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Exercise Sheet #3

Course Instructor: Ethan Ackelsberg
Teaching Assistant: Szymon Sobczak

(Problem 3.3.)(Borel-Cantelli lemma) If (A,,)pen is a family of measurable subsets of a prob-
ability space (X, B, ) and ) - p(Ayn) < 00, then

u({x € X |z € A, for infinitely many n € N}) = 0.

Let (X, B, 1) be a probability space, and (Ap)nen & family of independent measurable subsets
such that )y u(A,) = co. By independence we mean that for any finite index set Z, we have
1(Npez An) = Mpezin(Ay). Show that

u({x € X |z € A, for infinitely many n € N}) = 1.

Hint: Note the useful inequality 1 —a < e~* for a € [0, 1].

Let (X, F,u) be a measure space and f a measurable function. Prove the Markov-Chebyshev
inequality:

va > 0u({lf>ah) < [

{IfI>a

where we denote {|f| > a} ={z € X | |f(z)| > a}.

1
fldp < /!f\du,
} «

Let (X, Fx,p) and (Y, Fy,v) be probability spaces, and let T': X — Y be a measurable function.
Define  Tu(A) := u(T~1(A)) for each A € Fy. Prove that v = Ty if and only if for all integrable

function f:
/fduz/ foTdu.
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