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Plan of the course

© Integers: 1 lecture
©® Groups: 6 lectures
© Rings and fields: 5 lectures
© Review: 1 lecture

Today: Rings: lecture 4

ged and lem in integral domains.

Properties of Euclidean domains.

CRT in Euclidean domains and polynomial rings.
Congruences in polynomials rings.

Maximal ideals in PID.

©e ece
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Recall: Euclidean domains

Definition
E is an integral domain such that the Euclidean division works in E:

There exist a function v : E \ {0} — N such that for any a,b € E, b # 0,
there exist g, r € E such that a = gb + r and either r = 0 or v(r) < v(b).

Properties:

@ Euclidean domain is a PID.

Q If F is a field, then F[x] is a Euclidean domain.  V~ //x] —=/V/
Y %/4 % ree %ﬁ&)

Today: The Chinese remainder theorem for Euclidean domalns.
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Divisibility in commutative rings

Definition
© Let A be a commutative ring. We say that a divides b for a, b € A if
there exist ¢ € A such that b = ac.
@ We say that d = ged(a, b) if d |a, d |b, and if ¢ |a, ¢ |b, this implies
that ¢ |d.
© We say that h =lcm(a, b) if a |h, b
that h |f.

h, and if a

f, b |f, this implies

In general ged(a, b) and lem(a, b) are not unique.

fvm n Z jc/[&QJi[_g
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Proposition

Let A be an integral domain, a, b € A nonzero elements. If di, d» are
greatest common divisors of a and b, then di = xd», where x € A* is a
unit. If hy, hy are least common multiples of a and b, then hy = yhy,
where y € A* is a unit.

Proof: di= ged(@d)  d. 755//',4/ = 4 wxdy , dyzzd, =>

c/,=><é/2=><2/, =>&/.//—X?);0 = /-xz2-0=>xz=1
m a/amw‘h
=5 Gl X and 2 e anch m A
Ve case of lorn(0,6) is amiler 7
Definition

Let A be an integral domain. Elements a, b € A are associates if there
exists a unit u € A* such that b = au (equivalently, there exist a unit
v € A* such that a = vb).
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Associates in an integral domain

Proposition J

Associates generate the same ideal in a PID.
7 gouf =56 =[]
it )ﬁ’mj[ Veed =>§):[/)

J(’:,uj ,>7/‘5(/7) :>/f)c&j ;:jjq/zg/fzrc

Examples. A _ Z = w,,;& :;ft/]

b oand o are akocats t=>  p=zm (n)=(mcZ

A _ [F[X] =S (mz,.A /F”s/F\fO}) => )f[x),j(x) e aseciales o>
fld

F6) = ot 964 CoLefFT

(fn) < (ufi) < FI
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Properties of a Euclidean domain

Komark: W% %@W on A page s Ao iy m/ﬁ,zjﬁﬁ

Let E be a Euclidean domain and a, b € E nonzero elements.

a:f,&r,

@ gcd(a, b) can be found by the Euclidean division. - e

b) = (ng(a, b)) . < BLQU‘H,%KJ/ Fheorern  x & +?/Z C(jc&//f/{gj)
b) = (lem(a, b)).  /[dinct)

a,b) =1 and ged(a,c) = 1, then ged(a, bc) = 17
a, b) =1, then lem(a, b) = ab.

S rings M3 ot

A. Lachowska Algebra Lecture 11 November 30, 2025 7/21



Chinese remainder theorem for a Euclidean domain
Theorem

Let E be a Euclidean domain, my,...m, € E such that ged(mj, m;) =1
for i # j. Then

foE/(my...m,)— E/(m1) x E/(m2) x...x E/(m,)

is a ring isomorphism given by

X(my...mry = (X](ma) X)) s < - - XD (mr))-

Idea: /) AWVLUM/WDASM a/ r/yg ﬁ lons P fom
() ﬁwywm/v;j % ihdlocchom

C}@Tié:( 2%0% : 56{(1 ééﬁ: 4/2?_4//mc/f%) //’W(){(ML):E

O Gy = /’7"0%”’2)

¢

j@//mgﬂ’%%) -4 = (RT ]Zr Qﬁg&rf (m&,)f(m,mj = £
=, €E.
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Chinese remainder theorem for a Euclidean domain

s = 7 /V“U”/ m,ml) >> Gpy = 4, /W%Wf)
= q$ [M&{ VV“5> g/zg = /M%WL)

(i) = () () Joldy @ @ and & smee ged (m, m) 4.
=S conPre qmh¥? DU covgruences  glyed
(>) l,[/‘z&y{v(é ;/ a = a; [M%m;) g = /Vwa&/m;J Ve =>
a—g e A ("W;J => Q~g€/gcm(m,mrjj5 (m%,.,/wfj
3

v=1

7

Corollary /jij x @ Euclidan domean
Let F be a field, {fi(x),...f(x)} polynomials in F[x] satisfying
ged(fi(x), fi(x)) =1 for all i # j. Then

FIXJ/(f(x).. . fr(x)) = F[x]/(f(x)) x FIx]/(f2(x)) > ... x F[x]/(£(x))-
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Monic gcd of two polynomials

Remark: ged(f(x),g(x)) is determined up to a unit in F[x], which is a
nonzero constant in F. Therefore there exist a unique ged(f(x), g(x))
with the leading coefficient equal to 1.

\\Coé%/\aaﬂ[ aj[ He Aj@/ péjr& N /(XJ

Definition

A polynomial f(x) € F[x] is monic if its leading coefficient is 1. J

For any nonzero f(x) and g(x) there exist a unique monic ged(f(x), g(x)).

A. Lachowska Algebra Lecture 11 November 30, 2025 10/21



Example: monic gcd of two polynomials

fﬁc -y~ X+3x+2x 5‘/% 2]

Find the monic ged(f(x), g(x)).
- 2x+|

J=

X ><+3>< + =5 N2

X = 23 x> x+Y x - 2x+l 9>(—9
X - X /)(A

X +2X +2x =S
2)( +X ,X.{.‘
1{)(2+ x-S “X
T Yx- Bl 0
9x-9 = 9x-9 =ged ({69355
N
7%5 ““m“ﬂf“/é&%j&»::x-i

{
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Application of CRT to systems of congruences in F[x]
Example: Let F3 = {0,1,2} = Z/3Z. Find all solutions of the system of

congruences in F3[x]: VRNV
f6) = x+1(modpe+1) (b et ) (9 (0]
{ flx) =1 (mod(x)) are /Dx/rh//‘,Cc Fie
f(x) = —x (mod(x?—1)) f}w&//cq‘r wd @(x) and €15

. 5.k ap) ()t 869g,(x) = {
(X +l>f[ + X/'X) =1 Z=>j”{</f:("//jzﬁ<}) :—{/a%}()

{X2+})'2 * (Xl"/)'f :j => f%nema/é j.(x),ja[XJ, fao‘)

7%¢. YwiSe Co/)nm =>

()2 + xx = CRT for Euclickan domans s
-~ 1 solubins o[v% Jﬁw a(x)+ ([x’ﬁ) ‘x'/xz-/D

/
VLAYW 747 ﬁ%a/ &/X} 7

=
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Example: How to solve a system of congruences? -I

Slldorjz Wi?éA any 7[w0 wyrumaa:

7;7 o fond %[XJ,j(X) :

(Xzf/)/n/X) - Xj/X) =-X

/f/x/ = x4/ (mod (1))
(Y2+/) L[x) + x| = x-j&)ﬂt‘( :]OX/

F5) = A (od 1)
We buow: () v xfx) =4 => (&) ¢ x-6) = -X
=5 Jf(x) = [X@/){-xﬁ xef = -X34] /M&Eﬂ)) = /Mr/ /)(3+xy
=> MNow we howe }f £0 = X4 (rod (x))
Yoy =-x (v (e-0)
b9 (ex) + k¢l = q,(0)- (1) = x X(P+X) + B )1 = -4
h (0> <x) - 9:040=1) = x-1

\

KXEX)e %) # (X4t Yoot =x-1
hix)
= jffk) = X/—Xﬂ)[)(q'# ><>+ X+ = —X5+ X(LXB—F e x| [mco/ /Xé——X))

5
= f0= X el frad (x)) = XT3k A (o (X))
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Example: How to solve a system of congruences? -lI
Let g1(x), g2(x) € F[x] polynomials such that gecd(g1, g2) = 1.

{ f(x) hi(x)  (mod(g1(x)))
f(x)

ha(x)  (mod(g2(x)))

Since ged(g1,82) = 1, we have t1(x), ta(x) € F[x] such that
t1(x)g1(x) + t2(x)g2(x) = 1.

Therefore a solution can be written in the form

F(x) = h(x)t2(x)g2(x) + ha(x) t1(x)g1(x)-

f/x) = b9 ({— ¢, (X)j,{x}) + /), (X)//—z‘z/X)jx/XJ) =k [mo/j,(xj)
f/%} = b [/— £ (X27/(XJ) + Ly /x)(/—ﬁ/X)j;/XJ) = b, (x /Mm/jj)d)
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Solving congruences: general method

Let g1(x), g&2(x),...gr(x) € F[x] pairwise coprime polynomials. Consider
the system of congruences ﬁm/(j,/)d/j/(k)) =/ W */

f(x) = h(x) (mod(g(
= ha(x) (mod(ga(

Gy
M) @:j,/x)...jf&g &0= G:0%)

wo W s g (G gi6) - 1 Ve
f(x) = h(x) (mod(g(x))) =>Ftry s:6): LelGls S:607 )1
:>ﬁxl = ZA, (x}é,»/ﬂ L[;(X) s a g&ﬁm
Example: r = 3.
F60 = h 3G 60 e h 8 G6IE6 ¢ kO GEBY =] ) fudes
ol pesk) (s
// (j, %)5/><J> J cj EAJX] /sz@

5(%&';&; 0{0 JZ/L LXMM/]g atoye é Aot petlod, = @(x) (m/f(x)

X X
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Let E be a Euclidean domain. When is E// a field?

We will consider in detail the rings of the form F[x]/(f(x)) where F is a
field and f(x) € F[x] a polynomial. Since F[x] is a PID, any ideal in F[x]
is generated by a single polynomial.

We want to know in which case F[x]/(f(x)) is a field.

Definition

Let A be an integral domain. An element ¢ € A is irreducible if ¢ # 0, c is
not a unit and if ¢ = ab, then either a or b is a unit.

Example. A =Z. Trreduei? (/émwé ‘9 »
@’MM&I 6 = 23 2, 2 are ha/mé => 6 AN m/'WZ&{aa'/f

C - £ =5 Pc /—/)/%)://)

L —p = (P =)
/) fiP; are T dy redc:l Mhin Z
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Maximal ideals and irreducible elements

Definition

We say that an ideal / C A is maximal if / # A and there is no ideal J C A
such that / C J C A.

4
Theorem

Let A be a PID. Then p € A is irreducible if and only if p # 0 and (p) C A
is maximal.

Proof: (:>) A Sa/o/ogc T TcAh /3)74]7,4/1
She AwalblD =>T=(d) = pedt = p € J=(d)
/>=0/7,[ =>/‘ d s et =5 dd’=4 T =>T=A mpossi
irtedaci b 7 s aunid = and d are assocats
=> (d)- (/;) smpessi
=> (p) </ s maxwmel

v
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Maximal ideals and irreducible elements
(/=) /oqéO and [f) c /v maxwal . Show #a// &5 redec 6
\Sw/bfa&c />:/vz , /am&/z are 5// hm'-lmfé
=> 2 c /L/) c A sme I not @ wnt.
Showfhat (B (7} Wone ye () => y=pt, p=yz=plz
- I-t2) =0 = [ p=0 impossitl | p# O
’ /D( ) [fz:f :/:22&& ’Mn/ﬁ[, im/aaffr'/{
= P)ENS A conbudech (p)chis mawnd
:>/J AS ?Vﬂc/&a‘/@ @
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When is E/I a field?

Theorem
Let A be a Euclidean domain. Then

I C A is maximal <= A/l is a field
< I=(d),deAis irreducib/e? a/mm% —
Rof =) If (=T ard M =An o fll o> ay 40
= /f) =4 = /0) ch i a masimal iAral

j]/ I =(a) a#0 IJ[ (5) 55 not pmax => (a) c¢) s A =>

‘_/ Q——gzé /Z&hﬂ//ﬂl‘f /Zor—mé"

,Z/ffs v anif =5 (@)= A x

g:

b S aamt = (8)<(a) x
Lo oHervie (€)= (2)

t#sa obheviee o<=EF=bfia > ﬁ//'{f)z()
240 => /—fs>0=>{jxa¢m‘é X

=[] [t], =[0],, => A is ot « fild]
() (4) (a) Vo) (S not a fiedd.

A. Lachowska Algebra Lecture 11 November 30, 2025 19/21



When is E/I a field? l[ //% ,Z(/
<= Swgpme 4], bt i DYy T

> (f/j [%](a) S ho /a)
J¢]

6

0
an s o A/I w/uo& is /Dm/)/zr dince fé](a) s mﬂlaw#.
[@éj@ => ggt[a) =
[C’) § /f}%A = [(a) s }w/max(mz/m/l.
7

Corollary

Let F be a field. Then
F[x]/(f(x)) is a field <= f(x) € F|[x] is irreducible.
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Poll: Associates in a polynomial ring

Let A=Z/5Z [x]. Then

A: (2x + 1) and (3x — 4) are associates in A

B: (x —2) and (2x + 4) are associates in A

C: (2x — 1) and (3x — 3) are associates in A @ X—2 X3
(x — 1) and (4x + 1) are associates in A D2 x| 2]
3x-3| 3x-1 |[2x#Y

E: (2x — 2) and (x — 3) are associates in A Bxe) | 4x-3 | 3x-Y
Uyl | Hxe2 | Bx+d
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