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Plan of the course

© Integers: 1 lecture
© Groups: 6 lectures
© Rings and fields: 5 lectures

© Review: 1 lecture

Today: Rings: lecture 5

When is A/l a field?

When is F[x]/(f(x)) a field?
Irreducible elements in polynomial rings
Finite fields
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Recall: When is A/I a field?

@ Maximal ideal: | C A is maximal if there is no ideal J; A such that
IcJCA
@ Let Abe a PID. Then p € A is irreducible if and only if P =0 and

P not « anht, and [7( /::ag => ei;%r aor b icaunt

@ Let A be a PID. Then
I C Ais maximal <= A/l is a field
<= | =(d), d € Ais irreducible.

Q Let F be a field. Then F[x] is a Euclidean domain = a PID.
F[x]/(f(x)) is a field <= f(x) € F|[x] is irreducible.
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Conclusions: Properties of polynomial rings over a field F

@ F[x] is a Euclidean domain = it is a PID = any ideal | C F[x] is
generated by a single element, | = (f(x)).

@ F[x]/(f(x)) is a field <= f(x) € F[x] is irreducible <= f(x) is not
a product of two polynomials of degrees > 1.

@ CRT for F[x]: can solve systems of congruences modulo pairwise
coprime polynomials.

Q (f(x)) + (8(x)) = (ged(f(x), g(x));
(f(x)) N (g(x)) = (lem(f(x), g(x))-
The ged and lem of two polynomials are defined up to a
multiplication by a unit. There exists a unique monic ged(f(x), g(x)).

A. Lachowska Algebra Lecture 12 December 7, 2025 4/19



When is a polynomial f(x) € F[x] irreducible?

Theorem
@ Any polynomial of degree 1 is irreducible in F[x].
@ A polynomial of degree 2 or 3 is irreducible <= it has no roots in F.

Q Let f(x) = anx" 4+ a,_1x" "1 + ...+ aix + ap € Z|[x] considered over
Q[x]. Suppose that o = £ € Q is a root of f(x). Then s divides a,
and r divides agp.
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4 - +

S o henden covdtenf.
=/ 0 +1 > by bf fle) T el b8

b {0 = g6 dif = dgsdish o> of fort me of 56 K6
p[yggmé 27j3 :?j ;,Z Jid plgva 4 aij[x]:ﬁ)({f ?46/{24)
o> f(-£)=0.
FO("W@
e o
(éy) /f).shjawfjtﬁlmf Ss.  tars"Tea st 2O = v .,
xj[ S B 0‘1‘%‘@ S 0&1//9@ Q,

ﬁ 26
Jm Pa/%&o/m raaé OJ[MWL/]%W'J H//%ﬂ’léy @%%,5«4 are /Wéﬂ‘{

A. Lachowska Algebra Lecture 12 December 7, 2025 5/19



When is a polynomial f(x) € F[x] irreducible?

Theorem

(The Eisenstein criterion).

Let f(x) = anx" + a,_1x" 1 + ... + a;x + ap € Z[x] such that
ged(ao, - .. an) = 1. Suppose that p is a prime such that p divides a;
V0<i<n-—1,p does not divide a, and p? does not divide ag. Then
f(x) is irreducible in Q[x].

Sa M\/jL Mw//\j/y/m{]/ ﬁr a /')ml)][

Remark: Sometimes it helps to make a change of variables x — y = x+ a
in the polynomial and then apply thg EisenstNein criterion. If
f(x) = g(x)h(x), then f(y) = g(y)h(y). If f(y) is irreducible, so is f(x).
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Examples of irreducible polynomials
Q g(x) =2x3+4x%> + 11x +1 € Q[].

dio=3 T1 €3 awd = rduids 1-a,
(7 \][ < IS 0&'%'%4 2=an

=> gr ¢ i%/ i//> = Cladd j(ﬂ)#&, j/i‘f)#@
i)j (x] s /)’VLH&(&%,
Q f(x) =7x%+ 12x* 4+ 18x3 — 9x + 15 € Q[x].

2y 3 31 31 3)[( =5 Bj Evconsloon mredic:

@ h(x) = xk - p e Q[x].

—>rey?l  sefz)z2]

P,fi /D{() /31,!//) /> 05 ﬁ/a"'mi> @ mejyédq WedueilE Vs (

Ch He o,[Lr /am/, congioler )(Qk—/s2 = /X M—p){X“wLP) not oveducc
Ppr => Freenikon s not ;//;ém/é
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Quotients of polynomial rings

Proposition

@ IfF is a field and f(x) € F[x] is irreducible of degree n, then any
element of K = F|[x]/(f(x)) is of the form

a0+ aiX+ ... +ap_1x" L
where aj € F, X' = {x" 4 f(x)g(x)}g(x)eF[] is a representative of a
congruence class modulo f(x).
@ If F is a finite field with |F| = q and f(x) is irreducible in F[x] of
degree n, then the field K = F[x]/(f(x)) has q" elements.

() Tia a(xJ:J@féf/x[;OW ﬁjfngjf > dygr cn-g

(2) Folloss ]/V‘m% /ij
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Quotients of polynomial rings: examples
(1) Let F = Fp = Z/2Z and f(x) =33+ x2 + 1 € Falx]. %/ 7

/m
Consider K = TFa[x]/(f(x)). & 4741/4/ / 'i\de[:K jjf[ég) +(+
(K= 2228 of e frm ax*ebiec, ager, 717 fovclcdt
10,4, X, Xed, X\ X4 XX, X' eXed ] all ronegro b are
— ’ ’ mverddl o K
_LWMI‘L& X ™ /(:7
jzd/x 3xt) =4 => JhE, 500 Kgbd+ (eder) b -

X3k + (el =4 e =790

> (7)) - (x2+%) m K

(2) Let F =R, f(x) = x> + 1, consider R[x]/(f(x)).
v - T - RIx], ~
gax+é;q(€//? Q,M/X XN =0 = /XQH) C
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Finite fields - easy facts

Q If a field K is finite, then char(K) = p, a prime.
T Z— K T =A =Tlh=md FO Vuel => Kis mpnke
=’>T(/))=O P P Q/&J/“r)’u &»mve;/ﬁzer g 4/0/4/30
@ If K is a finite field of characteristic p, then K contains a subfielcffw)
isomorphic to F, = Z/pZ.

T Z"/{ fomem. =>T//)/:0 7>% "\L/‘ /{EVL\/ZN({/& v>(t\'%jc/(
@ If K is a field with |K| = p, then K ~ F,.
%Z c K = |Kl=p => Z/Z:/(

Q If K is a finite field of characteristic p, then |K| = p" for some
neN,.
5)1@ ﬂ/ S« ywa47r _{‘/ch over Z;Z/
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Units in a finite field

Proposition

The group of units of a finite field is cyclic. J

Proof: ‘ Kar{:n) )(*:S “"74”/’4 Q&’Z@“f/’ Ny C;{ "Q{z”-.‘Ca/S
gpof it A 11 12
T to-ds is e M ool o/m A m K thuarion? fecfos
om(cro{aﬂ&/r‘ é'ora,/z/u]ﬁ/(* - m <n .
mj\cwc fm:if Viek” =>]L/wb%0//(¥@f€ 4644/044.97/ZZ~1=0
A/)ﬁ%m%&/ Ofﬂ?jﬁm Am a// /%64/ M/WAM
Eudlidan divispn: 174 = (£=2) A" (H) ¢r =5 o= 5-dh ") o0

oL iz ot ey ﬂ’ff&{ =>r=0
=> (1" 1) = (t-) " ¥
<paj=m /jm—/

=>h<m = nem=d- K] = K'=Cp=C. @
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Units in a commutative ring

Remark: The Proposition fails in general for commutative rings. In

particular, a polynomial of degree m with coefficients in a commutative
ring can have more than m roots.

L ZL, 0 Xd0 ok J1,7 3 5}

o
Tbjrmy; o/ mé /%(Z/)jrd MJ[ aj%c :fff 73 5}(§sz€2

20, 08), 60y, (6,8)] =G
1% 1 35 7
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Units in a finite field: example
Let f(x) = x>+ x2 + 1 € Fa[x] and K = Fa[x]/(f(x)).
K* s ﬂ‘é’c L KI=E = K= F = K= G
S Fix apume = ang wondiial b of K iz a gunralr of K°
For exafu/g, X EK" i a Wér
Jx %% B41 ghxed, Xef, X4%, 1) =K
xUOxXP x¢ x5 X5 X7
32 X% el (Px1)

RHK = KXl mod (P0X%)
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Visualization of finite fields ([ Al ”j”j “éajﬁ &“‘)

L:;@/,X_‘X—’ff] /{¥5C77
Lr=C,
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Classification of finite fields
Theorem

Let p be a prime, n € N*. Then there exists a field K with |[K| = p"

= and
an irreducible polynomial f(x) € Fp[x] such that F,[x]/(f(x)) ~ K

If g(x) is another irreducible polynomial of degree n over IFp, then

K = Fp[x]/(f(x)) = Fp[x]/(g(x))-

See my;,MMZAB/O
Tt ks becanee v K* ol 2bh sudify kP 0 xPix=0
a%&/éa;é /«Wéxéy%f
Example: f(x) = x3 +x2+1 € Fy[x] and g(x) = x3 + x + 1 € Fa[x]

= Fafx]/(f(x)) = F2[x]/(g(x))-
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Irreducible polynomials over I,

Corollary J

Over F, there exist an irreducible polynomial of any degree n € N*.

This fails for fields of characteristic 0.

v R e w% rreducidl /a«éhm;&é are d/ %m 4 or?
Gver 5 %/u % r?/z&éza% /aﬁh%% are af/ %ﬁa j

Definition
A field where the only irreducible polynomials are of degree 1 is called
algebraically closed.

Ex - a 6/%@0«4 QZZM/ /‘; = % i m7[
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Poll: lrreducible polynomials

Which of the following polynomials is NOT irreducible? fg )2 1)
A: x3 4+ 2x + 11 over Q mal. {7 =3, ][”‘“ a ook => 5/1 r/41 = o vl

B: x3+ x2 —1 over F3 ;. géj——j/ Chacle ][[/);‘ﬂ/ f/—/)#ﬁ, /[/0/#&
@x4 +33 4 x —Lover B3 pot ivred . ()5 x-1) = X e e A
D: 125/? +8x3 — 6x? +2x—6 over Q 6 Esencoon =» owed,

2( 2( 2(
E: 5x3 4+ 2x + 1 over Q dy_g/ L 5] S and rl{ Lozl 2 I(?
=) ne reokr
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Conclusions: finite fields

© For any prime p, any n € N* there exist a unique finite field F,» of p”
elements, with char(F,») = p.

@ For n =1, this finite field is isomorphic to I, ~ Z/pZ.

© For n > 1, this unique field can be constructed as a quotient

Fpn = Fp[x]/(f(x)),

where f(x) € Fp[x] is an irreducible polynomial of degree n.
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Remark on finite fields

F, ~Z/pZ but Fpn £ Z/p"Z.
? \ {“D\af W}%\ 2€r0 Gé;vfm(r

24
gfpnl/éé [pS].[Pf]:fOJ

Set=n
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