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Plan of the course

© Integers: 1 lecture
© Groups: 6 lectures
© Rings and fields: 5 lectures

@ Review: 1 lecture

Today: Rings: lecture 3

Chinese remainder theorem.

CRT for integers.

Polynomial rings: degree of a polynomial.

Euclidean division for polynomials.

©e ece

Euclidean domains.
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Recall: ring homomorphism and the direct product of rings
Definition
A map f : A— B is a ring homomorphism if

o f(a+ b)="f(a)+ f(b),

e f(a-b)="f(a)-f(b),

o f(la) =1p.

A bijective ring homomorphism is a ring isomorphism.
Definition
A direct product of two rings A, B is defined as the set of pairs

Ax B={(ab), ac A bec B}

with component-wise operations and the neutral elements (04,05),
(1a,1p).
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Today: the Chinese remainder theorem Sura: S’WJ "
If a collection of balls are arranged in rows of 3, L/?A :M,A, [E
there is one ball left over j

If arranged in rows of 5, there are two balls left over

If arranged in rows of 7, there are three balls left over

The Chinese Remainder Theorem proves that the
er of balls must be 52

smjlgest numb
/{0’“ 74 .976/& i1 ! &(, 50&{7[.“14
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Chinese remainder theorem
Theorem

Let A be a commutative ring, |, J C A two ideals such that | + J = A.
Then there is a ring isomorphism

FA/(INS) = A/l x AlJ
fF(Xlungy) = (X1, [x1)-

Proof: (1) ]f /S @ rga W@?A;w;
frx = (g ra)

am/ %L r.izj ?961‘6(40»45
1 —> ([f]j ) fj]]) are fdf/lﬁﬁ[[{.
0 — (fo)z fo],)
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Chinese remainder theorem

2 uriecAvi W P a, ae 7[ o
[)59 /ﬁ_ Show Hat Ya,a,64 3 A%jj/icjf/))

Sine J+T=A => a-a, :—£+J’ (= Ari=at ] =a € )

-~

€A T o a =q, (md ) =a, (mod T)

:>f" X — /[XYI [XJJ) ‘s &uf/'ew{w\
3) Tn -MV#L S“P/”” Led : £=a (mdT) £=a, (md])

—>@ a+é_‘02+j/ —>qg_t ’J’J
‘7 ©J €T Cj
= a-6¢ TK)]

=5 f A/I{]j /j (S z)xf'cafve
> e %—* Yy s « g smaphin
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The case A = Z.

Corollary

Let n,m € Z be coprime: gcd(n, m) = 1. Then for any numbers ay, a, € Z
there exist a € 7Z such that

{ a = a; (mod n)

a = ap (mod m)

The set of solutions of this pair of congruences is {a+ (nm)Z}.

Proof: jcd/“\m):i => dxyez: th)/rw_’f = (n)+(m) = 7
. . ne +m2
=By CRT Fama) = Kz Tz = fram pur & o,
&y mod m
z[’/wg m‘ﬂlaé Z: o =4, (ﬁw&/nJ ‘:‘%/nw/m// a S %7&@
p to the il (0Z)O\w7) = )2
Slha,jco/[h,m):{ = &mﬂ",i‘h) =hm

=> ﬂl f%/w are %Qr‘h/’h Z/ )
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Generalizationton > 2 for A= 7

Theorem

Let di,do,...d, € Z be pairwise coprime, i.e. gcd(d;, d;) =1 for any
i # j. Then for any numbers a1, as, . ..a, € Z there exist a € Z such that

a=a; (mod dq)
a = ap (mod db)

a = a, (mod d,)

The number a € 7 is unique up to the ideal (dids...d,) C Z. The set of
solutions is given by {a+ (did> . ..d,)Z}.

Proof: by inductiononr.  Ha @ =4 (rod 4,) _< [fx za [Mi/( 02}4/1)
Seo rtys,Mk%/a pdf 2=, (nod d4,) ¥ = 0y (wad 4,)
m Mool

Moo tod $o om.
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Example.
Find a € Z such that

a=1 (mod 3)
a =2 (mod 5)
a=3(mod7)

@ Explain why there is a solution. Bj CRT gnee 357 are paiiiie cyarime
@ Describe the set of all integer solutions.
© Find the smallest positive solution.

a = 31<+£:52[*2 ](ﬁrcxam/ a=+%
{az?[moo(/S) G=15mt7=Zntd m=3, n=7
@ =3 (md7) Zn~tm =4 =5 = YS+7=52

= a.€ 524 052} sl slutss  1DS=357
o amallsd /)052241/& solotsom s 52
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Algorithm for solving systems of congruences

Consider the system ) oy
= a; (mod di) 9“//%7”6‘) 1 Vi)

ay (mod dy)

S}
1

a=a, (mod d,)

Let D; = ([1/_; di)/di. Then ged(Dj,d;) =1 for all i =1...r and there
exist x;, y; € Z such that’ Dix; + diy; = 1. ’Then

r
a = E a,-D,-x,-
i=1

is a solution of the system.
a :,-gd*'D’ X, (mod d-) = a; DiX: (wod o) = a; [/-a/;%, ) (rmod A:) = 4 (mod 4
/)
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Application: multiplicativity of the totient function ¢(n)

Definition

Let A be a commutative ring. Then its invertible elements with respect to
the multiplication form a group that is called the group of units and
denoted A*.

Example: A =Z. = zZ%-= ;yff}

R = R~ /o]

Remark: If A .~ B are isomorphic rings, then their groups of units are
also isomorphic: A* ~ B*.
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Application: multiplicativity of the totient function ¢(n)

Theorem
Let n,m € Z such that gcd(n, m) = 1. Then go(nm) = @(n)p(m). J
Proof: _

B CRT ? wy © / 5 =

%z) ~ / /z Za) = (%a)’x //7/) M o
/(%»«Z)/ (%/z) =¥h) /%71) (m)
=5 W/hm = @) V) Y
% prime f rizakm 7(/),-}54'574\#@%

This can be used to compute o(p*p32 ... pec) = @(p*) - ... @(pg). =

G )
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Converse to the Chinese remainder theorem
Theorem
Z/(nm)Z ~7/nZ x Z]mZ < ged(n, m) = 1. J
Proof: = jw//nm =d = é cRT ZMZ = 7%7/X 2/2
= /J[ Zmz Z/2/ /Z/ ’>C/ ng) (\//_Z,//Z)

(’/Aamwénh[vc = Dminm) o s gedl(hm) = 1
)
Examples:
yq///g,s'):_{ 9(0//49)23 9ed (227)=1
7/80Z ~ 7J16Z x /5T 7J67 x TJ9Z & 727 x 7.)217~ %y,
Z/80Z % Z/8Z x Z./10Z ZJ6Z x L)9Z =~ Z/27 x 737 x Z./9Z
ged (410)=2 921
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Poll:

Let n, m € N be two odd natural numbers such that n,m > 3 and
ged(n,m) = 1. Let k € N*. Then

A: (2% nm) = (2% n)p(2*m)

B: (225 nm) < p(2Kn)p(2km)
(Cp(22nm) > o(2 n)p(2m)

D: The relation between ¢(224nm) and ((2Xn)p(2%¥m) depends on the
numbers n, m.

() = (%)Y ) - (2727 ¢ )
A
) V] = PSP = (2H-0%) VB ) =
[22/<_22u_ 2&-142;;2) Vi) V/m)
- @~

(QQk Q% (er{r 2&) (21< W)

Vie
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Conclusions:

o If Ais a commutative ring and /,J C A two ideals such that
| +J = A, then
A/l x A/~ A/(InJ).

e Z/(nm)Z ~ Z/nZ x 7/ mZ <= gcd(n, m) = 1.

o (nm) = p(n)p(m) <= ged(n, m) = 1.
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Next goal: CRT for polynomial rings
Definition
Let A be a commutative ring. Then

Alx] = {ao + a1x + ... + anx"}nen, a0, a1,... € A

is the ring of polynomials with coefficients in A with respect to the usual
addition and multiplication of polynomials. We have 0 € A[x] and
1 € A[x] same as in A.

Definition
If f(x) € A[x] is nonzero, define the degree of

f(x)=ap+aix+...+ apx"

as the largest n € N such that a, # 0. Notation: deg(f) = n.
If f(x) =0, we set deg(f) = —oo. If f(x) = ap # 0, then deg(f) = 0.
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Polynomials with coefficients in an integral domain
Proposition
Let A be an integral domain. Then we have
Q deg(f + g) < max (deg(f), deg(g)).
Q deg(f - g) = deg(f) + deg(g).
Proof:
O 0@6{7 :WQX/O&fp%é) by j/’ g ond iy =-&,

g /BX +2)< +>< jf{ 32+35X+é)72)<146x+5

% “ =2
&) Q1@ K+ + G X Nt foX b X loswer ferms
@ fb9 ( % e >§7J Qxagm/lrm
_ p%[/jj- ][ 0(72 m(jrm/odymzm
I{ -0 -> fmj/,(; 0
Oéjj[gf——oo —f?/cwrm =— 0 @

dif sz
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Polynomials with coefficients in an integral domain
Proposition

Let A be an integral domain. Then

Q@ A[x] is an integral domain.

@ The units (invertible elements) of A[x] are the units of A.
Proof:

() forg0)=0 <= o[j[](j):-—oo = dgfrilgg =~ o0

= 0& : =- 9 %) =0C
Spgre e g
(2) f(X)j[xJ:i <=>%(/jj=0=@fwfﬁj =5 0{7/=¢{7; -0
= {650-a, j/x)=4, LG bo=d €4
=> a, 4, are mé h ,4

7

Examples: RiJ, QIJ, Z [T mksred doncrs 2 [T not - (3:)0x)=0

November 23, 2025 18/23



Euclidean division for polynomials in F[x]
Theorem

Let IF be a field. Let f(x),d(x) € F[x| such that deg(d) > 1. Then there
exist polynomials q(x), r(x) € F[x] such that

f(x) = q(x)d(x) + r(x),
and either r(x) = 0, or deg(r) < deg(d).
Proof: j’f j J/ o _>f/><) =0 &/[X)f r) => f&)ff&).
If %7]/ %75» -5 ][(i)qfa v ot X" A) ot 2 X" pzm
= fla- o[(x “ = B (4, ﬁj /ﬁ)M/‘j/
6& >c&4/recml—> /)“ﬂ/ Am WM+ 4m—r/*)h/
If 4 p pet = f 6 g

e ZL j Z/ ¢ J = fﬁ(} a//)df/x)H‘/U

2 (345 (%) . . A oo o 7
9 7 j"(j
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Euclidean division for polynomials in F[x]

Example: f(x) =3x%> +x3 —2x2+1, d(x)=x?-2¢€R[x].
BySeut-2u [ X2

3x°-6%? Ax*+4x~2
e o
Dl S 900- 35 P2
T O e )= -3
=244
_ = =2
v 1 oéj r< {70( .
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Euclidean domains

Definition
A commutative ring A is a Euclidean domain if
@ A is an integral domain,

@ There exist a function v : A\ {0} — N such that for all a, b € A,
b # 0, there exist q,r € A such that a = gb + r and either r = 0, or
v(r) < v(b).

Examples:

@ Zwithv(n)=|n|€N. a=byrr | [r2/4]
@ Any field with v : F\ {0} — N any function & = Z/o 0 r=0
@ F[x], F a field with v(f(x)) = deg(f). /(- 900 1ot

@ Z[i] = {a+ bi}aper with v(a+ ib) = 32 + 2. (n @/W/O//A ourse)
S~ GQ&SX{@H f\ﬂ%{/ﬂ
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Euclidean domains

Proposition

A Euclidean domain is a PID (principal ideal domain). J

Proof: ), f [ 4 o Fudidian domar | T CE op icead

jjf T= 0] Haw T=(0). done

Tf T+#00) 4fd €T 4203t Nd) is Yo mnivaons o0 T
5‘77)946 ael = gf,f : @:75/+/“:>F6_7:> (r) <)

0 &r ey r=0
V()< A(d) ;m/;m% ance V) s vered on T
=S =0 and 54:70/ = ] =(d)
= Fos /L/>I__D.

)
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Conclusions

Let F be a field. Then the ring F[x] is a PID, meaning that any ideal in
F[x] is generated by a single element.

\qu\zifﬁ%ﬂ admits Evclidean dvism %{1 1 1o nordrivil zero divisors ;wuj&)g»m/,h 75 commr.
Fields C Euclidean domains C PID C Integral domains C Comm. rings
Re, Z Rk Zaw 4L 7

’ Rl 72

Hppme z(em R

2
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