
First part, questions 1 to 8

1. (a) Let F5 be the field of 5 elements. Find a greatest common divisor d(X) of the polynomials

f(X) = 3X5 �X
4 + 3X � 1 and g(X) = 3X2 � 2

in the ring F5[X]. (Provide the details of your computation.)

(b) If d(X) is not monic, find the unique monic greatest common divisor t(X) of f(X) and g(X).

(c) Find r(X), s(X) 2 F5[X] such that f(X)r(X) + g(X)s(X) = t(X).

[6 points]
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Lecture 13 : Review
Fz

(a)3x5 - X +3x -

1- X+ 3 t

3X+
X - 2

#*3 + X* +3X- 1
-

i last contrivial remainder is a god(f(x) ,g(x)
=> ged(f(x)g(x)) = x = + 3

(6) Here X + 3 is monic : the leading coefficient is I

(c) X+3 = t(x) = f(x) - g(x)(x3 +3x -x + 2)
= r(x) = 1

,

s(x) =7 x3 -3x + x - 2)



2. (a) Let R be the group of all rotational symmetries of a regular octahedron around its center (see the picture next
page). Find the number of elements in the orbit of vertex 1 under the action of R.

(b) Describe the subgroup H ⇢ R that stabilizes the vertex 1 and find the order |H|.
(c) Cite the orbit-stabilizer theorem and apply it to find the order of the group R.

(d) Each element of R defines a permutation of the vertices of the regular octahedron (see the picture). This gives
an injective homomorphism � from R to the symmetric group S6 of permutations of 6 elements. In particular
�(H) is a subgroup of S6. List the elements of �(H).

(e) Does R contain an element a 2 R of order 2? If so, describe the action of a on the octahedron geometrically
and write �(a) as a permutation in S6.

(f) Does R contain an element b 2 R of order 3? If so, describe the action of b on the octahedron geometrically
and write �(b) as a permutation in S6.

[14 points]

-4-

(a) O(R) =-, 2 ,
3

,
4

,

5
, 63 = all vertices.

16) Stabe(R) = Rotations around (1
,
6)-axis = Cy = H => /H1 = 4

-

rot
. by multiples of 90 :

(c) If a finite group Rad by permutations on a finite at E,
andXE

,

then (RI = /Orbx1 : /Staby
In our case IR1 = 6 . 4 = 24

.

-

(d) Y : R => So
,

Y : H - - So
,
Y(H) = (1

,
(2345)

,
(24)135)

, (2543)]
t t2 +3

12) Yes
, any

rotation by 1800
, for example (24)(35) about the axos (1

,

6).

Y(a) = ((24)(35)) =y(a)" = 1

Any rotation about the line connecting mid-sides opposite

15) Yes
, for example the rotation about the axis connecting centers of

two opposite sides : 4(6) = (123)(456) => 41813 = 1
.

disjoint 3-cycles.
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3. Consider the field of 11 elements F11 = Z/11Z.

(a) Let K = (F11)
⇤ be the group of units of F11. Find the order of K and describe its structure. Cite a theorem

from the course.

(b) List the orders of elements that occur in K. Justify your answer.

(c) Give an example of an element [a]11 2 K of order 2 and [b]11 2 K of order 5.

[10 points]
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Fes

(a) (KI = 1) Fi)) = 10 all nonzers elts are units in a field.
Theorem: The

group of units of a finite field is cyclic
=> K = Go

.

16) By Lagranges theorem,

the order of an elf divides the order

of the group => possible orders are $2
,
2

,

5
, 103

K= 20 = ( 1 ,
t

,
+ ?t Y +5

,
+it+

3

,
+9

=> o(t) = 10
,
o(ty = 5

, o(t5) = 2 o(1) =1

=> elfs of orders 1
.
2

,
5

,
10 occur in K

.

(c) Note that [1], /1]1 = 11See = [ 1] = (10]
,

= (a)
,

-

Note 12], = 132), = /1] => /See has order 10

= 123, = 147, has order 5 in 16

Check
:14]1 = (1)

, ,
182, =143



4. (a) Let p be an odd prime. How many non-isomorphic abelian groups of order 8p2 are there? List the elementary
divisors and invariant factors for each of the groups. You can use the notation Ck for the cyclic group of order
k 2 N+.

(b) Show that each of the groups listed above contains an element of order 2p.

(c) Which of the groups listed in (a) contain an element of order 4p? Justify your answer.

[9 points]
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(a) IG) abelian ,
161 = Sp2 , P + 2prime

=> 161 =23p
partitions : (3)

,
(2 . 1)

,

(1 , 1, 1 (2)
,
(1, 1)

Cyx22(4

xxCxExp I I "px(p
&paspxCpypaxcypxp Capxsux2pxCpxC
=> there are 6 groups up to isomorphism
Elementary divisors : 18

, p2)
,

(8
, p,p), 14.

2
, p) (4.

2
,p.p)

.

(2
.
2

,
2, p2) (2.

2
,
2
,p.4)

Invariant factors : (Sp), (8p ,p) . (4p>, 2), (4p . 2p) , 12p2, 2, 2)
,
(2p, 2p, 2)

16) Each group
listed contains as a directfactor a cyclic group

of order divisible by 2p => it contains an elt of order 2p.

Say In ,
din has anelt oforder d: n = dik =

if t is a generator of 2n = th has order d: (th*"=

1,
and this is the smallestpower oft

that
gives 1.

For example, C4p2X & contains ((EP, 1)(2p =/ 4
P: 1) = 11

,
11

Elt of order 2p.
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(c)Thegroups Cspi, [spxCp , Cyp * &2
, Cyp * Cyp

contain an elf of order 4p.
Others do not : CaxCox( => the max order of an

elf

is kom (9,
6

,
c) = a

Since /6/a
So for thegroups 22pxC2x32 , Cyp > Cap,

da

kcm = 2p kcm = 2p
both not divisible by 4p.



5. Let F3 be the field of 3 elements. Define the ideals in F3[X]

I = hX2 +X � 1i, J = hX2 + 1i, K = hX2 �X + 1i.

Let
A = F3[X]/I, B = F3[X]/J, C = F3[X]/K.

(a) Show that A is a field. Justify your answer (cite a theorem from the course).

(b) List all elements in A. In particular, find |A|.
(c) Find the inverse of the element [X + 1]I in A.

(d) Is any of the rings B,C a field? Justify your answer.

(e) Can you compute the inverse of [X + 1]J 2 B and of [X + 1]K 2 C?

(f) Is any of the rings A,B,C isomorphic to the ring Z/9Z? Justify your answer.

[12 points]
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#

(a) I= (X + X- 1)
,

X+ X-1 has deg =2 it is irreducible =) has no rool in IFs

f(0) = -1
, f(1) = 1

, f() =
- 1 = no roods = f(x) irreducible

by a theorem from the course kIX/(f(x)) is afield =) f(x) is irreducible

=> A = FlyI is a field .

16) By a result from the course
,

elf in A have the form a X+ 6
,

9
,
6 Fs

Since f(X) has degree 2
H = 90,

1
,

- 1
,
X

,

X+ 1
,
X -1

,

- X
,

-X+ 1
,

-x- 13
.

(A) = 3 = 32

(2) Inverse of [X + De in A

Consider (x+D
=
/X]= = (x+ x]

=
= (1]) = > (x)= (x +1)

(x2+ x) - (x2+x-1) = 1

(d) j = (x 2
+ 1) f(q = 1

, f(1) =f() =
-1 +0 = no roofs

, deg =2 => irreducible

=> B = Fy(Xy is a field .

k = (x-x + 1) f(0) = 1
, f(x) = 1

, f(1) = 1 + H + ) = 0 = not irreducible

X -x + 1 = (x + 1)(x + 1) = C = #/Y is not afield.

by the theorems listed in (a).
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(s) B is a field - /X + By is
invertible

(x + 1)(x - 1) = x 1 = x+ ) - 2 = (2]y = (17y
=> (x + 13j = (x -By

C is not a field, IX + 13K is not invertible because it is a zero

divisor : (x +1k(x + 13 k = /X2- X+1] 107k .

(5) 2/92 is not a field = A# 2, B + */92
↑ >
fields.

C 2/2 since c (C) = 3 = c (15))
c(2/92) = 9



6. (a) Show that the system of congruences 8
><

>:

x ⌘ 0 (mod 6)

x ⌘ 1 (mod 7)

x ⌘ 2 (mod 25).

has infinitely many solutions in Z (cite a theorem from the course).

(b) Find all integer solutions of the system.

(c) Find the smallest positive integer that solves the system in (a).

[6 points]
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CRM for I:
(a) A system of congruences in I

18) <X =Omod has infinitely many solutions if andonlyif
=> Gt = 7s + 1 the modules are pairwise coprime
6 t - 7 = 1 = s = t = - 2 6

,
7

,
25 are pairwise coprime

a =
- 6 (mod 42)

=> theystem has solutions

S
a = - 6 (mod 42) - 6 + 42t = 2 +259
a = 2 (mod (5) 42t -

25g = 8

t = - 1
, g=2 = 7 -42+50 = 8

= x = - 48 = 0 (mod 6)
= 1 (mod7)
=> 2 (mod 25/

=> All solutions are x = <-48+ 105023 = 5- 48 + 67 .252]

(2) The smallest positive solution is x = -48 + 1050 = 1002



7. Let S5 denote the symmetric group of permutations of 5 elements.

(a) Consider the element a = (243)(135)(14) 2 S5 and write it as a product of disjoint cycles.

(b) Find the order of a.

(c) Find the number of elements in the conjugacy class {gag�1}g2S5 .

(d) Let H be the subgroup in S5 that consists of all permutations of the elements {1, 3, 5}. List all elements in H

and find its order.

(e) Is H a normal subgroup in S5? Justify your answer.

[10 points]
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ab 2

(a) a = (243)(135) (14) = (135)(24)

(6) a is aproduct of 2-cycle and a disjoint 3-cycle = 0(a) = 1cm (2
,
3) = 6.

Sc Cong cas &gagi]geSi
Theorem : a ES5 the long class of a contains all eltsin So of the same

cycle type : all products of disjoint 2 and 3-cycles.

(5) Choose Zelt = 2-cycle, 3 elts3-cycle

# bgagiges, = (3)·= 2= 2 =20
T

choicesofZelts cycles
outof5 (abc)(ac6)

are different cycles
(d) HCS5

,

H = 31, (13)
,
(15)

,
135)

,
(135) , (153)3 = So

(H) = 6

(e) HCS5 isnormal <=) ghgtH hEH FgESs

(2) (13)(12)" = (23)#H =) H is not normal in S5 .



8. Let E be a Euclidean domain. Recall that a Euclidean domain is an integral domain where the Euclidean division
works, in particular if gcd(a, b) = 1 for two elements a, b 2 E, then there exist elements x, y 2 E such that
xa+ yb = 1. For example, the ring of integers Z is a Euclidean domain.

(a) Recall that a unit in E is an invertible element with respect to the multiplication. Recall that an element
a 2 E is irreducible if a 6= 0, a is not a unit and if a = st, then either s or t is a unit. Find the units and the
irreducible elements in Z.

(b) Let a, c be irreducible elements in a Euclidean domain E. Suppose that c does not divide a. Show that in this
case gcd(a, c) is a unit. Since gcd is defined up to a multiplication by a unit, this means that gcd(a, c) = 1.

(c) Let a, b, c 2 E be irreducible elements such that c divides ab but c does not divide a. Use (b) to show that then
c divides b.

(d) Use (c) to prove that in a Euclidean domain a factorization of an element into a product of irreducible factors
is unique. Namely, if x = a1a2 . . . ak = b1b2 . . . br, where all ai and bj are irreducible elements of E, then k = r

and up to a permutation of terms, bi = aiui, where ui are units in E.

(e) We proved in class that F [X], where F is a field, is a Euclidean domain. Use (d) to show that a polynomial of
degree n with coe�cients in a field can have at most n roots in F .

(f) Let K = Z/9Z[X]. Show by an example that the statement in (e) fails in K. Namely, how many distinct roots
does the polynomial f(X) = X

2 have in Z/9Z?

[14 points]
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(a) Unib in I : SE13 invertible not -mult.

irreducibles : n = 11. =PEX are the irreducible.

16) Let d =gsd(,c) => a = ds
,

c = dt irreducibles => eitherd of t

is a unit. If t is a unit= d = ct" => a =c+s = c divides a

Butc does not divide a => disa unit => gad(a,
c) =d is a unit.

(c) From 6) = ged(a,
d = 1 = Xa + yc = 1 Ex

, y + E

=> Xab +16 = 6

=> c divide 6.2/

(d) X = 9
, 92 ... an = 6,62 ... fr where ai

, bj are irreducibles

a
,
divides 6

,
.... Er => a,

divides one of them by (c)

Say 8= 9
, % ,

U
,

is a unit

=> As .... An = u
,
6

...
On

,

continue with an and so on

=> get k=r and b:= gib: hi is a unit
.
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(e) F(x] = E Euclidean division ↓ deg = 0

If a
,

is a roof of j)(x) = f(x) = (x - a
,
)d(x) + r(x)

0 = f(a) = (a
.

- g
,
)d() + r = 0+ = r= 0

=> f(x) = (x- a
,
)d(x) contine by induction

↑ deg = n - 1

= > f(x) = (x-a
, )(x-ad) .. (x-an) and the factorization

is unique up to units

=> f has at most i distinct roofs for a polynomial
of degreen .

(f) 2/2(x]
,
f(x = X2 f(0) = 0

f(z) = (9) = 10 Broots
.

f(6) =(36) = 10)



Second part, questions 9 to 12.

The following questions do not require any justification. Only your answer will be evaluated: +1 point for a correct
answer, -1 for a wrong answer and 0 for no answer.

9. (True/False) Let F1 and F2 be two fields. Then F1 ⇥ F2 is a field.

10. (True/False) The ring Z/15Z is an integral domain.

11. (True/False) The polynomial 6X5 + 20X4 + 15X2 + 25X + 5 is irreducible in Q[X].

12. (True/False) The symmetric group S7 contains a subgroup isomorphic to the cyclic group C10.

[4 points]
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O
G

O
5x 51 51 51 5/25t

Irreducible by Eisenstein

O

9 F
,
xEc : (1 ,

0). (01) = 10
, 0) nontrivial zero divisors

10 . 4/152 : 3 . 5= 0

11
.

Irreducible by Eisenstein , p
= 5

12
. (12)(34567) = a

12-cycle)x(5= cycle) disjoint => order(a) = 10 => yes


