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Plan of the course

© Integers: 1 lecture
@ Groups: 6 lectures
© Rings and fields: 5 lectures

@ Review: 1 lecture

Today: Groups: lecture 4
(a) Symmetric group S, definition and examples
(b) The cycle notation

(c) Disjoint cycles

)
)
(d) Product and conjugation of elements in S,
(e) Transpositions in S,
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Symmetric group S,

Definition

Sn is the group of permutations of n elements with the group law given by
composition of permutations, and the neutral element given by the trivial
permutation.

a5+ f [ 73] [ 1132 (22 1) [42])

242

In general, |S,| = n!.
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The cycle notation for the elements of S,

Definition
Let p€ S, and x € E ={1,2,...n}. The set

Oer(X) = {pkx}kGN = {X7pxap2X7 c 'pk_lx}'
'4
X=X
is called the orbit of p in E. of eluad x P

Proposition p st

E={1,2,...n} = Ui_,Orb,(x;), and the union is disjoint.

Proof: g% )9)4‘ . fwx '5 é’X‘L JDX)_ - X;_ J/ JXz =>
Py, g; f K, = Xy = xleaé /x) = pf Xy € Oré {x)—s(%(xk(}jém

J
Jmmw[nw.%/ Orf (%) 0"% /X1> => 0/ (X/) 4, [Xz>

T 7
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Orbits of permutations on a set of elements

3

o 2
IS — G Ss
ﬁf/ “

Of /Di 7(112»”}

54 6 6
@ W\ 0w
/ & f :Ofé)/g)
-
Ort, (c) ZMJ
& iﬁ«‘ 9 &%(9):{9}

F= 11,29 Uf3,825)06)119]

The orbits are disjoint. Each orbit is a subset where the group element
p € S, acts by a cyclic permutation. Some orbits have only 1 element,
that is unchanged under the action of p. The union of all orbits is the
whole set E.
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The cycle notation for the elements of S,
Example:
p= [\v; li \[g} € Ss.
(o) ={L.p} p*=1. %Jw 0,§0/2): Ji2)
0&’%0 (3) = ?5}
F=yr23)- %pm t/%{s)
f S ﬁ% , Mnoé»‘m/ ﬁrgw'?[ /f, 2}

of lingth 2.
Definition
m € S, is a cycle if ™ has at most one orbit with > 1 element. The length
of the nontrivial orbit is the number of elements in the orbit.
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The cycle notation for the elements of S,

Example: p is a 2-cycle in Ss: 0&
lla/) one hen! ‘l/[ﬁ/
=5 23] T e 1e
i yoé

Example: o is not a cycle in S4:

1.2 3,4
o= [‘Lz 11 141/3 ]
C hos O nonhivial obih: (425 and 139

= G;s;«m[ayoé
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Notation for the cycle

Ay

Let 7 € S, be a k-cycle. Then 7 = (x, 7(x), 72(x) ... 7" 1(x)) for any
x € Orbg(x).

A cycle (i1, 2, ... ix) is the permutation that sends i1 — i, b — i3, ...
ik—1 — Ik, ix — i1, and leaves the remaining elements of E = {1,2,...n}
stable.

Example:
1 2 3 ‘
'0_[213]‘ f'{mj
is written as p = (12) in the cycle notation. %(ﬁ Lo
ho
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Notation for the cycle

Example:

I

=l

e = W

7 ()
A#M?Afﬁwf /T:(Q 3/) = / p{bm[é %K& e &é«%m]zr/gg

ot N (12%)=(231) =(312) =7

3 0 (132)#7
Vi

<«

/-A

1
2
l
1
2)

77—/

Conclusion: the cycle notation is defined up to a cyclic permutation

The length of the cycle = the number of elements in the nontrivial orbit of

the cycle.
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Disjoint cycles
Definition

Two cycles p and 7 in S, are disjoint if their nontrivial orbits do not
intersect.

Proposition
Disjoint cycles commute.
Proof: 7, -0, 0 N0 = s Show T, 6)=T5T, (x) ¥y
?7“[” howde. ol F
()xg QU0 > MELI =T, =X, HLY =T 007X
()xe O, %0, > 17 () = hed=y BT =Tl =y

(3) x¢0, xe0; ﬁmmf}fc

= T =TT /47 Aj/m% ga&, 7
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Disjoint cycles
z /T/ =z T
32,51} J39,6)

Example 1: 3 = (251) € Sp, 72 = (346) € Sp are disjoint cycles.
{251} 01{39¢) = 2
s (281)(346) = (34¢)(25))

7 T = T

Example 2: p; = (251) € Sg, p2 = (23) € Sp are not disjoint.
125/) 723

/25/>/2’3) hot o&‘;/fmf/

pe-2pp
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Product of cycles in S,
Examples:

T(12)(23) = (234)
(1426)(235) =354 4 4)
(1453)(321) =(s£%s)d) = (3295)(1) = [3245)

Theorem
Any element o € S,, can be written as a product of disjoint cycles. This
presentation is unique up to the order of factors.
Proof: _ C _ -
E e fi - YOk, SH-g] vl
My TR
=> =00 -.. I
NS
- [
JASJU\\/ﬂ( ﬁ(/@ .
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The cycle type in S,

Definition
An element o € S, written as a product of disjoint cycles is called the

cycle notation for o. The set of lengths of the disjoint cycles in ¢ is called
the cycle type of o.

Example: o = (14)(236) A e /2 3)
= (236)(1y) 7 §

In the cycle notation it is easier to compute wpm ! than mp. J
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Conjugation in the cycle notation
Proposition

Let w,p € S,. The cycle notation for the element wpm =1 is obtained from

the cycle notation of p by replacing each number k by w(k). The elements
p and wpm ! have the same cycle type.

Proof: @’M«ﬂf ﬁfﬂ ////é}) ~// T ///,) —(T[L)
Zm[)aée a?&f P Z;ﬁ[&) f [/fdo[éwé()ﬁﬁ
a s (k) =TT o
//j// ~mplplpt) - (L), plE) wp) )

:>j.> [a a, Cim) {704 M/a/ g
7?7’ - (7)) 7l2n)  T(an)
If warks 74/\& Seme  on aﬁfoﬁéad[ o//dé,r/oéhf&
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Conjugation in the cycle notation
— —

Examples: (45)(134) (45)~ /////} v(3) 7 (‘/) =(13 5)

ﬁm S
(234)(25461)(2/:;4) = [/'I/?) /7/54) T/(// 7({) 7//)) - /3 52 G f)
L/32)

Exercise: check it by a direct computation.

(2342596 1)(452) = (3526 4)

A. Lachowska Algebra Lecture 5

October 8, 2025 15 / 26



Conjugation in the cycle notation
Proposition

Letg,he S,. If h=pypy,...p, as a product of disjoint cycles of lengths

h,b,...l, then ghg™t =y, ..., is a product of disjoint cycles of the

same lengths. Any element that is a product of disjoint cycles of lengths
h,b,...l, can be obtained from h by conjugation by an element of S,,.

Proof:
§oy/)a&eﬁgf f/” _ /4« {féf fg, ), - fg,
V\//LZA/(,LL ma& &MA n(/méf h ZQOZ /7[4( gf,f/om/ %&4
f o f@r L Y CMQ?'M/U A D/%g %J/o,w/ﬁcé
fz, 'f-fe/

7
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Conjugation in the cycle notation

Example:
Find an element t € S7 such that

£(12)(367)t 1 = (43)(156)

(2)(367)4 5 £=(1423)65%)

(93)( /% 2% L ()67 "= (93)(158)
(alespty £ (1352 9)(657)  abo work
(31/){/56)97 zf///Q)/féz)é/)d:/z/jJ//AZ)

Exercise: check by a direct computation.

LR = (06 ) = f4)i56)
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Poll: Product of cycles in S,

//{/M
Poll: Let o0 = (134)@@@(143) € Ss.
Then
A: o = (12345) G = (125 [3% [2[/) //Z}ﬂ}%)

B: o = (123)(45)
C: 0 = (1435)

@ o = (12)(345)

E: o0 = (15)(243)
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Conclusions

A cycle (i1, i2,...1,) is @ permutation that sends
i — Ip, ip —> i3, ... in — i1 and stabilizes the remaining elements.

e Two cycles (i1, iz, ... k) € Sp and (j1,/2,---Jjm) € Sp are disjoint if
and only if iy # j, for all t and p.

@ Disjoint cycles commute in Sp: if iy # j, for all t and p, then
(i17 i27 s ik)(jl?.jZ? . Jm) = (j17j27 e '.jm)(i17 i2a s Ik)

@ Any o € S, can be written as a product of disjoint cycles
o=()( ) )...() uniquely up to the order of the cycles. The
cycle type of o is the set of lengths of the disjoint cycles in its
decomposition.

o In S, we have (i1, ia, ... ix)7 L = (7(ir), m(i2), ... 7(ix))-
The cycle type is preserved by conjugation.
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Transpositions
Definition
A transposition is a 2-cycle in S,,. ExaM/JZ: (13)

Proposition [, 92

Every k-cycle in Sy, is product of (k — 1) transpositions.
Proof: 7, lckom o i: k=2 => [() /6) ls a drensposifion
k 3 = /CigC (azc)[qg}
Hypobss: (12 e)= (1)) . (13X(02)
Induchon Sé/ 5@/% (/w&(/! //2 k) = (T ra)123 k) =
=(/ el 1)1 k- /- -~ (3)(12)
=9 de{ /%olacxzm [/2 3 //# [/;4-, .- //3)(/2J

|
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Products of transpositions

Corollary

The group S, is generated by transpositions {(ij)}1<i<j<n-

Proof:
Ay LK# 54 P/’D&a/ 5/ /4&%4/}91/&44
)i

Remark: This presentation is not unique.

[&gc> = (ac)/ag)
= (6a\(ct)

A. Lachowska Algebra Lecture 5 October 8, 2025 21/ 26



Any element of S, is a product of transpositions

A transposition (ij) can be visualized as a crossing of two lines that
correspond to elements / and j. Then any element ¢ € S, can be
represented as a tangle of threads. Each intersection corresponds to a

transposition.

—,
B — N
TN
N e (o
U\<—.E
N <«
Lo <~

—

3}

G = (580 35) () 3 )(39)(s6) = (245 63)
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The sign of a permutation
Definition

An inversion in the ordered set {ai, as,...an} is a couple a; > aj, where
i <J.

Theorem

Let 0 € S, be given as a product of transpositions. Then the number of
transpositions in o has the same parity as the number of inversions in
o(1,2,...n).

Proof: G[[ 2 n> :’[Q(Q,)_ . ug,g —JCC;-—- )

AM:] G) . ()6 (12 -n) ws. 5(J2 - ) A””#‘#a/’”fs’i@d?
Ak, Cp Ao M?z COM{”'@’[@ # He 044% z/ #OJZWV%DM ‘

jf Cosi cm/éy orbe i and b i = M@W/h # of dwicgmg
I]f 54&9 mJ‘<gzéa => # o owersvs olcz«gq @ +2

th,%, e Swap ”\HJ solols m’ﬂa/w One Mmere Dhversion.
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= oo o Hhans osf/zm () Changes He #
% OT/ (hmﬁmgé;« @ 304,7/) @ en odd M{Zér
C=4d = [12 - n) no s
S = () => odd # D/EM/A/Z{/W o Mo resd?
G= (k[)[{/) o> odd +oold = even # O//iwéfj,'@aqj M Ho resellt

L/F] a%m 74& Mmér O/M)Oﬁ/m M G hes % Jarnce /:awé

os e nunder of wisrsin in He er‘Chj stkg 5(/2.. hj@l

Theorem

A product of an odd number of transpositions cannot be equal to a
product of an even number of transpositions in S,,.

G(i( 2 . h) }\ws C J[c'ﬂcf W,&f o/mvaszbm

/ "/j‘ Wtfg 0/ 7 “/~L M*Vbéf )/fhk&fslm £ Lﬁ@é /‘A 7 0/
P /L
% MVVU&f 0/ 7;Q/7‘/SOS’JO)U— ‘h 6 /BQ’_\% JI‘/
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