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Plan of the course

© Integers: 1 lecture
@ Groups: 6 lectures
© Rings and fields: 5 lectures

@ Review: 1 lecture

Today: Groups: lecture 2

a) Recall: basic examples of groups
b

(
(
(c
(
(

) Group homomorphisms and isomorphisms
)
d) Examples of group homomorphisms
)

Presentation of a group in generators and relations

€

Kernel and image of a group homomorphism
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Recall: two groups modulo n

Additive group modulo n

For any n € N, n > 2, the equivalence classes of integers modulo n:
(Z/nZ,+,0) = {[0],[1],...[n — 1]} form an abelian group with respect to
addition. |(Z/nZ,+,0)| = n.

Multiplicative group modulo n

For any n € N, n > 2, define the group

((Z/nZ)*,-,1) ={x e N:1<x <n, ged(x,n) =1}. Then
((Z/nZ,)*-,1) is an abelian group with respect to multiplication and
(((Z/nZ)*, -, 1)| = ().

Recall: every element of ((Z/nZ)*,-,1) has a multiplicative inverse.

306//4%) ={ <= ﬂx,yé Z - ax+ny = 1
[Ifx) (03 Y] <I4] mudn  4=> T[] <47 => [T = [i]
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Group of the roots of unity

2mi

Let n € N, n > 2 and consider the group C, = {1, q,4°,...9" "'} where J
q—=e¢en.

£ G .
1,9 ¢% 9157 ;: /
79 - / ?:'?;’: !
cloid ve? Fhe group 7771
%W%m
/Cg/= 6

A. Lachowska Algebra Lecture 3 September 24, 2025 4 /21



Intuition: the groups (Z/nZ,+,0) and C, are "the same”
For any ne€ N, n > 2,

(z/nZ,+,0) ={[0], [1],...[n— 1]} is an abelian group of order n with
respect to addition.

Co=1{1,9,9° ...q" 1} where g = e’ is an abelian group of order n
with respect to multiplication.

(% «0)=n  [Gil=n

’

0 > -+ .
/1 s /Az m;f /z}ﬁécé %jz(jmu/ 7)0:20/5'1

1 > CZ =¢ "

K —> 7"
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How to tell if two groups are "the same”?
Example: |G1| = |G|

Gy = {1,a,b,ab = ba |a*> = b> = 1}.

alal =ovagg=a1€ii-{:1 = [aéjif /6:,/:4/
b aba-ba261-6 ; b2b-b%-a
ba bo

G={Lq.¢¢[¢"=1}. = C, = fs (-1 -if
gebs - 97 1 and 44
Bu{ T /A&« (s ho Auc[ pému?z a’= 4%, /e.{/zz 1

GI’W/]S G, cmc/ GQ Aavg GA/%MN[ 441@4{/@

|G, (=4

Conclusion:

|G| = sz / does ﬁﬁ/ ;mf@ 7447[ /Zagmu/os A&wz /Az Adame 444/04%_ J
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Group homomorphisms
Definition

A map ¢ : G — H between two groups is a group homomorphism if

¢(XG‘Y):¢(X)Q¢(Y) Vx,y € G.

Proposition

If $: G — H is a group homomorphism, then ¢(1g) = 1y and
p(x71) = (p(x))! for any x € G.

&’3/{. Lt xye G = Wy y)= ey ) Uy =¥ Vayes
“E o Phr) =l (e
=Bl yon o Vo) YOO 1, - V(1,) -4,
(1)
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Group homomorphisms

= T x=1z >Y0y) =Py~ fi@ (W/))-i/%))_j
1/.( V/éé;

= Y- (vt vy ee

Definition
A group homomorphism that is invertible is called an isomorphism:

¢6:G—H, Yv:H—G: oot =1Idy, Yo¢=Idg.

Then ’G ~ H are isomorphic groups.’
A group automorphism is an isomorphism of a group to itself ¢ : G — G.

v

A. Lachowska Algebra Lecture 3 September 24, 2025 8/21



Example of a group isomorphism: (Z/nZ,+,0) ~ C,
Ch = ){:{: 7' 72~~ 7“]

Y. 1 C/“ 77 o 7“" IS Qg{/'fc/m
A 25 - )= o
(o] [1]1 [2] (Mfﬁ] /?7) t)- fj]
06} ) - (347
Vi) = ‘M?? 7) w) /w] -l

n

=> M/DCM—>}2/Z 5“&"?007%77’;9}4
= /Z ZSW/}Z,‘( jm/js




Conclusions

@ A group homomorphism is a map between two groups that respects
the multiplication.

@ Two isomorphic groups may have different descriptions but they admit
a bijective map (an isomorphism) that respects the group operation.
In particular, it sends the product to product and inverse to inverse.

7/52 =6 ~ Chn, h=6

3| 2| afs|ofl1]2
@ a0 s|o|d))] 2|3
5 s|of1]| 23]«
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Presentation of a group in generators and relations
Definition

Generators of a group is a minimal set of elements of G such that any
element of G can be written as a product of the generators and their

INVErses.

Example

Co=1{1,9,9° ...9" "} has a generator q.
Can it have any other generators?

Ves!  g"'=g" for ceanpl.
j; / 7k25 ag//m/«mév v)[ Ch <’>j€6/& )‘
If ﬁ”/ (hnl=ol =5 n=ds, k-df 4>/£j 7 &hj =L,
»7 %W@ jwy) ﬂ/ﬂf%f S = jf//éw)
If \7/0///(,04 = J46c2 abibn-1 => /7*) =7 f/fuwmé G,

A. Lachowska Algebra Lecture 3 September 24, 2025 1 /21



Generators: example

Let Q% denote the set of positive rational numbers. Then Q% is a group
with respect to multiplication.

Poll: What are the generators of the group Q% 7

7/ Zb-2m
A: All squares of prime numbers and 1 cannot 5 2 P aw% Y,
B: All positive natural numbers N 1o many: 6= 2-3
C: All odd positive integers and 2 Fo0 many: 9=33 ;’ﬁ 2

" A
AII odd prime numbers and % v h=p P:” => all N p, A ;:fg,lg

E: All numbers of the form % where n € Ny /oo many ) é: f/ £

Bonus question: what are the generators of the multiplicative group of

nonzero rational numbers Q*? Ja// pvus mz//»ﬂ
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Relations in a group

Definition
Any equation satisfied by the products of generators is called a relation in
a group.

Example

In C, = {1,9,4%,...9" '} we have a generator g that satisfy the relation
qg"=1.
q"*t3 = g3 is another relation.

Generators and relations in a group are not unique in general!
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Group defined by generators and relations
Definition
A presentation of G in terms of generators and relations is an expression

(S| R), where S is a set of generators and R is a minimal set of relations
in G, such that any other relation in G follows from these.

Example

Cn == <q |qn = ]-> TAAS S %Xz Cy&ég Growp 0/07”5(4r n

EXQ!V&: ’/—K( /%njrm/) K: (41 ¢ /Ql: 4) gQCII QZ:€Q>
(a8)' = cbob- 226>-1
ad

Am%rﬁigg/f pé/ K =< (ﬂ, € | a* 1) gii, (aé)izf> s
s jkwy) d‘gé’(g:j => g&Z:Q‘Z:&, => /Q:ag‘/:a(
What are they useful for? —_—
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Defining group homomorphism in terms of generators and
relations

Proposition

Let G = (S |Ri, Ry, ... Rk) be a group defined by generators and relations,
and H another group. Define ¢ : G — H as follows

(a) Define ¢(s;) for each generator s; € S and ¥(1:)=1

(b) Set ¢(x1 - x2) = ¢p(x1) - p(x2) for any x1,x2 € G |, ¥/x”) =((P/x))—i e

(c) Then ¢ : G — H is a group homomorphism if any only if the defining
relations Ry, ... Ry in G are satisfied by the images of the generators

o(S;) in H.
Jobe: I/ /?2 = not ym/?f./a/ % V/S;) => V/i\_f/kg :%/15)
But  Y(S)Y0s) (s) 44, F
Yo ng7/ a imu/A /mw/a/m
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Defining group homomorphism in terms of generators and
relations

TF 06 CE) sahify oll leds RRR,
=> AVE] L7L¢£¢a45v\ S/', ng . %}’1 h f%%m%mm zéluz
= Then V(S5 S,) -5} ¥05,) < 1
MMA/

6’474%4:/ rh /‘/
=> we OKWZZ o wll Zz/wc/gmy W/hm VG —u
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Examples of group homomorphisms

Let Gg=(q|q®=1), G = (t|t*=1).
Let ¢ : Cg — C4 be a group homomorphism. A/ew/é oé/m 5”/7) < C(/

=> WQ):IM Nads fo Sa%rfj' (}0[7»8: {1 K,ﬂ(f/;?) :(//7})6: /

‘/(7)st { ﬁh
ol prll L e 5

1 g ¢ ¢ ¢ ¢ ¢ ¢
k=0 4 4 + 4 4 4 4 4

fa 23 { + ZEQ iﬁ

Y.

Y, k=1 !

[N

September 24, 2025

17 /21



Examples of group homomorphisms

Let Gg=(q|q®=1), G = (t|t*=1).
Let f: G4 — Cg be a group homomorphism.

f(f) = ?K / 7[[1 COMJIAIM 76 54%5]?7. ](/Zl/) :j[///‘/) :/][V/%))L/: I
{4 = Yk
=> ko has fo b cven = Y /WMWA'SW 7

1t 2

fooo k=0 4 4 4 A
fo k=2 Lgg
£y k=4 1 9" 1 4
£ k=6 1 ¢" 9" ¢
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Kernel and image of a group homomorphism
Definition

The kernel of a group homomorphism ¢ : G — H is the set of elements
g € G such that ¢(g) =1 € H.

Example: ﬂ/ G- G o &rﬁ = /F/,/)Z”}
Vo Ce= Gy = ke Y= 74,4
Definition

Let ¢ : G — H be a group homomorphism. Then ¢(G) C H is called the
image of ¢.

Example: /[, FCy=Co o I /L/ = /_7.71/]
¥ico=e, = my-frieel-g,
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Properties of the kernel and the image
Proposition

Let ¢ : G — H be a group homomorphism.
Then ker¢p C G is a subgroup in G, and Im¢ C H is a subgroup in H.

=> P(c k)= Pla)P8)= {1 = kerCis Losed wrl =

Frofi (2) V()4 = L eke? ;i Yalot ond wmjwéé
a bV > ) =(0L) " = 4 > aleber?

z:S & 444{7%

[6) ‘?ﬂ[{@%{{_, > {y €Lm ¥ )/a: Vé‘),),g:?ﬁ/jz) Tl
= af = W@)V@L) = V[i,ﬁl) = 24 € Im ¥

i< aﬁugjmuﬁ
1/ a - vG) - a- /%}).1__ Y(g) € In ¥

)
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Normal subgroup
Definition
Let G be a group. A subgroup H C G is a normal subgroup if for any

he H, g € G we have
ghg™teH.

Notation: H < G.

Proposition

Let ¢ : G — H be a group homomorphism. Then ker¢ < G is a normal
subgroup in G.

Pt It hele ¥ 566 Nad b shov ghg”c ber =1
P (5ha) =0 YO Yl) = YY) = Plagn) - ¥(1) - 1
RO A AR ENE Y;

I

heker? 1

A@MUYWF )U'SW
=5 9 Af' ¢l ¥ : 7
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