Exercise Sheet Solutions #11

Course Instructor: Ethan Ackelsberg
Teaching Assistant: Szymon Sobczak

P1. Prove Young’s inequality: Suppose that 1 < p,q,r < co and % + é =1+ % Let f € LP(R) and
g € LYR). Then f * g is defined a.e. and

1+ gllr < 17 1pllgllq-

Solution: If r = co, then p and ¢ are conjugate and we obtain a pointwise bound on f * g by
Holder’s inequality:

[(f * g)(z)] = ’/Rf(x —y)9(y) dy‘ < /R\f(fr — )W)l dy < || flpllgllq

where f(y) = f(z —y). But by translation-invariance and reflection-invariance of the Lebesgue
measure, || fll, = [[fllp- Thus, [|f * gllec < supser|(f*g)(@)| < [ flpllgllq-
Assume r < co. Then 1 + % > 1,50 p,qg <oo. If ||f|l, =0o0r |g]lg =0, then f*g=0 a.e., so
Ilf *gll- = 0. Assume ﬁpr > 0 and [|g||[; > 0. Note that (cf) * (dg) = cd(f * g) for constants
¢,d € C. Using absolute homogeneity of the norms, we may therefore normalize the functions
and assume | f||, = ||g|l; = 1. Let s,¢ be such that 2 =1 —% and 2 =1— ;17. Then for numbers
a,b>0,

ab = (aPb)M" (a?)"/* (1) ", (1)

Moreover, % + % + % =1, so we may apply the generalized Holder inequality:
(20 =| [ e =gt dy

< /R F@ —9)llg()] dy
- / (£ = ) Pla@IDY" (1@ — 9)P)V* (g()| )V dy

-~

hi(y) ha(y) h3(y)
< [Pl [zl Pslle

1/t

1/s
= ([ - nPlatre dy)m [isa=vra| | [lswra

IlflE=1 llglld=1
1/r
- ( 156 = Pl dy) .

Therefore, by Tonelli’s theorem,

1 *gllr = /R (F * g)(@)|" da < /R /R @ —)Pla()|? dy dz = | £]2]gl¢ = 1.

P2. Let f: R — R be a Lebesgue-measurable function with

(a) Using Lusin’s and Steinhaus’ Theorems, prove that f is continuous at = = 0.



(b)

Solution: By Lusin’s theorem, for each € > 0 there is a closed set £ C X such that
1(E) < € and f|g is continuous. Take R > 0 big enough such that E = E N [—R, R] has
positive measure. By Steinhaus theorem, there is £ > 0 such that (—¢,&) C E — E. Notice
that f|z is uniformly continuous. So, for each 1 > 0 there is 6 > 0 such that if [z —y| < §
for z,y € EN[—R, R] then |f(z) — f(y)| <.

For z € R with |z| < min(6,&), there are z,y € E N [—R, R] such that z = x —y. By
hypothesis, we have f(z) = f(x) = f(y). As[z| = [x—y| <0 then |f(2)| = [f(x)—f(y)] <n,
so we conclude that f is continuous at 0.

Conclude that f(x) = xf(1) for each z € R.

We notice that f is continuous everywhere. Indeed, for x € R and (x,,)nen, we have that
x —xn, — 0 as n — co. So, by continuity at O:

f(x) = f(an) = f(x —2xp) = f(0) =0 as n — oo.

On the other hand, by an standard induction argument on Z and then on Q, we have that
for each x € Q,

f(z) =z f(1).

That being so, the conclusion follows by continuity.

P3. Let (X, 7) be alocally compact Hausdorff space. Let u be a Radon measure that is inner regular
on sets with finite measure. We will show that for each function f € £'(u) and € > 0, there
exist functions g, h : X — R such that g is upper semicontinuous and bounded above, h is lower
semicontinuous and bounded below,

g<f<h, and /(hg)du<€-
X

For this:

(a) Justify that one can assume without loss of generality that f is positive.

Solution: We know that f can be written as f = f, — f_ with f,, f_ € L'(u) positive
functions. If the statement is true for positive functions, then there are g_, g+ upper semi-
continuous functions bounded above and h_, hy lower semicontinuous functions bounded
below. Thus

g+ —h- < fr —f-<hy—g-,

where —h_ is upper semicontinuous bounded by above and —g_ is lower semicontinuous
bounded by below. Thus, the result follows for f.

From now on, we assume that f > 0.

(b) Show that there are measurable sets (Ey,)nen and constants (cp)neny € Ry such that f =

Z;.LOZ]. Cn]lEn .

Solution: We know that there is a non decreasing sequence of positive simple functions
(fn)nen such that f, 7 f. We define t, = f, — fn—1 > 0 with fo = 0. Then, we have that

N
Ztn:fN/‘f-

n=1



I Thus f =) cntn- As (tn)nen are positive simple functions, we conclude the statement.

(c) Find appropriate compact sets (K, )nen and open sets (Uy)nen to define g = SN e 1,
for some carefully chosen N € Nand h =" _ycnly,. Conclude.

Solution: For each n € N, by regularity of p and the fact that the sets (E,),en have
finite measure as f € L'(u), we find a compact set K, and an open set U, such that
K, C E, CU, and

enpt(Up \ Kp) < 27 e, (2)
We notice that 1y, is lower semicontinuous for each n, and likewise 1, is upper semicon-
tinuous for each n. This suggests to define h = Y7, ¢, 1y, which is bounded by below.

Nevertheless, the if we define and g = > "7 | ¢, 1, this function is not necessarily bounded
by above. So, we take IV € N such that

[e.e]

Z ent(Up) <

n=N-+1

DN

and set g = ZnN:1 cnlk,. Observe that this is possible due to the fact that the series
>0 enpt(Uy) converge by equation (2) and the fact that f € £1(u).
Thus, we get ¢ < f < h. On the other hand, notice that by monotone convergence theorem

%s) N [e's) 00
€ €
/h —gdu = Z c”M(Un) o Z C”M(Kn) = Z cn,u(Un \ Kn) + Z CnN(Un) < 5 + 3’
n=1 n=1 n=1 n=N+1

concluding.



