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P1. (Problem 2.1.) Prove that the extended real line [−∞,∞] is homeomorphic to the closed unit
interval [0, 1].

P2. Let B be the Borel σ-algebra on R. Show that B is generated by each of the following families:

(i) the collection of all open intervals,

(ii) the collection of all closed intervals.

P3. (Problem 2.2.) Let (xn)n∈N be a sequence in [−∞,∞], and let c ∈ R. If (xn)n∈N converges to
an extended real number, then the sequence (cxn)n∈N also converges, and

lim
n→∞

(cxn) = c · lim
n→∞

xn. (1)

P4. (Problem 2.3.) Let X,Y be two sets and f : X → Y a function.

(a) Prove that if FY ⊆ P (Y ) is a σ-algebra, then FX := {f−1(A) | A ∈ FY } is a σ-algebra.

(b) Prove that for C ⊆ P (Y ), we have that σ(f−1(C)) = f−1(σ(C)).

P5. (Problem 2.4.) Let (X, T , µ) be a finite measure space, and let A ⊆ P(X) be an algebra. Show
that if A generates T , then for every B ∈ T and for every ϵ > 0, there exists A ∈ A such that
µ(A∆B) ≤ ϵ.


