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Organization

Lectures: Mondays 15:15 - 17:00 SG 1, + live streaming
Exercises: Mondays 17:15 - 19:00, SG 1

+ Lectures live streamed and video recorded, link on Moodle
+ Polls on Zoom during class
+ Ed Discussion: questions at any time
new: Tutor Bot in Ed see information on Moodle @&O/Mﬁ'/& /VGBO%Z‘W/)
+ Old video recordings online, link on Moodle
+ Polycopie written by Joachim Favre, available on Moodle
+ My typed course notes on Moodle
+ Problem sets and solutions on Moodle

One graded written assignment in November: 15% of the final grade
Written exam in January: 85% of the final grade
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Assistants

Mohamed Abbes
Damien Bridel
Maryam Harakat
Charbel Raffoul
Amal Seddas (DA)
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Plan of the course

© Integers: 1 lecture
@ Groups: 6 lectures
© Rings and fields: 5 lectures
© Review: 1 lecture

Today: Integers

(a) Induction principle and well-ordering principle

(b) Prime factorization. Uniqueness.
(c) Euclidean division. Bézout's theorem
(d) Euler's totient function
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Integers

Question
What is the most basic property of natural numbers?

N=1{0,1,2,...}

o = £ DA
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Induction

Question

What is the most basic property of natural numbers?

N=1{0,1,2,...}

Induction principle

Let S C N such that
(1)oesS;

(2)Ifne S, thenn+1€S.
Then S = N.
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Induction vs. Strong Induction

Induction principle

Let S C N such that

(1)oes;

() IfneS then n+1€S.  chme andibn 00 S
Then S = N.

Strong Induction principle

Let S C N such that

(1)oesS;

(2) If {0,1,...n} C S, thenn+1€S. wealer cudibn o S
Then S = N.
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Induction principle

Let S C N such that
(1)oesS;

(2)Ifne S, thenn+1€S.
Then S = N.

Strong Induction principle

Let S C N such that

(1)oesS;

(2)I1f {0,1,...n} C S, then n+1€S.
Then S = N.

Well ordering principle

Every nonempty subset of N has a least element.

Poll: Which statement is stronger? A: Induction is stronger than Well
ordering, B: Strong induction is stronger than Well ordering, C: Well
ordering is stronger than Induction,AII are equivalent o Comee answer
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Induction and Well ordering

[Ps1
Proposition 7/P=> ST P =>j WoPr = 7P

Induction, Strong induction and Well ordering principles are equivalent. J
IP => STP
Li Sc )N - 0eS m// /Qﬁ.m}(ﬁS > nel€ S
chd[ 710 &/u@’w: 3 f/(/ %vaj m@ JP.
Tn: Pl0) 1 dree: 0O€S. .
T Pl is faw: [0,4,.0)cS =5 yeleS 28 Jo 1. nei)eS =>
- Plart) s pre
=5 §, TP Phl &5 tea Voep)

- f@/( , h} S YanelN = S=N
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Induction and Well ordering

Proposition WP = 7~

Induction, Strong induction and Well ordering principles are equivalent. J

Susme S N 0ES ard ofncS =nereS Waut by show: S-W
; - Uthe WOP

7SS Bupoe S*0 4, W0P T Les' Lbutt

F40 fcve DS = OLS 4 oc's et

=> é:mf/éﬂ/ Jér Sone. mE/f/_/ mé S = meS

- @ condihon me S => mel€S
/(:;%L/gsl amd k=melES

confaclichen - SNS =T _
3 TORNCARE: EXEN

[
=5 _ _ =
g @ 2 S W % /yw/ , incmal y
criminal "
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Application: prime factorization

Definition
Let Z ={0,£1,4+2,...}. If a,b € Z and a # 0, we say that a divides b if
there exists ¢ € Z such that b = ac.

Definition
A number p € Z, = {1,2,...} is prime if p > 1 and the only divisors of p
are 1 and p. Other integer numbers are composite.

Theorem
Any number n > 1 has a prime divisor.
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Application: prime factorization

Theorem J

Any number n > 1 has a prime divisor.

SL\/,)/)M& Sc M , ot clomant @/ S hare no frime Aviser
Su/oym S+() - v? WoP J i miimel b e S

h’l/)u\rmjcr/ m,m»[

ij /C:/J 3 @/r,m - Hen e /,é
If k: g{{ W/&Sz}é_ 807% a Qﬁ(/g /l/m/aﬁnm OL\//JW;

Sha. a <k Lk

%r!axafm/ﬁé 7/@ ;9 4///17%
=5 7/é @
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Application: prime factorization

Theorem
(1) Any number n > 1 is a product of primes; ~ <~
(2) prime factorization is unique. sl oppumal !

ZZ% n= /D/ PK :7/ - ?m %XL JM@%/ /V"DL( 2”4%"”71/’”"‘5 ”Cféhzkdgbhj
&ma%f >/>l- ;6va
TAFLOG sG> P o 4= (7 /3371 T >0 | {<n

,,%;—/? P PP P P e =P Pa P )

T hat a la,/Of‘%/;e/ aémza/m => /3 /f

7= @ ,D,)y o />/[7,/>, => g, p, =sp sel S/
=5 7/_ {\)s/;()/o, => 9, 3 w//arm : Cewzﬂﬁéa/m

=S no anc[\ meafﬂ Cam ,@xiﬂl
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Conclusion: basic properties of N:

(1) Natural numbers are constructible by induction starting from 0;
(2) Natural numbers > 1 admit a unique prime factorization.

o =) - E DA
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Euclidean division

Theorem

Let n € Z and d € Z. Then there exist two integers q,r € Z such that
n=gqd+r and0<r <d. These q,r are unique.

Existence: WOP. Let S = {n — kd}xecz N N.

34 2 h o4 6 4 VERY,
= S0 , SCHN =>WOP =3I th bat H » S
=> F:h—/ﬁp{ => ﬂ:k0{+/”) >0 Gecoe SC/T/

J/ Frd = rler-d e )/ and = W—Z&/w/:h«/é@/@j
rt<r

=> & not pninial S/ ma/mf‘c/m
= <d ) cond ]4%% ocred. A
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Euclidean division
Theorem

Let n€ Z and d € Z. Then there exist two integers q,r € 7 such that
n=qd+r and0 < r <d. These q,r are unique.

Uniqueness: Suppose r; + g1d = rn + gad, WLOG g1 > go.
[f/ “72)0{ + 1 :/Jz W%A&é'czéﬁn 'gecaap( Y‘Q(g/
~—— o T
Sd

7

Definition

If a, b € Z, then gcd(a, b) is a positive integer ¢ such that c|a and c|b,
and if there is another positive integer d with this property, then d|c.
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Euclidean division

& N= ia( + \
Proposition

Ifn,g € Z and d € Z, such that n=qd +r, 0 < r < d, then
ged(n, d) = ged(d, r).

C  common  divisor o/ n, &f =>n 77;/747 > ¢ diviola I
C  Lommon %V[JY‘ O/ /‘/9/ => W:7ﬂ{+/~ => C 54\/((’@ A
- (/7[1 4,0/ o/ commen  Aivisors @[ ﬂ?,ﬂ/j

%u@é do He gt a% Common  Aivisre o) (hd)
/'ngo/[é%ny
- jm{(mﬁ :jm/(w/) Ve
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Use Euclidean division to find gcd of two numbers

d = qudb + d3 ch, <,
do = qodz + d4 dyedy  ged(dy, do) = ged(ds, d3)

dk—1 = Qk—1dx + dikt1
di = qrdi+1 +0 = dik41 = ged(dy, do).

é;(ﬂ}fé j‘(ﬂ/(l/\a% 3/5—)
- " J1F 17 8] g/ (36 36 /7
1ol o

1z g1 24 9

=2 j(g//f/ﬁ?/ 3/§) =9
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Applications of Euclidean division

Corollary 1
If a,b € Z, then there exist x,y € Z such that ged(a, b) = ax + by. J

Run the Euclidean algorithm backwards!
Lamle: [0)= 41-2:3¢ = &1~ 2:(17-¢)) = 3:81=2 /17 =
L/ = 3B5-2/F) -2 17 = 3315 -8 [1T =

If a,b € Zy and d = gcd(a, b), then the equation ax + by = ¢ € Z has a
solution x,y € 7 if and only if c is a multiple of d.

TLc=kd = Ad=ax0t 8y, @ @faZ/ng => fd=c = bea +ky,g

cis a/waﬁ; a/%ﬁr s ; ;{g’ja ad A6 => 0// /m@f/) > dfec.
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Bezout's theorem
bezout s theorem

Definition

Two integers a, b are relatively prime if ged(a, b) = 1.

Theorem L=

Two numbers a, b € 7 are relatively prime if and only if there exist
X,y € Z such that ax + by = 1.

This is a particular case of Corollary 2.
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Conclusion: basic properties of Z:

(1) Euclidean algorithm can be used to find the ged of two integers
(2) For two integers a, b we can find two integers x, y such that
xa+ yb = c if and only if ¢ is a multiple of gcd(a, b).
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Euler’s totient function ¢(n)

Definition

For any n € Z the Euler's totient function ¢(n) is equal to the number of
positive integers k such that 1 < k < n and ged(n, k) = 1.

5% /}gf frm g prre p
* ,mMWLWWHWLMnhHHH\hﬂu WM | ¥ o

Vpa)=p7—~9-pt=(p-l) B
4,2;/ /%Ig%/ /15 X e

September 7, 2025 22 /23




Euler's totient function ¢(n)

Let p be a prime. 4.2 P 2ﬁ o 3/; /)é‘ﬁm_/’y

2y _ 1 2 3 p
p(p?) =
Ap?—2p—1 = ) - prp =>@
B: (io(p))? + (CP) = (p1)* = p™ 2t/
Cra Ylpg) =) V) if p QW/Z
D: p? —1. . are. Ohisonct princed
bt )  vp)

Lake: ¥ lnn) = €lmy by <=> sed(mn) =1
/fyy)gca{m O//‘D\qj 7/% Y ) 7
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