations. ~
el X
|0 |- EA MM)

S#QZX = )yf,r,r,r } ro%a/(w o///\xrface A \
A

| Sick 14 ISk | [0 | -

1O, |

A. Lachowska Algebra Lecture 5 October 15, 2025 15/21



Poll: All isometries of an octahedron

Let K be the group of compositions of rotations and reflections in R3 that
preserve the octahedron. Then the order of K is

A: 60 KQGA § /xerm/a,/m gn][aco;

B: 16 |04, | =& i

@ 6 - )5%1-/%%@;, 3 el
. = 33 meuae% /na«%
E: 32
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Centralizer of an element of G
Definition

The center of a group Z(G) C G is the set of all elements that commute
with any g € G.

2/&} = I)X66/ szjx %75§;

- JxeG j{flx %6@}
=> Q/ZZ j\d% [,04/7 O&(A/V/J h G

Definition
The centralizer of an element x € G is the subgroup

Gy ={g € G: gxg ' = x}. In other words, the centralizer of x € G the
stabilizer of x € G with respect to the action of G on itself by conjugation.
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The class equation of a finite group
Theorem

The class equation of G is

Gl =1Z(G)| + Y |Cel = 1Z(G)| + Y [G : Gy],
i=1 i=1

where C,; are all the nontrivial (with more than one element) conjugacy
classes, and G, are the centralizer subgroups:

G, ={g € G:gxgt =x}.

y.
m

|6 < ;(CX;/ = f//C%/ * -Zr/(xf/
winef N\ Gt 7 byper anf oo

O{QSJbMOJr/
oty ~
i |2@)] o = 61 2@+ E /% ,

4 nfd-chalibzer: [ G- o & lexl
WZ\(/(, GXJ (s 7L/\b UM,{WJKW P/JX'MG )
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Application: groups of prime power order

Proposition
A group of order p", where p is a prime, has a nontrivial center. J
Proof: C&M %ua&ﬁﬁ‘v 07[ & ! I P«h " /’L>
6= 126) + T [6:6] Gy, €6 =[Gy divda 16
. //“ J! \\_/: N I_GL, ek
P dvsille \Zi 1= disidl, 6/0 /@yl -p A

@F kZ{@H is O{A‘v{&'% §/§ /

(¢ 2(6) = [26)]21 = [2(E)]2p
=5 \ZKGN is o nenbrivicd m/,/%])é oj(/s S 2 p pacts w Z(5)

Algebra Lecture 5



Cauchy's theorem
Theorem

Let G be a finite abelian group, and p a prime dividing |G|. Then G
contains an element of order p.

M ,Bj miniwad comindd. Lot G be He smallst cowndor- (’XW{
jG;55 M;WWM// 7%/4 S Mo %/g%ﬂr&lﬂﬁ h é/ Q/w//i Ay /6-/
L&?Lj el& = a'r&{(/[j) RS MJZ »{f'y:‘ﬁ/{ é/a (,‘]/j/c/”:i :>/j§/):j)
<j> <G 4‘4{%/9 = KjV:OWé’((jJ, hu/al;mi%§/o = /G<j>/ :/{/;/ <|&]
=> p Aiiduy /§<ﬁ>/ and @/<j> confains an aZ/af[amér/s/ Af%)}

> W€ (gp > Wogt L GFL b ode of 57
= (AP)k:[jS)k: { = Apk:j :>@9P:1 :>/klm pmér/

Y
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Cauchy's theorem

Non-abelian case
Cauchy’s theorem holds for non-abelian finite groups as well. J

/V&an/wj JZ/L@YZL//') &/A’V:‘CéA /G/ /ﬂm 3A§§ a/mﬁé//_

[PS77 0 wse th clos cpatn of &
M&/ %ZL M&n taie

= G
&G{ B /iﬁgfﬂ /-JZ,’/@/
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