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Chapter 1

Linear systems: direct methods

Given n € N\ {0,1}, A € R™" and b € R", find x € R" such that Az = b. If A is invertible, then
the unique solution is A~'b. This chapter introduces Gaussian elimination, an algorithm that com-
putes A~'b without computing A~! explicitly. Nonsquare systems are briefly covered in Section
Notation:

arir .- ain b1
n _ . . . I N
ij=1 " : . : J b= [bl]izl -

Gn,1 - GQnn by

A = [a; 4]

1.1 Triangular systems

The matrix A € R™ " is said to be lower (resp. upper) triangular if a; ; = 0 for all 4,5 € {1,...,n}
such that ¢ < j (resp. ¢ > j). The matrix A is said to be triangular if it is lower or upper triangular.
Notation for A respectively lower and upper triangular:

a1 a1l o Qinp

Gn,1 **° Qnn an,n

where the empty entries are those that are structurally zero.
If A is triangular, then it is invertible if and only if its diagonal entries are nonzero, in which case
x = A71b can be computed as follows:

o if A is lower triangular, z; := (b; — Z;;ll a; jx;)/a;; for i =1,...,n (forward substitution);
o if A is upper triangular, z; = (b; — >_7_; 1 a;j7;)/a;; for i =n,..., 1 (back substitution).

Forward and back substitutions each require 3" ;(2i — 1) = n? arithmetic operations.

1.2 Gaussian elimination and LU factorization

A unit triangular matrix is a triangular matrix whose diagonal entries equal 1. Gaussian elimination

factorizes the matrix A as the product of a unit lower triangular matrix L and an upper triangular

matrix U, thereby reducing the system Ax = b to two triangular systems, Ly = b and then Ux = y.
A basic step of Gaussian elimination works as follows:

o if the upper-left entry, called the pivot, is nonzero, then a multiple of the first row is substracted
from each of the other rows to make zeros appear in the first column of these rows;

e the coefficient associated with a row is stored in the first entry of the row, at the place of the
zZero.



6 CHAPTER 1. LINEAR SYSTEMS: DIRECT METHODS

The complete process involves at most n — 1 basic steps: for ¢ = 0,...,n — 2, apply a basic step to
the order-(n — 7) lower-right submatrix.

In practice, the solution y to the system Ly = b and the LU factorization of A can be computed
simultaneously, as in Algorithm [I.1I] and Example

Algorithm 1.1 Gaussian elimination and LU factorization
Input: (A,b), where A € R"™"™ and b € R".
Output: (L,U, L'b), where L € R™*" is unit lower triangular, U € R™ " is upper triangular, and
LU = A. The upper triangular part of A is overwritten by U, the strict lower triangular part of
A is overwritten by the strict lower part of L, and b is overwritten by L~1b.
1: fori=1,...,.n—1do

2: if a;; # 0 then

3: for j=7+1,...,ndo

4: Qji < aj’i/am;

5: fork=:+1,...,ndo
6: Ajk = A5k — Q505 k;
7 end for

8: bj < bj — aj’ibz-;

9: end for

10: else

11: Stop;

12: end if

13: end for

Example 1.2.1 (J[TB97, Lecture 20]). Let

21 10 2
4 3 31 3
A= 8 7 9 5|’ b= 5
6 7 9 8 0
Step 1:
21 1 0 2 21 10 1 21 10
21 1 1 -1 111 |-21 4 3 3 1
4 3 5 5 =3|° 3 5 5| |4 1 8 7 9 5
3 4 6 8 -6 4 6 8 -3 116 7 9 8
=0 =A
Step 2:
2 110 2 2 110 1 2 110
21 1 1 -1 11 1] 1 1 11
4 3 2 2 0]’ 2 2 -3 1 3 5 5
3 4 2 4 =2 2 4 —4 1 4 6 8
| ——
=:Lo
Step 3:
2 110 2 2 110 1 2 110
21 1 1 -1 11 1] 1 1 11
4 3 2 2 0]’ 2 20 1 2 2
341 2 =2 2 -1 1 2 4
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Thus, L3LoL1A = U. Observe that

1 1 1
|21 1 1 1 1
Lim=1y 1| Ly=1 31 | Ly = 1|

3 1 4 1 11
and
1
11— 2 1
L=1L7'L; 0t = 131
3411

-
Conclusion: A = LU and, by back substitution, x = [1 -1 1 —1}
Number of arithmetic operations required by Algorithm
o for updating b,

Z Z 2—22 (n—1) —QZz—n —n;

=1 j=1+1

o for updating A, i.e., computing L and U,

S (Hiz) 3PIRETI 3P oD SR

=1 j=i+1 k=i+1 i=1j i= 1] i+1 k=i+1
-1
:Zn—z —1—22 n—1)
=1
n—1
-Sieade
_n(n—l) 5 n(2n—1)(n —1)
2 6
_2 3 1 9 1

Computing « by back substitution requires n? arithmetic operations. In conclusion, solving the linear
system with Gaussian elimination requires
2.4 345 7

gn + 2n 6n

arithmetic operations.
With matrix notation, Algorithm[I.I|becomes Algorithm [I.2] which has the same input and output.

Algorithm 1.2 Gaussian elimination and LU factorization in matrix notation [GV13], Algorithm 3.2.1]
1: fori=1,...,.n—1do

2: if Qg 75 0 then

3: p 1+ 1n;

4: Api <= Qpi /553

5: Qp.p <= Qpp — Qp Q5 p;
6: bp — bp — ap7ibi;

7 else

8: Stop;

9: end if
10: end for

As defined in this section, Gaussian elimination can fail even if A is invertible, as illustrated by
the following.
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Example 1.2.2. Let

2110

4 2 3 1

A'78795

6 7 9 8

Step 1:

1 2110 2110
-2 1 4 2 3 1| 0 1 1
—4 1 8 7 9 5| 3 5 9
-3 1|6 7 9 8 4 6 8

Step 2 cannot be applied because the pivot, the (2,2) entry, is zero. However, A is invertible, as shown
in Example [1.3.1]

1.3 (Gaussian elimination with pivoting

If A is invertible and a zero pivot is encountered, then the corresponding row can be permuted with
a lower row to obtain a nonzero pivot. (Indeed, the matrix at step i € N is

U A
Opixi Az|’

where U € Ri*i is upper triangular with nonzero diagonal entries, A, € R*"~i and Ay € R—Xn—1,
Thus, det A = det U det Ay and det U # 0. Therefore, det A = 0 if and only if det Ay = 0.) For
numerical stability, a pivot close to zero can be problematic as well. This motivates to choose the
permutation that maximizes the absolute value of the pivot, as in Algorithm

Algorithm 1.3 Gaussian elimination with pivoting [GV13, Algorithm 3.4.1]

Input: (A,b), where A € R™*"™ and b € R™.
Output: (L,U,p, L='b), where L € R™ " is unit lower triangular, U € R™*" is upper triangular, p
is a permutation of [1 --- n]T, and LU = A,.. The upper triangular part of A is overwritten
by U, the strict lower triangular part of A is overwritten by the strict lower part of L, and b is
overwritten by L~'b.
pe[l-nl
fori=1,...,n—1do

Choose j € argmaxycg; .y @k,

if ajqi = 0 then

Stop: A is singular;
else

I

Qi,: <7 Qg 25
b; & bj;

— =
Y o=
i)
o~
+
—_
S

Apji ¢ Ap,i[ Qi

Gp,p <= Qp,p — QpiGi p;
bp — bp — ap,ibi;

14: end if

15: end for

,_.
w

Number of comparisons of real numbers performed for pivoting;: ?;ll(n—i) = ;‘:_11 i= %n(n— 1).
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Example 1.3.1. Let

Y 1
AN <H 0 O

S~ 10 0
— M O O
— O D~ D~

AN < 0 ©

Step 1:

e permutation of two rows:

S — 10 0

— MmN oD

— A b~ Db~

AN <f 0 ©

SN — D

M~ N — b~

0 <F AN ©

0 — O 0

SN~ D

M~ A — b~

0 < AN ©

=P

e Gaussian elimination:

IS i ol
L

| . |
NI O
5 r “NT

A0 <H
D | _ oI

M| e
=TT

[ee}
—_

—
0
53531JZ

w7 _NZ

[3rl[a BiaRS
D [ _91

NI <
- ,_ _, P

00 —Ia —I< ool<F
N |

=1

Step 2:

e permutation of two rows:

1
w _NZ

N0t

D _ _91

oI <t
r~ [ _71

Yol lanl o]
5NT_ |

Ialilal[aN]

) ool _ |

I ;e
771“ “

I NI

O|<H MY
5NZ_ |

Yol lanl (]

991_ |

N NI
= el _, _,

00 It —I<H —
e — |

=Py

e Gaussian elimination:

o NT: 57_4 3_,2
& i TP
[ 37_4 3“2
o,
—
i

10 N i 2o~
-

O ol _ oI~

D~ |t

10 B - 3=

I~
S oI [ o~
™Mb~ ©OIr~
D~ | _ _
00 ™I It —I
-

=:Lo

Step 3:

e permutation of two rows:

1
10 | i 2

[a\llog
O ol _ ™I~

D~ -

10 Sl 0 i

[a\ll o
O Ol b= |

|y

5%?H767
Lo

10 | 8 i~

e~
991&7_

oI~ it~
e ST

00 I = <t
e |

=:P3
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e Gaussian elimination:

8 7 9 5 5 8 7 9 5 1 8 7 9 5
8 7 9 1T _15 1911 | 19t
1 1 1 1 ] 4 4 1 1 4 1
1 _6 3 15 _12/> 3 15| = 1 3 15
2 7T 7 7 7 77 77
1 3 2 2 2 4
i 7 —3 2 2 2 3 1 -7 7
=U :ZL3
Thus, L3P3LoPyL1PiA = U. Observe that
L3P3LoPy 1Py = L3(P3LoPs3)( P3Pyl PoPs)(PsPaPy),
—_—— — ——— ——
=1 =1 =P
1 1 1 1
3
- 7 1 . 1 1 1
-1 _ |4 -1 _ -1 _ _
Ll - % 1 ) L2 - _g 1 ) L3 - 1 ) P = 1 9
3 _2
% 1 -7 1 3 1 1
and
1
L 31
L=L7'L;'Ly = |1
7 7 1
1 3 2
i 7 3 1

-
Conclusion: PA = LU and, by back substitution, z = {1 -1 1 —1} .

Conclusion: in exact arithmetic, linear systems can be solved exactly within a finite number of
arithmetic operations. Specifically, if A is invertible, then Gaussian elimination with pivoting computes
A~1b within %n?’ + %n2 — %n arithmetic operations and %n(n — 1) comparisons of real numbers.

1.4 Effect of round-off errors

Computers represent real numbers in a floating-point format and use floating-point arithmetic (which
is not exact arithmetic). With backward error analysis, it can be shown that, given floating-point
representations of A and b, Gaussian elimination in floating-point arithmetic returns an exact solution
to a perturbed system. Therefore, after reviewing background material about matrix norms and
condition numbers (Section , we state a perturbation theorem (Section . Then, after
reviewing the two main properties of floating-point arithmetic (Section , we analyze the effect
of round-off errors by combining the perturbation theorem and a backward error analysis of Gaussian
elimination (Section [1.4.4)).

1.4.1 Matrix norm and condition number

See Section for backbround material on the concept of norm.

Proposition 1.4.1. If || - || is a norm on R™, then the function

M
R™™ - R: M+ sup 1Mz
zeR™\{0} ||

is a norm on R™™ called the induced norm and denoted also by || - ||

Examples are given in Table
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Norm on R" Induced norm on R™*™

lfly = 328y |l [M[1 = maxjeqr, . ny ity M|
lzll2 = /300 =7 [M]l2 = omax(M) = 1/ Amax (M T M)
2]loo = maX;e(1,...,n} [zi|  [[M]loo = maX;e{1,..n} Z?:l [mi ;|

Table 1.1: Examples of norms on R™ and induced norms on R"*",

Proposition 1.4.2. Every induced norm on R™ ™ is submultiplicative: for all M, N € R"*",
[MNI| < [[M][IV]].
For example, the function

|- [[max : R""™ = R: M +— max _|m;;|
i,j€{1,....,n}

is a norm on R™*" that is not induced by a norm on R™ because it is not submultiplicative.
Definition 1.4.3. The condition number of an invertible matrix M € R™ " is k(M) = | M]||||M .

For every p € {1,2,00}, the condition number associated with the norm | - ||, from Table
denoted by &y, is at least one. Indeed, for all invertible M € R"*",

L= [ Lollp = MMl < [|M]p[ M7l = rip(M).

1.4.2 Sensitivity of linear systems

Theorem 1.4.4 ([Dem97, (2.4)]). Let ||-|| denote both a norm on R™ and the induced norm on R™*™.

Let A € R™" be invertible, b € R"\ {0}, A € R"*" and b € R™. If ”’M‘” < ity then A is invertible.

If, moreover, x, & € R" satisfy Az = b and Az = b, then

lz — 2| _ r(A) (IIA—AII N Hb—5||>_

= A—A] A b
=l = 1 — o) M 1Al 2]

1.4.3 Floating-point arithmetic

Computers represent real numbers in a floating-point format—typically the IEEE 754 double-precision
binary floating-point format (binary64)—and use floating-point arithmetic. The floating-point number
that is closest to € R is denoted by fl(z). The analysis of round-off errors is based on the existence
of a positive real number ey,achine, called machine epsilon, such that:

1. for every x € R, there exists € € [—machine, Emachine] Such that fi(z) = z(1 4 ¢), i.e.,

2. for every arithmetic operation * (addition, substraction, multiplication, or division) and every
pair (z,y) of floating-point numbers, there exists € € [—emachine; Emachine] Such that z ® y =
(z *y)(1+¢), where ® is * in floating-point arithmetic.

Property [1]is a property of the floating-point format, while Property [2] is a property of floating-point
arithmetic. Property [1| actually holds only for € [—Nmax, Nmax] \ (—Nmin, NVmin) but this has no
practical impact. For example, with binary64, Npy.x = (2 — 27°2)2102 ~ 10308 N, = 271022 »~
10739 and emachine is about 2792 ~ 2.22- 10716 or even 27°3 ~ 1.11 - 10716,
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1.4.4 Gaussian elimination in floating-point arithmetic

Two sorts of errors are involved. The first sort comes from the representation of A and b in the chosen
floating-point format: A and b become respectively fl(A) and fl(b), where fl is applied componentwise.
As illustrated next, if A is ill-conditioned, i.e., k(A) is large, then the perturbation of fl can be
significant. For example, if €pachinefoo(A) = %, then the upper bound given by the perturbation
theorem (Theorem |1.4.4)) is merely upper bounded by 2. Indeed, by property |1} |A(A)—A| < emachine| 4]
and |fl(b) — b| < emachine|b|, Where the absolute value is applied componentwise. Thus, ||fl(A) — Aljc <
Z':InachineHAAHoo and ||ﬂ(b) - b”oo < 5machineHb||oo-

1 + 2754
1

1 2754

Example 1.4.5. Let A = 1 0

] and b =

Then, A~'b = [ﬂ With binary64,

fi(A) = A and fi(h) = ﬂ thus Ai(A)~A(b) = H Since A1 = [224 _;54], Ao = 142754, and

|A=Y|oo = 25, it holds that ks (A) = 2°° +2 and the upper bound given by the perturbation theorem
(Theorem [1.4.4)) equals 2, twice the actual relative error.

In conclusion, if A is ill-conditioned, then algorithms cannot be expected to solve the system with
high accuracy.

The second sort of errors comes from floating-point arithmetic. Backward error analysis shows
that the round-off errors made in the course of Gaussian elimination can be projected back on the
original matrix, as stated in the following.

Theorem 1.4.6 ([Hig02, Theorems 9.3 and 9.4]). Given A and b in floating-point format, Gaussian
elimination yields (L,U) such that

LU — A] < Tmehine |||y

€machine

provided that némachine < 1. Moreover, the computed solution T satisfies Az = b with

1-3 €machine
provided that 3nemachine < 1. Thus,

HA - AHOO 3n35machine HUHmax
HAHOO ~ 1 — 3nemachine HAHmax '

Proof of the last statement. It holds that

't 3NEmachine
A—A < —|||L||U .

Moreover,
IZI1Ulloo < Lo 1T Too = 1 LlloollUlloo < 2llU oo < 7% [[U]|max-

The result follows from the inequality ||A||max < [|A4]co- O

The number ||U||max/||Al|max is called the growth factor.

Theorem 1.4.7 ([Ste98, Theorem 4.12]). Let PA = LU be an LU factorization obtained by Gaussian
elimination with pivoting in exact arithmetic. Then, |U|lmax < 2" || A|lmax. Moreover, equality is
reached if

U |
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In practice, the growth factor is often observed to grow as n5. For tridiagonal matrices, it is upper
bounded by 2 [Ste98| p. 240].

In conclusion, backward error analysis reduces the analysis of round-off errors to the analysis of
the sensitivity of the system: these errors can be estimated by combining Theorems [T1.4.6] and [1.4.7]
with the perturbation theorem (Theorem . However, the estimation is generally very pessimistic.
Thus, other methods have been proposed to estimate round-off errors in practice.

1.5 Least-squares problems

Let m,n € N\ {0,1} such that m > n. Let A € R™*" such that rank A =n. Let b€ R™. If b ¢ im A,
there is no x € R” such that Az = b. However, the optimization problem min,egn || Az —b|| can still be
considered. It is called a least-squares problem if the norm || - || is the 2-norm || - ||2. Considering the 2-
norm is convenient because the 2-norm is induced by the usual inner product on R™ (see Section .
Furthermore, the choice of the 2-norm can be defended by geometric and statistical reasons. In the
rest of this section, only the 2-norm is considered.

Solution: x € R™ minimizes the function R” — R : z — ||Az — b||2 if and only if Az = y and
y € im A minimizes the function im A — R : z — ||z — b||2, i.e., y is the orthogonal projection of b
onto im A. Thus, it suffices to find x € R™ such that Az is the orthogonal projection of b onto im A,
ie,b—Ax L imA, ie., (b— Az, Az) =0 for all z € R", i.e., 2" AT(b— Azx) = 0 for all z € R", i.e.,
AT(b— Az) = 0. This yields the so-called normal equations:

AT Az = AT
Since rank AT A = rank A = n, this linear system has a unique solution.

Example 1.5.1. Let

11 1
A= |1 2, b= |2
1 3 1
Then, b ¢ im A and
. [ s |4
AA—[6 E Ab—8.

Thus, the least-squares solution is

4/3
Al

1.6 Notes and references

Section is based on |[GV13| §3.1], [QSS07, §3.2], [SB02, §4.1], [Ste98, Chap. 3, §1], and [Hig02,
Chap. 8]. Section is based on [GV13l §3.2], [TB97, Lecture 20|, [Ste98, Chap. 3, §1], [QSSO07,
§3.3], and [Hig02, Chap. 9]. Section [1.3]is based on [GV13, §3.4], [TB97, Lecture 21], [Dem97, §2.3],
[Ste98, Chap. 3, §1], [QSS07, §3.5], [SB02, §4.1], and [Hig02, Chap. 9]. Section is based on
[Dem97, [Ste98, Hig02, [GV13]. Section [1.5]is based on [NWO6, Lecture 11].
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Chapter 2

Nonlinear systems

Given n € N\ {0} and a continuous function f : R”™ — R", find a zero of f, i.e., a point z € dom f
such that f(z) = 0.

This problem, ubiquitous in science and engineering, has been studied by some of the most brilliant
minds and is still the subject of intense research nowadays. The reason is that, in general, there is
no algorithm that computes a zero of f within finitely many arithmetic operations. Thus, iterative
methods are necessary.

Example 2.0.1. Example of a function f that has no zero: f: R — R : z — 22 4+ 1. Examples
of a function f whose zeros cannot be computed within finitely many arithmetic operations: most
polynomial functions of degree at least five, e.g., f : R = R : 2 — 2% — 42 — 2, and many other
functions, e.g., f :R - R:x+>cosx — 2, f: R = R:2x—e* —x—2 and f: R? = R?: (z,y) —
(sin(x 4+ y) — 3z, cos(xz — y) — 3y).

The general approach in numerical analysis to tackle such problems is establishing conditions that
ensure the existence of a solution and designing an iterative method, i.e., a method that, given an
initial guess, generates a sequence that hopefully converges to a solution. The two are related: the
existence theorems that we are going to see in this chapter admit a constructive proof that shows
that an iterative method converges to a solution. The speed of convergence is a criterion to compare
iterative methods. Another criterion is the computational cost per iteration.

2.1 Bisection method and intermediate-value theorem

In this section, we focus on the case where n = 1. The following theorem is equivalent to the
intermediate-value theorem.

Theorem 2.1.1. Let a,b € R such that a < b. If f is continuous on [a,b] and f(a)f(b) < 0, then
there exists ¢ € (a,b) such that f(c) = 0.

The proof simply establishes that the bisection method, defined in Algorithm and illustrated
in Figure converges. Without loss of generality, assume that f(a) < 0 and f(b) > 0.

Algorithm 2.1 Bisection method
Require: (f,a,b), where a,b € R, a < b, f: R — R is continuous on [a,b], f(a) < 0, and f(b) > 0.
1: ag < a; by < b; 29 + “erb;ﬂ—();
2: while f(x,) 7é 0 do
if f(z;) <0 then
4 i1 < T3 bip1 < by;
5 else
6: i1 4 a5 bip1 < X33
7 end if
8
9:

w

i i+ 1 @y o 2t
end while

15
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Figure 2.1: First two iterates of the bisection method for f :[0,1] = R: z + z — cosx.

The bisection method either finds a zero of f|, ) after a finite number of iterations or generates
infinite sequences (a;)ien, (b;)ien, and (x;);en such that, for alli € N, a; < z; < b;, bj—a; = 27" (b—a),
f(a;) < 0, and f(b;) > 0. Since (a;);en is monotonically nondecreasing and bounded from above,
(a;)ien converges to sup;cy a;. Similarly, since (b;);en is monotonically nonincreasing and bounded
from below, (b;);en converges to inf;cy b;. Moreover, (a;);en and (b;);en have the same limit. Letting
i tend to infinity in f(a;) < 0 and f(b;) > 0 shows that the limit is a zero of f since f is continuous.

Unfortunately, no easy extension to the case where n > 1.

2.2 Fixed-point iteration and Banach fixed-point theorem
Reformulating Theorem based on the following definition turns out to be particularly fruitful.
Definition 2.2.1. A fized point of a function g : R” — R" is a point € dom g such that g(z) = x.

Theorem 2.2.2 (Brouwer fixed-point theorem). Let a,b € R such that a < b. If g : [a,b] — R is
continuous and g([a,b]) C [a,b], then there exists ¢ € [a,b] such that g(c) = c.

Proof. Apply Theorem to f:[a, b)) > R:2z— g(z) —x. O

The proof of Theorem shows that the problem of finding a zero of f : R™ — R" can always
be reformulated as the problem of finding a fixed point of a function g : R™ — R"™. Furthermore, to
find a fixed point of a function g : R™ — R", it is natural to consider the iteration x;41 = g(z;) for
all ¢ € N. Indeed, if g is continuous, then the generated sequence can converge only to fixed points
of g. However, the sequence may not converge, as illustrated in Figure We are going to establish
a sufficient condition for convergence based on Definition [2.2.3]
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To T1 X0 950 T1 T2

Figure 2.2: The fixed-point iteration converges for g : (—2,00) — R : z +— In(x + 2) (left) but diverges
for g7 : R — (—2,00) : &+ € — 2 (right).

Definition 2.2.3. Let g : R® — R be defined on a nonempty subset S of R”. The function ¢ is said
to be Lipschitz continuous on S if

lg(z) —g(y)l|

Lipg g :== sup ——————— < o0
zyes  llz =yl
THY

The function g is called a contraction on S if Lipg g < 1.

The name “contraction” stems from the fact that, for all z,y € S, the distance between g(x) and
g(y) is smaller than that between x and y. The following is a tool to identify Lipschitz continuous
functions.

Proposition 2.2.4. Let || - || denote both a norm on R™ and the induced norm on L(R™ R™) (see
Section . Let U be an open convex subset of R™ and g : U — R”™ be differentiable on U. Then,
Lipy g = sup,ep |9/ (2)||. Thus, g is Lipschitz continuous if and only if ¢’ is bounded.

Proof. Let z and y be two distinct points in U. By the mean-value theorem (Theorem [B.3.2)),

lg(x) — gW)|l < llz —yll sup [lg'(z+t(y —2))|.
te(0,1)

Thus, Lipy g < sup.ep [l9'(2)]l-
Conversely, let x € U and h € R™ \ {0}. For all ¢ € (0, c0) sufficiently small, z + th € U and

g’ (@Rl _ llg'(@)thll _ llg(z +th) — g(x) = g'(@)th]| | |lg(x +th) — g(z)|

12 [thll -~ il il

—0 as t—0 <Lipy g

Thus, [lg'(x)|] < Lipy g. O
Notation: ¢gY := g and, for all i € N, g**1 := g o g

Theorem 2.2.5 (Banach fixed-point theorem). Let g : R" — R" be defined and continuous on a
nonempty closed subset C of R™. If g is a contraction on C and g(C) C C, then g has a unique fixed
point x, € C and, for every x € C, ||g'(x) — x| < (Lipe 9)!||x — x| for all i € N, which implies that
(¢°(z))ien converges to .

Proof. Let L := Lip. g. Existence of the fixed point. First, for all z,y € C,

|z —g(@)| + lly — g()ll

— <
-yl < 1

(2.1)
since

lz —yll < llz —g(@)| + llg(z) — gl + lg(v) —yll < llz — g(@)|| + Lllz — y|| + [lg(y) — yl|-
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Based on (2.1)), let us prove that, for every z € C, (¢°(z))sen is a Cauchy sequence (see Section [B.2)).

For all 7,5 € N,

lg'(z) — g (@) + llg” () — " (W)l _ L'+ L
1-L = 1-L

lg"(z) — ¢’ (2)]| < lg(x) — .
Since R™ is complete (Theorem , (¢*(x))ien converges. Moreover, letting i tend to infinity in
g (z) = g(g*(x)) shows that the limit is a fixed point of g since g is continuous.

Uniqueness of the fixed point. If z,y € C are fixed points of g, then ||z — y|| < 0 by , hence
|z — y|| = 0, and therefore x = y.

Inequality. Let x, € C be a fixed point of g. For every x € C and i € N,

lg'(z) — 2|l = llg"(z) — g'(zu)l| < L'z — .. .

The preceding theorem ensures linear convergence.
There are several ways of turning the problem of finding a zero into that of finding a fixed point,
and some ways may be better than others, as illustrated next.

Example 2.2.6. Let f : R - R : 2 — e —x — 2. Then, f(—2) > 0, f(—1) <0, f(1) < 0, and
f(2) > 0. Thus, f has a zero on (—2,—1) and a zero on (1,2).

e Define g : R - R : z — e® — 2. Then, the zeros of f are exactly the fixed points of g. For
all z € (=2,-1), =2 < g(-2) < g(x) < g(-1) < —1. For all z € R, ¢'(x) = e*. Thus, for
all z € (=2,-1), 0 < e 2 = ¢/(-2) < ¢'(z) < ¢'(-1) = e ! < 1. Hence, g is a contraction
on [—2,—1]. However, for all z € [0,00), ¢'(x) > 1. Therefore, g is not a contraction on any
subinterval of [0,00). In conclusion, with g, the fixed-point iteration can be used to find the
fixed point in (=2, —1) but not the fixed point in (1,2).

e Define g: (—2,00) > R: 2z — In(x +2). Forall z € (1,2), 1 <In3 = g(1) < g(z) < g(2) =
2In2 < 2. For all # € (—2,00), ¢'(z) = 45. Thus, for all z € (1,2), 0 < § = ¢'(2) < ¢'(z) <
¢'(1) = 1 < 1. Hence, g is a contraction on [1,2]. However, for all z € (—2,-1), ¢/(z) > 1.
Therefore, g is not a contraction on (—2,—1). In conclusion, the fixed-point iteration can be
used to find the fixed point in (1,2) but not the fixed point in (-2, —1).

The respective graphs of these functions are represented in Figure |2.3

Figure 2.3: Functions from Example on (—2,2).

2.3 Newton iteration

Faster convergence can be guaranteed if f is differentiable. The idea is to replace f with its first-order
Taylor polynomial at every iteration. Thus, the first iteration works as follows: given x( in the interior
of dom f, solve f(xo) + f'(x0)(x — xo) = 0 instead of f(z) = 0. If f'(x¢) is invertible, then the linear
system has a unique solution 1 == xg — f’(20) ' f(2z0). This yields the following.
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Algorithm 2.2 Newton iteration

Require: (f,zg), where f: R” — R" is differentiable and z( is in the interior of dom f.
1: 1« 0;
2: while f(z;) # 0 do
3: try to find € R™ such that f'(z;)z = —f(z;), e.g., by Gaussian elimination;
4 if f'(z;) is not invertible then
5 stop;
6 else
7 Tipl — T+ 21— 1+ 1
8 end if
9: end while

The Newton iteration is a fixed-point iteration for g : R® — R" : z + z — f'(2) 71 f(x).

Theorem 2.3.1 ([OR00, §10.2.2]). Let || - || denote both a norm on R™ and the induced norm on
L(R",R") (see Section[B.9). Let f : R" — R" be defined and differentiable on a nonempty open
subset U of R™. Let x. € U be a zero of f. If f' is continuous at x, and f'(x.) is invertible,
then there exists 6 € (0,00) such that B(z.,0) C U, f'(x) is invertible for every x € B(xy,0), and
limy_sy, lg(x) — z4||/||z — z«]| = 0, which implies that, for every x € B(x,d) sufficiently close to x.,
the sequence (g'(z))ien converges to . If, moreover, there exist L € [0,00) and p € (0,1] such that,
for all x € B(x.,9), |[f'(z) = f'(w )|l < Lllz — [P, then |lg(z) — 2| < AL f'(22) [l — 2P for
all x € B(xy,9).

The preceding theorem ensures local superlinear convergence, and even local quadratic convergence
if p=1.

2.4 Secant method

In this section, we focus on the case where n = 1. To avoid computing the derivative of f, we can
replace f with its secant instead of its tangent. Thus, given xg,z; € dom f, zg # x1, we solve
f(zo) + M(m —x0) = 0 instead of f(x) = 0. This yields the following.

T1—T0

Algorithm 2.3 Secant method

Require: (f,xg,x1), where f: R — R and g, 21 € dom f.
1: 1+ 0;

while 0 # f(z;) # f(zi41) # 0 do

zif (it1) — g1 f(33)

flwiva) = flo)

B

3: Tit2 141+ 1;

4: end while

If f(z) =0 # f/'(z), then it can be proven that the secant converges superlinearly, although not
quadratically, around x. The Newton iteration and the secant method are illustrated in Figure |2.4

2.5 Stopping criteria

Stop when || f(z;)|| or ||xi+1 — ;] is smaller than a tolerance € € (0,00). The inequalities obtained
in the convergence analysis sometimes enable to find 7 € N such that the second stopping criterion
is satisfied. For illustration, let us find ¢ € N such that ||z; — z.|| < e for the bisection method, the
fixed-point iteration, and the Newton iteration.

 Bisection method: [logQ (b_?“) — 1}.

For all i € N, |z; — 2. < (b — a;) = 2777 1(b — @) thus |z; — x| < e if 2771 (b—a) < e, ie,
1 > log, (b_?a) —1.
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I Y2 U1 o = Yo

Figure 2.4: First iterates x; and y2 respectively generated by the Newton iteration and the secant
method.

o Fixed-point iteration: [ln (m) /InLipo g—‘.

llzo—a1]]
For all i € N, ||z; — x| < (Lipe g)f||wo — || thus ||z; — 24| < € if (Lipe 9)]|zo — 24| < ¢, iee.,
i > In(e/ |20 - 2.]))/ I Lipe .

Moreover, [[z — 2. || < [lzo — 1]|+ 1 — .| and 1 — .| = llg(z0) — g(2) || < Live gllzo — 2.
. i g .
Thus, ||zg — =« < %on — x1]|. Hence, ||z; — z4]| < e if %ng —x1]] < g, ie,

i>1In (M) /InLips g.

lzo—1]]

Newton iteration in the case where p = 1: {logQ (%ﬂ with c(x.) == 4L|| f'(x.) 7.

For all x € B(w4,6), ||g(7) — z«| < c(z4)||z — 24]|?, thus g(x) € B(xs,9d) if c(x:)d||z — 24| <6,
ie, ||z — x| < 1/c(zy). Let p == min{d,1/c(xs)}. Then, g(B(xs,p)) € Bz, p). Thus,

for all xg € B(zs,p) and i € N, [Jz; — x| < ﬁ(c(m)“mo — x.||)%, hence ||x; — .| < € if
i . . In «
iy (cls)llzo — ) < e e 1> logy (s 2oy )-

Example 2.5.1. The fixed-point iteration, the secant method, and the Newton iteration were applied
to the problem of finding a fixed point of the cosine function, with zp := 0 (and z; := 0.1 for the
secant method). The methods were stopped as soon as the distance between two consecutive iterates
becomes smaller than or equal to 1072, Figure represents the logarithm of the error as a function
of the iteration counter. The point x, is the last iterate generated by the methods. The difference
between linear and superlinear convergence is clearly observable. The respective running times in
seconds are 1.2-107%, 3.4-107°, and 1.7 - 107°.
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Figure 2.5: Empirical comparison of three numerical methods to compute a fixed point of the cosine

function (see Example [2.5.1]).



22

CHAPTER 2. NONLINEAR SYSTEMS



Chapter 3

Linear systems: iterative methods

Given n € N\ {0,1}, A € R™ " invertible, and b € R", find = € R" such that Az = b. Gaussian elim-
ination provides the exact solution in exact arithmetic but requires about %n3 arithmetic operations,
which is prohibitive if n is large. Iterative methods are an alternative to Gaussian elimination that is
interesting if n is large.

3.1 Jacobi and Gauss—Seidel methods

Both methods rely on a decomposition, or splitting, A = M — N, where M is easy to invert and,
for all 4,5 € {1,...,n}, m;; equals a;; or 0. The system Ax = b becomes Mz = Nz + b or
x = M~'Nx + M~'b, which is a fixed-point equation. Given xzy € R", the fixed-point iteration is
Mz 1 = Nx; + b for all ¢+ € N. Thus, every iteration amounts to solving an easy linear system:

e M is the diagonal of A in the Jacobi method;
e M is the lower part of A in the Gauss—Seidel method.

The matrix M is called the preconditioning matriz or preconditioner. Here is why. The simplest way
of rewriting Az = b as a fixed-point equation is arguably z = (I, — A)z +b. The method that has just
been described is that simple fixed-point iteration for the system M ' Az = M ~'b, which is called the
preconditioned system.

Computational cost:

e Nuz; + b requires (at most) 2n? + n arithmetic operations;

« solving the easy linear system requires n arithmetic operations for the Jacobi method and n? for
the Gauss—Seidel method.

Convergence: Lipschitz constant of g : R® — R" : x + M~ 'Nz + M~'b. Clearly, Lipgn g =
|M~IN|, where || - | is the norm on R™ " induced by the norm on R". Thus, convergence if
|M~1NJ|| < 1. A more precise result can be stated based on the following.

Definition 3.1.1. For every X € R™ ", p(X) = max;eq1,.n) [Ni(X)] is called the spectral radius
of X.

Theorem 3.1.2 ([Saa03, Theorem 4.1]). The iteration x;41 = M ~'Nx; + M~'b converges for every
xo € R™ if and only if p(M~IN) < 1.

The matrix A is said to be strictly diagonally dominant if, for all j € {1,...,n},
n
lajil > D laigl.
i=1
i#]

If A is symmetric and, for all x € R®\ {0}, T Az > 0, then A is said to be positive-definite (see

Section [A.2]).

23
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Theorem 3.1.3 ([Saa03, Theorem 4.9]). If A is strictly diagonally dominant, then the associated
Jacobi and Gauss—Seidel iterations converge for every xo € R™.

Theorem 3.1.4 ([Saa03, Theorem 4.10]). If A is symmetric positive-definite, then the associated
Gauss—Seidel iteration converges for every xg € R™.

Stopping criterion: stop when ”b_“g‘”xi” is smaller than a tolerance ¢ € (0,00). If this inequality is

satisfied and Az = b, then, by Theorem

b — Azif| K(Ae.

A S

3.2 Gradient methods for symmetric positive-definite matrices

This section focuses on the case where A is symmetric positive-definite. Then, the function ¢ : R™ —
R:zw— %:IZTA.T — b'z is strictly convex and A~'b is its unique global minimizer. Indeed, for all
r € R, Vo(r) = Az — b and V?¢(z) = A. The gradient can be computed as follows: for all z,v € R™,
(Vo(x),v) = v Vo(z) = ¢'(z)v = limy_o w and, since

1
oz +tv) — ¢(z) = 5(thAx +tz" Av+ 20T Av) —th v

t2
= §UTAU +tv' (Az —b),
lim; o w = v (Az —b). Thus, for all z,v € R", v Vé(z) = v'(Az — b), which implies
Vé(xr) = Ax — b, as announced.
Therefore, solving the linear system amounts to minimizing ¢, which can be done by line-search
methods. These methods rely on the following.

Definition 3.2.1. A descent direction for ¢ at x € R™ is a vector v € R™ such that ¢'(z)v < 0.

Given a descent direction v for ¢ at z € R", there exists a, € (0,00) such that, for all a € (0, a,],
¢(z + av) < ¢(x). However, since ¢ is quadratic, it is possible to compute argmin,¢ g o) (@ + av).

Indeed, as seen above, for all a € (0,00), ¢(x + av) = ¢(z) + av' Vé(z) + %Q’UTAU, and the unique
global minimizer is
T
_M‘ (3.1)
v Av
Moving along a descent direction with this optimal step size is called exact line search. If the descent
direction is chosen to be the steepest descent direction, given by the negative gradient, then the

method is called the steepest descent method or the gradient method.

Algorithm 3.1 Steepest descent with exact line search for ¢

Require: (A, zp), where A € R™*" is symmetric positive-definite and z¢ € R".
1: 44 0;rg < b— Axg;

2: while r; # 0 do

T;r’l“i .
rlAr;’
4 Ti+1 < T + Qs
5: Tig1 < T — a; Ary;
6: 141+ 1;
7: end while

3: oy —

Forallt e N, b— Ax;p 1 =b— A(.I‘Z + Oéi’l“i) =1r; — a; Ar;.
Define, for all z € R™, ||z||a == VaTAz. Then, | - |4 is a norm on R™ and, for all z € R",

VAmin(A)[[zll2 < [lzfla < v Amax (A)[|l2]2-
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Theorem 3.2.2 ([NWO06, Theorem 3.3]). For every xo € R", steepest descent with ezact line search
for ¢ generates a sequence (x;)ien such that, for alli € N,

KQ(A) —1

/@(A)—|—1> lzo — x| A

o~ alla <

Thus, for alli € N,

Joi = all < eal) (225057 ) oo = el

Preconditioning enables to improve convergence. Recall that, for all symmetric positive-definite
P,Q € R™" the eigenvalues of PQ are real and positive (because PQ = P%(P%QP%)P_%; see
Sections [A.1HA.2), although PQ is not necessarily symmetric. If it is possible to find a symmetric
positive-definite M € R™*™ such that M is easy to invert and Apax(M ~1A)/Amin(M~1A) is smaller
than ko(A), then the following can be considered.

Algorithm 3.2 Preconditioned steepest descent with preconditioner M

Require: (A, M, zg), where A, M € R™™ are symmetric positive-definite and xy € R™.
1: 44 0; rg < b— Axg;
2: while r; # 0 do
3: find z € R™ such that Mz = r;;

ZTTZ' .

Y ZTAY

4

5 Tit1 < T + 042,
6: Tig1 < 1 — Az,
7 11+ 1;
8: end while

Theorem 3.2.3 ([NWO06, Theorem 3.3]). For every xo € R", preconditioned steepest descent with
preconditioner M generates a sequence (x;);en such that, for all i € N,

s — 2]a < Amax (M LAY = Apin(M 1A' T
! ~ \ Mmax(M—1A) + Apin (M1 A)

Proof. Preconditioned steepest descent with preconditionelr M is1 steepest descellnt with exact line
search for ¢ : R" - R : 2 — %xTAac — bz, where A== M"2AM ™2 and b:= M~ 2b. O

Choosing a descent direction different from the negative gradient can also improve convergence.

Algorithm 3.3 Conjugate gradient method for ¢

Require: (A, zp), where A € R™*" is symmetric positive-definite and zy € R".
1: 1 0; rg < b— Axg; po < 70;
2: while r; # 0 do

3 o
: (o7} 5
T b
p; Api
4: Tit1 < Ti + Qipi;
Titl 4= Tq — giApz';
Ti+1 Ti41
6: Bit1 & ——;
Ti T
7 Pit1 < Tip1 + Bivapis
8: 141+ 1;

9: end while

For all i € N, V() "'p; = —r p; = —||ri||3. Thus, the step size satisfies (3.1]), i.e., corresponds to
an exact line search.
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Theorem 3.2.4 ([NW06, Theorem 5.3 and (5.36)]). For every xo € R", the conjugate gradient method
generates at most n iterates, which satisfy

. ra(A) — 1 ix_x
i ”AS2<\/W+1> [0 — 2| a-



Chapter 4

Curve fitting

Given n € N\ {0} and (x0,%0), - - -, (Zn,yn) € R? such that z; < z;41 for alli € {0,...,n — 1}, find a
continuous function f : R — R such that, for all i € {0,...,n}, f(z;) = y; (interpolation) or f(z;) ~ v;
(approximation). Applications include resampling, noise reduction, and numerical integration.

4.1 Polynomial interpolation

Theorem 4.1.1. There exists a unique polynomial function p: R — R of degree at most n such that
p(x;) = y; for alli € {0,...,n}.

Proof. Existence. For every i € {0,...,n}, define the ith Lagrange polynomial function

LiiRo Rz [ —2, (4.1)
. Ty — T4
]:O J
i

which has degree n. For all i,j € {0,...,n}, Li(z;) = ;. Thus, p == > ;" yy;L; is a polynomial
function of degree at most n such that p(x;) = y; for all i € {0,...,n}.

Uniqueness. Let p: R — R and ¢ : R — R be two polynomial functions of degree at most n such
that, for all i € {0,...,n}, p(z;) = yi = ¢(x;). Then, p — ¢ is a polynomial function of degree at most
n that has n + 1 zeros. Thus, p — ¢ is the zero function. O

Remark 4.1.2. 1. Theorem [4.1.1]is true on all fields, not only R.
2. Theorem implies that > i ( L; = 1. Indeed, if y; = 1 for all i € {0,...,n}, then p = 1.

3. If p(x) = " gax’ and a == [ag --- ay]', then a = V~ly, where V = {wﬁ]n . is called the
7’7‘7:

Vandermonde matriz and y := [yo --- yn|'. However, V tends to quickly get ill conditioned

as n gets large. Under some conditions on the interpolation abscissae, the co-condition number

of the Vandermonde matrix has a lower bound that grows exponentially with n [GI87]. The

polyfit function must be used with care.
4. For practical computation, formulas other than > ;" ;v;L; are preferred.
o Neville’s algorithm [SB02| §2.1.2] is suitable to evaluate the interpolation polynomial at a

single = € R, but less suited to determine the interpolation polynomial itself.

» Newton’s interpolation formula (see [SB02), §2.1.3] or [QSS07, §8.2]) gives the interpolation
polynomial within fewer arithmetic operations than the formula ;" v;L;.

« Barycentric interpolation formulas [QSS07, §8.3] are more stable than Newton’s interpola-
tion formula and have a similar computational cost.

The next theorem enables to estimate the interpolation error in the case where (o, yo), - - -, (ZTn, Yn)
belong to the graph of a sufficiently smooth function.

27
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Theorem 4.1.3 ([SM03, Theorem 6.2]). Let a,b € R such that a < zo and x, < b. Let f €
C"*1([a,b],R). Let p:R — R be the polynomial function of degree at most n such that p(x;) = f(x;)
for alli € {0,...,n}. Then, for every x € [a,b], there exists c € (a,b) such that

[ () T

f(@) =p(x) + (

i=0
The interpolation polynomial does not necessarily converge to f as n tends to infinity.

Example 4.1.4 (Runge’s function). Let f R—o>R:x+— = —5, and b := 5. Define equispaced

1+:p2 ’
interpolation abscissae in [a, b]: z; == a+ TZ for all i € {0, ... ,n}. Let py, be the polynomial function
of degree at most n such that p,(x;) = f(z;) for all ¢ € {0,...,n}. Then, lim, o ||f — Pnllcc = o0
(see Section for the definition of || - [|s). The graph of p, oscillates strongly near a and b. This is

known as Runge’s phenomenon.

To minimize || f —p||o, it is tempting to choose the interpolation abscissae zg, .. ., z, that minimize
max x—x
z€|a, b] H | Z‘
Exercise 4.1.5. Define equispaced interpolation abscissae in [a, b]: x; = a+ b*Taz' foralli € {0,...,n}.

Prove that, for all x € [a, b],

ﬁ| < n! <b—a>”+1
T — T — .
: =y n

=0

Theorem 4.1.6 ([SM03| Theorem 8.7]). The abscissae xo, ..., z, that minimize

max H |z — 2]

meab]

are z; = 50 — P22 cog (H for alli € {0,...,n}, which are called the Chebyshev abscissae (of

the first kind) and represented in Figure . For those abscissae,

(b _ a)n—i—l
a. — =
xlga}?;] H |z 92n+1
e
>
To T1 €2 €3 T4 Ts

Figure 4.1: Chebyshev abscissae (of the first kind) for n = 5. Higher concentration of abscissae at the
extremeties of the interpolation interval.

With those abscissae, for Runge’s function (Example, nh_)rgo Il f —pPnllco = 0 [Trel9, Chap. 13].

If the abscissae are imposed, other remedies must be found. Alternatives include spline interpola-
tion and polynomial approximation. Before presenting these alternatives, we analyze the sensitivity
of polynomial interpolation. Define the Lebesgue constant

n

A, = max Z|Lz(a:)|

z€[a,b] =0
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Let §o,...,9n € Rand § == [fo --- §a]' . Then, for all = € [a, b],

n

<y = Gill Li(@)] < Anlly = §llco-
1=0

n

Z ysz(m) - i gsz(x)

1=0 =0

Polynomial interpolation is well conditioned if A, is small, and ill conditioned if A, is large.
If a=—-1and b =1, then:

e Ay > 2In(n+ 1)+ 0.53 [Bru7s, (32)];

for Chebyshev abscissae, A, < 2In(n + 1) + 1 [Riv74];

2n+3

for equispaced abscissae, :L <A, < [TW91l, Theorem 2.

4.2 Spline interpolation

A spline is a piecewise polynomial function with a certain degree of smoothness. Specifically, a spline of
degree k € N\ {0} with abscissae (or knots) xq, ..., z, is a function s € C*~1([zq, z,], R) such that, for
every i € {0,...,n— 1}, 8|3, #,,,] 15 @ polynomial function of degre at most & [QSS07, Definition 8.1].

Exercise 4.2.1. Prove that the set Sg(xo,...,x,) of all splines of degree k € N\ {0} with knots
T, ..., T, is a linear subspace of C*~!([xg, z,,], R). What is its dimension?

Sections and consider respectively k =1 and k = 3.

4.2.1 Linear spline interpolation

The unique s € S1(xo, ..., z,) such that s(z;) = y; for all i € {0, ...,n} satisfies, for all i € {0,...,n—
1} and = € [z, zit1],

T = Tip1 z - m; Yit1 — Vi
s(x) = Ty + Ly = yi +

x —x;).
Tg — Ti41 Ti+1 — X4 Tit1 — X4

Interpolation error Assume that, for all i € {0,...,n}, y; = f(z;) with f € C?([xo,z,],R). By
Theorem for every i € {0,...,n — 1} and z € (x;, xi+1), there exists ¢; € (2, zi+1) such that

£(@) = ste) + o @ - o - i)

For every i € {0,...,n — 1} and x € (i, 2i41), 0 < (z — 2;)(zi31 — 2) < (w41 — )2 /4. Thus,

1 = slloo < Wl e (i — 2
B 8 1€{0,...,n—1}

Sensitivity Let §o,...,9, € Rand § == [Jo --- ¥n)'. Let 5,5 € Si(zo,...,z,) such that, for all
i€{0,...,n}, s(x;) = y; and §(x;) = ;. For every i € {0,...,n — 1} and x € [z, x;41],

~ T — Ti+1 - T — I
s(x) —§(z)| = |———(y; — s _— —
s(a) = 5(e)| = [T (= )+ o (w1~ i)
T — T -
< 7Z+ lyi — Gil + — Jit]
Tj — Tit+1 Ti+1
<y = Flloo
where the last inequality holds because
T — Xyl T — T :(xi“—:n)—i-(m—xi):l
Ti — Ti41 Tir1 — X4 Tit1 — X4
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4.2.2 Cubic spline interpolation

Find s € S3(xo,...,zy) such that s(z;) = y; for all ¢ € {0,...,n}. There are 4n degrees of freedom
and 2n + 2(n — 1) = 4n — 2 conditions. Four popular pairs of additional conditions:

o §"(x9) =0=5"(x,) (natural spline);

o prescribe s'(xg) and s'(x,,);

"

o continuity of s at x; and x,_; (not-a-knot condition);

o §'(x9) = §'(zp,) and s (xg) = s (x,,), especially relevant if yo = y,, (periodic spline).
Computing s amounts to solving a tridiagonal linear system [QSS07], §8.7.1].

Theorem 4.2.2 ([QSS07, Property 8.3]). Let f € C*([xg, zn],R) and s € S3(xq,...,x,) such that
s(xz;) = f(x;) for all i € {0,...,n}. Define ¢y = &, ¢l = i, and ¢y = %. Then, for every
7 €40,1,2},

1f9) — s < Cij(ZL)HOOiegﬁ)fn}(mi — i)t

4.3 Least-squares polynomial approximation

Find a polynomial function p : R — R of degree at most m € N that minimizes

Z(P(mz’) - yi)2‘

1=0

There exist ag,...,an € R such that p(x) = 377, ajz? for all x € R. Thus, the problem can be

rewritten as 5
n m .
3 cd oy
. mcllneRZ a;r; — vy | -
Orenfm=Ti=0 \j=0

sy =1[yo --- yn]", and @ = [ag --- a,]". Then, the problem can be rewritten

Define V = [azﬂnm
as

: 2

Jin [Va = yll3.

Unique solution if m < n because, in that case, all order-(m + 1) submatrices of V' are invertible by

Theorem [A.1.11



Chapter 5

Numerical differentiation

Given f : R — R and z € dom f, estimate f'(z) or f”(z) by relying only on arithmetic operations
and evaluations of f. Application: numerical methods for differential equations.

5.1 Finite differences

Since
a natural estimation of f'(x) is

for some h € R\ {0}. This is called the forward (resp. backward) finite-difference formula if h > 0
(resp. h < 0). If f is twice continuously differentiable between = and = + h, then Taylor’s theorem
(Theorem [B.3.4)) ensures the existence of a real number a between z and x + h such that

//a 2

Fla+h) = f@) + £+ T
e (z+h) — () (@)
feam) —f@) | |f"a

) | = Dy

Formula (5.1]) is said to be a first-order formula.

A second-order formula can be obtained as follows. Let h € (0,00). If f € C3([x — h,x + h],R),
then Taylor’s theorem (Theorem [B.3.4]) ensures the existence of a € (z,z+ h) and b € (x — h, ) such
that

py I1@h @)k
2 6

(x)h2 f///(b) h3
2 6

flx+h)=f(z)+ f(z)

fe—h) = fla)— P+

Thus,

flet+h)—flz=h) /" (a) + £ (b)]
‘ 2h _f(x)‘ - 12 "

By the intermediate-value theorem, there exists ¢ € [b,a] such that f”(c) = (f"”(a) + f"(b))/2.
Therefore,
T

- @) = g

‘f(“h)—f(x—h)
2h

This shows that
foth) = So =) 652)

called the central finite-difference formula, is a second-order formula.
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The analysis of the central finite-difference formula suggests the following estimation of f”(x):
flx+h)—2f(x) + f(z —h)
2
with h € (0,00). If f € C*([x — h,x + h],R), then Taylor’s theorem (Theorem [B.3.4) ensures the
existence of a € (z,x + h) and b € (x — h,x) such that

L@ @R fO@nt

(5.3)

fl@+h)=f(x)+ f(x)h

2 6 24 7
/ f'@h® @kt fW(o)st
Flw—h) = fl@) = flapp+ T - L SR
Thus,
L) 220) o o =) o) L) SO0
h? 24 '

By the intermediate-value theorem, there exists ¢ € [b,a] such that f®(c) = (f¥(a) + fP(b))/2.
Therefore,
fl@+h)—2f(x) + f(z —h)

i FAICI

12

- (@) =
This is a second-order formula.
Exercise 5.1.1. Prove that (5.2)) and (5.3) converge respectively to f'(z) and f”(x) as h goes to 0.

Everything in this section can be extended to functions from R to R™ (use Theorem instead
of Theorem |B.3.4]).

5.2 Effect of round-off errors

In floating-point arithmetic, formulas such as (5.1)—(5.3) must be used with care. For example, in
Python, the lines

import numpy

h = 0.1x*numpy.arange(1l, 20, 1)
Dh = numpy.log(i+h)*1./h

print (Dh)

generate Table

Assume that x, h, and x + h are floating-point numbers. In floating-point arithmetic, there exists
e € (0,00) such that f(z) and f(z+ h) are respectively computed as f(z)(1+¢1) and f(x+h)(1+¢e2)
with e1,e9 € [—¢,¢]. If, between x and x + h, f is twice continuously differentiable and |f| and |f”|
are upper-bounded respectively by cg and ¢z, then the error associated with becomes

f(x+h)(1+62]z—f(w)(1+61) Pl = ‘f(m+h}1—f(fc) _ fla) + f(w+h)€;—f(w)€1
f'(a), | fl@+h)es— flz)e
2 ht ; :
@, \f(x+h|)h\|+ f(@)]_
< 622|h|+TZ(|J5,

which is minimum if

If ¢ ~ cp and € ~ 10716, then the minimizer is close to 1078, in agreement with the empirical
observation made in Table .11

Exercise 5.2.1. Repeat the preceding analysis for (5.2) and (5.3]).
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~.

In(1+4 1077

10—¢

0 3 O Ui W N -

— = = O
o = O

13
14
15
16
17
18
19

0.9531018
0.99503309
0.99950033
0.99995
0.999995
0.9999995
0.99999995
0.99999999
1.00000008
1.00000008
1.00000008
1.0000889
0.99920072
0.99920072
1.11022302
0

0
0
0

33

Table 5.1: Forward finite-difference formula applied to In at 1 in Python. The estimate that is closest

to In’1 =1 is the eighth one.
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Chapter 6

Numerical integration

Given a,b € R, a < b, and f : [a,b] — R continuous, estimate f: f by relying only on arithmetic
operations and evaluations of f.

6.1 Newton—Cotes formulas

Given n € N\ {0}, estimate f; f as ff Pn, where p, is the polynomial function of degree at most n
such that, for all ¢ € {0,...,n}, pn(x;) = f(z;) with z; == a + b_T“i. With the Lagrange polynomial
functions (4.1), p, = >ivg f(x:)Li.

Lemma 6.1.1. If b = —a, then L,_;(z) = L;(—x) for alli € {0,...,n} and x € R. If, moreover, f
is odd (resp. even), then py is odd (resp. even).

Proof. Let b= —a and z € R. For all i € {0,...,n}, x,—; = —x; and

Loz —ux L T =T Ty T —
jl;[() Tp—g — a:j 31;[) €Ty — -fn—j Jl;[) xTr; — :Cj
J#En—1i j#ENn—1i i
If n is odd, then
> flai)Li(z) = Y (f(@i)Li(x) + f(@n-i)Ln-i(2)) = Y (f(zi)Li(2) + f(~2i) Li(~))
=0 =0 1=0
If n is even, then
n %_1
> flxi)Li(w) = f(wz)Ly(x) + Y (f(2:)Li(x) + f(@n—i)Ln-i(x))
=0 =0
21
= f(0)Lz(z) + > (f(as)Li(z) + f(—2:)Li(—x)) .
i=0
In both cases, p, is odd (resp. even) if f is odd (resp. even). O
The bijection o : [-1,1] — [a,b] : t — 252 + 5% whose inverse is o~! @ [a,b] — [-1,1] : 2

522 — 2 enables to reduce the interval of integration to [—1,1]: ff f="55 f_ll f o o. This makes

the symmetry properties given in Lemma applicable. For all i € {0,...,n}, define

2 1/t 1 & t—t;
=Ll N “. e = . _ = J
ti =0 (:Cz)——1+nz, w; .—2[1Lzoo— 2/1j|:|0t¢—tjdt.

J#i

Proposition 6.1.2. Given n € N\ {0}, let p, : R — R be the polynomial function of degree at most
n such that, for alli € {0,...,n}, pp(zi) = f(zi) with x; ==a+ IFT‘IZ'. Then:

35
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1. f: pn = (b—a) Y i owif(z;) (Newton-Cotes formula of order n);

2. Y ow; =1;

3. forallie{0,...,n}, wyp—; = w;;

4. if f is a polynomial function of degree at most n, then f;’pn = ff f;

5. if n is even and f is a polynomial function of degree at most n+ 1, then f: Pn = f(ff

Proof. 1. Since p, = Y i f(xi)Li, f;’pn = > f(avz)f(i7 L;. Moreover, for all i € {0,...,n},
fabLi: b*Taf_llLiOO': (b—a)wi.

2. Apply the preceding point to f : x — 1, observing that, in that case, p, = f.
3. By Lemma the function L; o 0 — L,,—; o 0 is odd, hence its integral on [—1, 1] is zero.
4. If f is a polynomial function of degree at most n, then p, = f.

5. Let n be even and f be a polynomial function of degree at most n 4+ 1. By the first point, the
equality to be proven, ff P = ff f, is equivalent to % Lll foo=3"ywif(z;). Since foo is a
polynomial function of degree at most n+ 1, it can be decomposed as foo = ¢, + gna1 With g, a
polynomial function of degree at most n and ¢, 41 a multiple of the odd function ¢ — ¢t"*1. By the

preceding point, %f_ll Gn = Yor o Wign(ti). By Lemma Yoo Wignt1(t;) =0 = f_ll Gni1. O

The vector [wp -+ wy] can be computed as the solution to a linear system. Properties 2 and 3 of
Proposition give respectively 1 and [§] equations. Thus, only n — [§] additional equations are

needed. The vector [wg -+ wy] is given in Table for n € {1,2}. For n = 1, no additional equation
is needed: wg+wi = 1 and w; = wy, hence the result in the table. For n = 2, one additional equation
is needed: by properties 1 and 4 of Proposition % = % fil t2dt = wy + w9, hence the result in
the table.

n =1 (trapezium rule) wp= 5 = w;

S| D=

Wi

n =2 (Simpson’s rule) wp = z = wa, wy =

Table 6.1: Newton—Cotes weights for n € {1,2}.

The formula for n = 1 is called the trapezium rule because it estimates [ ;’ f as the area of the
trapezium defined by the points (a,0), (a, f(a)), (b, f(b)), and (b,0), as illustrated in Figure

Figure 6.1: Illustration of the trapezium rule.

Error. By Theorem if f € C""!([a,b],R),

/abf—/abpn /ab(f—pn) S/ablf—pnlém/abiﬁo!w—mdx-
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Trapezium rule (n = 1):

b b 7a3
[ e =alle =t = [ a)o-oyar =

b
[la-a
a

Theorem 6.1.3 ([SM03, Theorem 7.2]). If f € C*([a,b],R), then there exists ¢ € (a,b) such that

L%_%b_@<fg)+2ﬂ?f)+f®»__@—afﬂ@@)

Simpson’s rule (n = 2):
— a)4
32

x_Lb
2

b
|z —b|dx:(

3 6 2880

6.2 Composite formulas

In general, Newton—Cotes formulas do not work well for large n; remember the behavior of p, for
Runge’s function (Example [4.1.4]). To increase accuracy, composite formulas are a preferable alter-
native. Given (S N \ {0,1}, define h := =% and z; := a + hi for all i € {0,...,n}. Based on the

identity f f= xj* ! f, each composite formulas applies a Newton—Cotes formula to [;! f for
alli € {0,...,n— 1}

e Composite trapezium rule:

Ch (@ f0) RS N (Tt T
S(n)._3< : +i§:1f(xl)+2§f(2 ))

Error.

« Composite trapezium rule with f € C2([a,b],R):

AU—T@>_

« Composite Simpson rule with f € C*([a, b], R):

1

h2.

@ ooh*

- 2880

These rules are said to be of order 2 and 4, respectively. For both rules, the error can be made
arbitrarily small by choosing n sufficiently large.

6.3 Extrapolation methods

Theorem 6.3.1 (Euler-Maclaurin expansion [SM03, Theorem 7.4]). Let k € N\ {0,1}. If f €
C?%([a, b],R), then there exist cy,...,cx_1 € R such that

k—1
/bf =T(n)+ > cih® + O(h*).
@ i=1
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Proposition 6.3.2 (Romberg integration method). Define To(n) = T'(n) and, for all k € N,

41T (2n) — Ti(n)
Tie41(n) = AF+1 1 :

For every k € N\ {0,1}, if f € C*([a,b],R), then

/:f = Ty_1(n) + O(h%").

Proof. Let k € N\{0,1} and f € C?*([a,b],R). Let us prove by induction that, for all j € {0,...,k—1},

b _ 7 i = 4 ! i 2i 2k
/f_T](n)+ T Y oo H(l 4 ) K2 1+ O(h?F). (6.1)
a =1

-1):550 iz

The equality to be proven is (6.1)) with j = &k — 1. By Theorem (6.1)) is true if j = 0. Assuming
that (6.1)) is true for some j € {0,...,k — 2}, we now prove that it is true for j 4+ 1: since

b (—1) k-1 J . L
/ f=120)+ —"— 5 (]I (1 - 41*2) 471 % 4 O(h2), (6.2)
a =1

{:1(4l —1) i=j+1

a straightforward computation shows that (6.1)) — 4/*1(6.2)) is equivalent to

(1-4) /bf = T;(n)—4911T;(2n) + J((il)j kf ¢ (ﬁ (1 —4”)) (1= 474177) B2HO(h?)
a =1

=4 =1),57,

or

j - +1
/ f=Tin (—1) j+1 kz:l " (]f[ (1_4li>> h2i+0(h2k). ]

P R
HH 4 -1),57, \ia

Half the evaluations of f required to compute 7'(2n) are already known from the computation of
T(n).
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Differential equations

A differential equation is an equation that relates a function to its derivatives. Differential equations
appeared to model the temporal or spatial evolution of physical systems. In applications, they always
come with additional conditions that express constraints on the state of the system, at initial time
(initial condition) for a temporal evolution and on the boundary of the domain (boundary condition)
for a spatial evolution, and that bring important mathematical properties such as uniqueness of
solutions. In general, a differential equation without an additional condition cannot have a unique
solution since a constant of integration appears in the calculation of a solution. In physics, it is
generally impossible to predict the evolution of a system without knowing its initial state.

With or without additional conditions, it is generally impossible to write explicit formulas for the
solutions to a differential equation. This led to the development of numerical methods, describing
quantitatively the solutions, and a theory, describing their qualitative properties such as existence,
uniqueness, and dependence on initial or boundary conditions.

In every modeling exercise, the model must be validated before being used to study the phenomenon
that it is supposed to represent. For a differential equation with an additional condition, the validation
generally involves a both qualitative and quantitative study of its solutions. Possessing properties such
as uniqueness can contribute to the validation.

There are several ways of classifying differential equations. One of the most important is based
on the number of real variables on which the unknown function depends. An ordinary differential
equation (ODE) is a differential equation whose unknown is a function of a real variable. A partial
differential equation (PDE) is a differential equation whose unknown is a function of several real
variables. An ODE with an initial condition is called an initial-value problem. A differential equation
with a boundary condition is called a boundary-value problem.

7.1 Initial-value problems

Contents: theoretical foundations in Section four basic one-step methods in Section error
analysis in Section [7.1.3] absolute stability in Section and further topics in Section [7.1.5 In this
section, || - || denotes both a norm on R™ and the induced norm on L£(R",R") (see Section and
Proposition [B.2.6). The norm of every (¢,z) € R x R" is defined as max{|t|, ||z||}.

7.1.1 Theoretical foundations

This section provides basic definitions and results from the theory of ODEs. Let n € N\ {0}. A
function from R x R™ to R"” is called a vector field. Every vector field defines an ODE, the solution to
which is defined as an integral curve of the vector field.

Definition 7.1.1 (integral curve). A function v : R — R™ is called an integral curve of f : RxR"™ — R"
if dom w is an interval, u is differentiable, and, for all t € dom u, (¢,u(t)) € dom f and u/'(t) = f (¢, u(t)).
The interval dom u is called the interval of existence of u.
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Definition 7.1.2 (initial-value problem). Given f : R x R™ — R" and (to,uo) € dom f, the triplet
(f,to,up) is called an initial-value problem (IVP). A solution to the IVP (f,to,ug) is an integral curve
u of f such that ¢ty € domwu and u(tyg) = ug.

An integral curve is always defined on an interval for at least two reasons. First, from a modeling
point of view, obeying a differential equation on a set that is not connected makes little physical sense.
Second, from the mathematical point of view, it is a necessary condition to make the uniqueness of
solutions to the IVP possible. It is sometimes desirable to find the largest interval possible, leading
to the following.

Definition 7.1.3 (maximal integral curve). Let f: R x R™ — R™. An integral curve v of f is said to
be an extension of an integral curve u of f if domw C domv and, for all ¢ € domwu, u(t) = v(t). An
integral curve of f is said to be mazimal if it has no extension.

The maximal length of an interval of existence is an unknown of the IVP that depends on the
constraint stating that the graph of an integral curve is in the domain of the vector field.

Two basic results are established in the next section. Then, the questions of existence, maximality,
uniqueness, and asymptotic behavior of solutions are addressed.

Integral equation and regularity

In general, a vector field admits an integral curve in the sense of Definition[7.1.1]only if it is continuous.
In that case, it is a direct consequence of the fundamental theorem of calculus (Theorem that
the IVP can be rewritten as an integral equation, which is crucial from both the theoretical and
the numerical point of view. The integral of a vector-valued function of a real variable is defined
componentwise (see Section .

Proposition 7.1.4. Let (f,to,up) be an IVP and u : R — R™ be a continuous function whose domain
is an interval that contains ty. If f is continuous, then u is a solution to the IVP if and only if its
graph is contained in dom f and it satisfies the integral equation

u(t) = up + tf(s,u(s))ds

to
for all t € domwu; moreover, in that case, u' is continuous.

Proof. Since f and u are continuous, the function R — R" : ¢t — f(¢,u(t)) is continuous. Let u be
a solution to the IVP. Then, v’ is continuous. Thus, by the fundamental theorem of calculus, for all

t € domu,
t

t

u(t) = u(ty) + [ u/'(s)ds =g —I—/ f(s,u(s))ds.
to to

Conversely, assume that the graph of u is in dom f and the integral equation is satisfied. Evaluating

this equation at t = to yields u(tg) = ug. Furthermore, by the fundamental theorem of calculus, u is

differentiable and, for all ¢t € domwu, u/(t) = f(¢,u(t)). Moreover, u’ is continuous. O

Proposition 7.1.5. Let f : RxR" — R" and k € N. Ifdom f is open and f is k times differentiable,
then every integral curve of f is k+ 1 times differentiable.

Proof. Let dom f be open, f be k times differentiable, and v be an integral curve of f. Let us prove
by induction that u is k + 1 times differentiable. By definition of integral curve, u is differentiable
and, for all t € domw, (¢,u(t)) € dom f and u'(¢t) = f(¢,u(t)). Assume that, for some i € {0,..., k},
w is 7 times differentiable. Since f is i times differentiable, by the chain rule (Theorem , u' is i
times differentiable, i.e., v is ¢ + 1 times differentiable. ]
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Local existence

The next theorem is a quantitative and slightly more general version of the following: given an IVP
(f,to,uo), if (to, up) is in the interior of dom f and f is continuous, then there exists a solution defined
on a compact interval whose interior contains t.

Theorem 7.1.6 (local existence). Let (f,to,ug) be an IVP, 19,71 € [0,00), and r € (0,00) such
that max{ry, 71} > 0, f is defined and continuous on [ty — To,to + T1] X Blug,r], and ||f(t,z)| <
r/max{m, 71} for all (t,x) € [to — To,to + T1] X Blug,r]. Then, there exists an integral curve u :
[to — 70,t0 + T1] — Bluog, 7] of f such that u(ty) = up.

If u(t) is a position at time ¢, then the required upper bound on the norm of f can be interpreted
as a speed limit, which ensures that, if u : [ty — 70,%0 + 71] — R™ is a solution to the IVP (f, o, uo),
then u([to — 10,t0 + 71]) € Blug, r| since, by Proposition for all t € [to — 70,t0 + T1],

fute) — uoll = | | #Gsvu(s) as

< ‘/tt | f(s,u(s))]|ds| < r|t — to|/ max{ro, 71} <.

As explained next, the required upper bound always holds, possibly with smaller 79 and 7. By the
extreme-value theorem (Theorem , T =1/ MaX (¢ 2)elto—ro,to+m]x Bluos] |1.f (£, 7)[| > 0. Define, for
all i € {0,1}, 73 == min{7;,7}. Then, for all (¢,z) € [to — To,to + T1] X Bluo, 7], || f(t,2)| < r/T <
r/ max{7y, 71}

Maximality

Theorem ensures local existence: it gives no information on the maximal length of an interval of
existence.

Theorem 7.1.7. Let (f,tg,ug) be an IVP. If dom f is open and f is continuous, then the IVP admits
a maximal solution, whose interval of existence is open.

Proof. This proof follows closely [LR14, proof of Theorem 4.8]. Let S be the set of all solutions of
open interval of existence. The local existence theorem (Theorem implies that S is nonempty
and contains all maximal solutions. Define a partial order < on S by u <X v if domu C dom v and,
for all t € domu, u(t) = v(t). Every maximal element of S is a maximal solution. Thus, it suffices to
prove that S has a maximal element. By Zorn’s lemma, it suffices to prove that every totally ordered
subset of S has a maximal element. Let T" be a totally ordered subset of S. Define I := |J,c7 domv.
Since T is totally ordered, for every t € I, all elements of T" that are defined at ¢ have the same value
at ¢, denoted by u(t). The function u: I — R™ : ¢ — u(t) is a maximal element of 7' O

Theorem 7.1.8 (characterization of maximal integral curves). Let f : R x R™ — R™ be continuous
and dom f be open. An integral curve u of f is maximal if and only if, for every t, € ddomu and
every compact K C R™ such that {t.} x K C dom f, there ezists § € (0,00) such that, for allt € domu
such that |t —t.] <0, u(t) ¢ K.

Proof. If u is not maximal, then there exists an integral curve v of f such that domu C domv and
u(t) = v(t) for all t € domu. Let t, € (0domu) Ndomwv. As dom f is open, there exists € € (0, 00)
such that {t.} x Blv(ts),c] € dom f. As v is continuous at t,, there exists n € (0,00) such that
v(t) € Blv(ty),e] = K if t € domwv and |t — t.| < 7. Since ¢, € ddomu, for every ¢ € (0,00), there
exists ¢ € domw such that |t — t.| < min{n,d} and thus u(t) = v(t) € K.

Conversely, if there exist ¢, € ddomwu and a compact K C R" such that {t.} x K C dom f and,
for every § € (0,00), there exists ¢ € domw such that |t — ¢,| < § and u(t) € K, then there exists a
sequence (t;);en in domu converging to t, such that u(t;) € K for all i € N. By compactness of K,
a subsequence of (u(t;))ieny converges to u, € K. Theorem applied with the initial condition
(t«,us) then enables to extend w. O

In the case where dom f = R x R"™, Theorem implies that, if u is a maximal integral curve
and supdomu < oo, then lim ,qpdomu [|u(t)]] = co. It suffices to take K := BI0,r| for arbitrary

r € (0,00). See an application in Exercise [7.1.16
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Uniqueness

In general, a continuous vector field has several distinct integral curves passing through a given point.

Exercise 7.1.9. Prove that the IVP

{ W (t) = Ju(t) for all t € R
u(0) =0

has an uncountable number of solutions.

Uniqueness can be guaranteed based on the following.

Definition 7.1.10. A function f : R x R® — R" is said to be Lipschitz continuous in the second
argument, uniformly with respect to the first argument, on a nonempty subset X of dom f if

It 2) — fty)l
[l =yl

Lip% f == sup{ |teR, z,y e R", z#vy, (t,x),(t,y) EX} < 0.

The function f is said to be locally Lipschitz continuous in the second argument, uniformly with
respect to the first argument, if, for every (¢,x) € dom f, there exist 7,7 € (0,00) such that f
is Lipschitz continuous in the second argument, uniformly with respect to the first argument, on
((t—7,t+7) x B(x,r)) Ndom f.

The next proposition is analogous to Proposition [2.2.4]

Proposition 7.1.11. Let I C R be an interval, U be a nonempty open convexr subset of R™, and
f iR xR"™ — R" be defined on I x U. Assume that, for everyt € I, f(t,-): U — R" : z+— f(t,x) is
differentiable. Then, Lip%,; f = sup (¢ pyerxu 102f (¢, @)||. Thus, on I x U, f is Lipschitz continuous
in the second argument, uniformly with respect to the first argument, if and only if o f is bounded.

Proof. Lett € I. Let x and y be two distinct points in U. By the mean-value theorem (Theorem|(B.3.2)),

1f @ z) = f&y)l < llz =yl sup [|02f(t, x4+ s(y — ).
s€(0,1)

Thus, Lip%XU f < SUP(s,z)eIxU Han(Sv Z)H
Conversely, let t € I, z € U, and h € R"\ {0}. For all s € (0, c0) sufficiently small, z + sh € U and

102/ (&, )Rl _ 102f(t, 2)shll _ IStz + sh) = f(t,2) = Oof(t, x)sh|| | [If(t,x + sh) = f(E )]
il [shll — — |sh| |sh '

—0 as s—0 SLip?xU f

Thus, ||02f(t,2)| < Lip%xU f. O

Corollary 7.1.12. A function f : RxR"™ — R"™ is locally Lipschitz continuous in the second arqgument,
uniformly with respect to the first argument, if dom f is open and:

1. for every t € R such that there exists x € R™ such that (t,z) € dom f, f(t,-) : R" - R" : x —
f(t,x) is differentiable (note that dom f(t,) = {x € R" | (t,x) € dom f} is open);

2. Oof :RxR" — LR™,R") : (t,z) — Oaf(t,x) is locally bounded (note that dom daf = dom f ).

Theorem 7.1.13 (local uniqueness). Let (f,ty,up) be an IVP, 19,71 € [0,00), andr € (0,00) such that
max{7g, 71} > 0 and f is defined, continuous, and Lipschitz continuous in the second argument, uni-
formly with respect to the first argument, on [to—T7o,to+71] X Blug, r]. Let L == Lipﬁto—ro,toJrn}xB[uo,r] f,
7 € (0, min{r/ max; z)e(to—ro to+r]x Bluo,r] If (&), 1/L}), and 7; = min{r;, 7} for all i € {0,1}. If
u : [to — To,to + 71] = Bluo,r] and v : [tg — 7o, to + T1] — Blug, ] are two integral curves of f such
that u(to) = up = v(to), then u = v.
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Proof. Let X = C°([tg — 7o, to + 1], Bluo,7]). Define ® : X — X by

Du(t) = ug + tf(s,u(s)) ds.

to
Then, dom® = X. By Proposition u € X is a solution to the IVP if and only if u is a fixed
point of ®. Furthermore, ® is a contraction for the norm || - ||o: for all u,v € X,

|Pu — P00 = max
t€[to—7o,to+71]

[ (Fssu(s)) = 7G5, 0(s)))

0

< max
teto—70,t0+71]

/t: Hf(S,u(S)) — f(S,U(S))H ds

Nu(s) — v(s)] ds

to

<L max
t€[to—7o,t0+71]

< Lmax{7y, 71 }||u — v||o

< L7|ju = v|o-

Thus, as seen in the proof of the Banach fixed-point theorem (Theorem [2.2.5)), ® has at most one
fixed point. O

The following global version of Theorem [7.1.13|states that two integral curves that meet each other
at a point are necessarily equal on the intersection of their respective intervals of existence.

Theorem 7.1.14 (global uniqueness). Let f : R x R" — R™ be continuous and locally Lipschitz
continuous in the second argument, uniformly with respect to the first argument. Let u and v be two
integral curves of f. If dom f is open and there exists tg € domwu Ndomwv such that u(ty) = v(to),
then u(t) = v(t) for all t € domwu N domwv.

Proof. Assume, for the sake of contradiction, that there exists 7 € dom uNdom v such that u(7) # v(7)
and, without loss of generality, that 7 > to. Define t, = inf{t € [to, 7] | u(t) # v(t)}. Let us prove
that u(ts) = v(ts). This is clear if ¢, = to. If t. € (to, 7], since u(t) = v(¢) for all ¢ € [to,t,) and u and
v are continuous,

u(ty) = lim u(t) = lim v(t) = v(ts).

t<ts t<ts

In particular, ¢, € [to, T).

Let us now apply the local uniqueness theorem (Theorem to obtain a contradiction with
respect to the definition of ¢,. The restrictions of u and v to [t, 7] are two integral curves of f taking
the same value at ¢, and, by the local uniqueness theorem, therefore coincide on [t,, 7] for some
Tx € (ts, 7], which is a contradiction with respect to the definition of ¢,. ]

A function from R" to R" is called an autonomous vector field.

Example 7.1.15. Let us compute the maximal solution to the IVP

u = u2

u(0) = up
for every ug € R. The associated autonomous vector field is f : R — R : = + 22. Since f is
continuously differentiable, it is locally Lipschitz continuous and Theorem therefore applies. If
ug = 0, the identically zero function is the unique maximal solution. Assume that ug > 0. Then, the

solution u has no zero; indeed, if it has a zero, then it should be equal to the identically zero function
by uniqueness. Thus, u is positive and

Integrating both sides from 0 to ¢ yields
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[ () =

N U
ug  u(t)

i.e.,

or, equivalently,

We conclude that the maximal solution is the function

1
U (—oo,>—>]R:t»—>

UuQ 1

uo

The same reasoning shows that, if ug < 0, then the maximal solution is

1
u:(,oo)—)]R:tH

U 1

uo

If ug # 0, the maximal solution is not defined on R although the autonomous vector field is defined
on R.

Exercise 7.1.16. Let ug,u; € R. Prove that every solution to the IVP

uw' = —ud
u(0) = up
' (0) = uy

satisfies ut/4 + u/?/2 = ud /4 + u3/2. Deduce that the maximal solution to the IVP is defined on R.

Introduction to Lyapunov stability

A zero of an autonomous vector field is called an equilibrium point of the autonomous vector field.
If u is an equilibrium point of an autonomous vector field f : R™ — R™, then the constant function
R — R" : ¢ — wu is a maximal integral curve of f.

Let f : R™ — R™ be locally Lipschitz continuous and dom f be open. Then, by Theorems
and for every ug € dom f, the IVP (f,0,uo) has a unique maximal solution.

Definition 7.1.17. An equilibrium point u of f is said to be:

o stable if, for every ¢ € (0,00) such that Bu,e] C dom f, there exists § € (0,00) such that, for
every ug € Blu,d] C dom f, the unique maximal integral curve u of f such that u(0) = wg is
defined on [0, 00) and u([0,0)) C Blu,¢];

o attractive if there exists § € (0, 00) such that, for every ug € B[u, 0] C dom f, the unique maximal
integral curve u of f such that u(0) = ug is defined on [0, c0) and lim;_,o u(t) = u;

o asymptotically stable if it is both stable and attractive;
o unstable if it is not stable.

Stability and attractivity are two independent concepts: an equilibrium point can be stable while
not attractive (an example is (0,0) for the simple pendulum f : R? — R? : (z1,22) + (22, —sinzy))
or attractive while not stable (see [LR14, Exercise 5.10] for an example).

If f is linear, then there exists A € R™™" such that f(z) = Az for all z € R". In that case, 0 is an
equilibrium point, which is:

« asymptotically stable if each eigenvalue of A has a negative real part;

o unstable if an eigenvalue of A has a positive real part.
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This is easy to see if A is diagonalizable, i.e., there exists an invertible P € C™*™ such that
P71AP = diag(\y, ..., \n),

where A,...,\, € C are the eigenvalues of A (see Section [A.1)). With @ := P~!u, the ODE v’ = Au
becomes @' = diag(\1, ..., )4 or, equivalently, 4, = \;i; for all ¢ € {1,...,n}, which yields @;(¢) =
exp(Ait)a;(0) for all ¢ € R. Thus, for all ¢t € R, a(t) = diag(exp(Ait),...,exp(A,t))a(0), ie.,

u(t) = Pdiag(exp(Ait), ..., exp(Ant)) P~ u(0).
If A is not diagonalizable, a similar argument can be made based on the Jordan canonical form of A.
Exercise 7.1.18. Compute the solution to the IVP

{ u'(t) = Au(t) for all t € R

where A= bl and ug € R2.
u(0) = ug

1 1

The stability of nonlinear autonomous vector fields can be studied by linearization.

Theorem 7.1.19 (Lyapunov’s first method). Let u be an equilibrium point of f. Assume that f is
differentiable at w. Then u is:

o asymptotically stable if each eigenvalue of f'(u) has a negative real part;
o unstable if an eigenvalue of f'(u) has a positive real part.

Exercise 7.1.20. Consider the autonomous vector field associated with a damped pendulum, namely
f:R? = R?: (x1,29) > (w2, —sinzy — x2). What are the equilibrium points of f? Study their
stability.

7.1.2 Basic one-step methods
In the rest of Section f:RxR" = R" (tp,up) € dom f, and 7,r € (0,00) are such that f is

defined, continous, and Lipschitz continuous in the second argument, uniformly with respect to the
first argument, on [to, to + 7| X Blug, r]. Moreover, for all (t,z) € [to, to+ 7] X Blug, ], || f(t, z)|| < r/T.
Thus, by Theorems [7.1.6] and [7.1.13H7.1.14] the IVP

u'(t) = f(t,u(t)) for all t € [to,to + 7]
u(to) = wo

has a unique solution w : [to, to+ 7] — Blug,r]. The goal is to find an approximation to u. The quality
of the approximation is evaluated based on an error analysis in Section and a stability analysis
in Section [C.1.41

Given m € N\ {0}, h :== 7/m, and t; :=to + hi for all i € {1,...,m}, the four methods presented
in this section each generate a sequence (ui,...,uy,) in Blug,r] such that, for all i € {1,...,m},
w; ~ u(t;). Let L = Lip[2t0,tO+T]xB[uo,r] f

The forward Euler method iterates

WUjt1 = U; + hf(ti, ul) (7.1)
for all i € {0,...,m — 1}. This iteration comes from the forward finite-difference formula (5.1)):

Uipr —ui_ u(tip1) — ulti)
h h
The iteration ([7.1]) is said to be explicit because the unknown w; 1 appears only in the left-hand side,

hence can be computed through an evaluation of f and arithmetic operations.
The backward Euler method proceeds similarly with the backward finite-difference formula ([5.1)):

~u'(t;) = fti,uts) = f(ti, w).

Ui4+1 — Uy - u(ti_H) — u(tl)
h h

= (tiv1) = f(tivr, u(tivn)) = f(tiz1, wipr).
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This yields the formula
Uip1 = wi + hf(tiv1, wiv1), (7.2)

which is said to be implicit because the unknown wu;y; appears in both sides, hence, in general,
cannot be computed exactly within a finite number of evaluations of f and arithmetic operations.
Nevertheless, generates a well-defined sequence if hL < 1, as indicated in Proposition

Both methods have been derived from formulas of numerical differentiation. Unsurprisingly, they
can also be derived from formulas of numerical integration since

tit1 tit1
w2 ulta) =ult) + [ fGu@)dez i+ [ (6 u(o) d
the formulas of numerical integration were defined for n = 1 but make sense for all n € N\ {0}.
The forward and backward Euler methods are obtained by approximating the integral with hf(t;, u;)
and hf(tit1,ui+1), respectively. Approximating the integral with the trapezium rule from Section
yields the Crank—Nicolson method,

Uip1 = Ui + g (f(ti,wi) + f(tiv1,uiv1)), (7.3)

which is implicit. Approximating w11 in the right-hand side of (7.3|) with the forward Euler method
yields Heun’s method,

h
Uil = Ui+ (f(ti,ui) + f(tiv1, ui + hf(ti, ui))) (7.4)
which is explicit. The next proposition, illustrated in Figure ensures that the four methods
presented in this section are well defined.

Proposition 7.1.21. The iterations lbi each generate a well-defined sequence (ui, ..., Up)
such that, for alli € {0,...,m}, u; € Blug, -r], provided that hL <1 for (7.2) and hL < 2 for (7.3).

Proof. For (7.1) and (7.4)), the result follows from the inequality |u;+1 — ui|| < hr/7 = r/m, which
holds for all ¢ € {0,...,m — 1}. We now focus on ([7.2), proceeding by induction; the argument is
similar for ([7.3). The statement is true for ¢ = 0. Assume that, for some i € {0,....m — 1}, u;
is defined and u; € Blug, -r]. Define g : B[uo,%r] - R" 1z = u + hf(tit+1,z) and observe
that Lippy,, ix1,19 < hL. Moreover, 9(Blug, ZLr]) C Blug, Zlr] since, for all z € Blug, vl

m

lg(z) — uoll < llg(x) — will + [Jluq —wol] < £ + 2 = %r By the Banach fixed-point theorem
(Theorem , ¢ has a unique fixed point u;+1 € Bluo, %r] O

uo ‘ U

to ty to tm

Figure 7.1: Illustration of Proposition|7.1.21|for n = 1 and m = 3. The rectangle is [to, to+7] X Blug, 7].
As seen in Section the graph of u is contained in the thick cone of vertex (to,up). For every
i € {1,...,m}, the vertical thick segment above ¢; is Blug, ;-r], which contains u;.

7.1.3 Error analysis of one-step methods

A method that generates a sequence (u1, ..., uy) in Blug, r] such that, for alli € {1,...,m}, u; = u(t;)
is said to be convergent of order p € N € {0} if there exists ¢ € (0, 00) such that

llu(to +7) — um|| < ch?

if  is sufficiently small. This section develops a framework to justify the last column of Table [7.1]
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Method Dy (t, z,y) order of convergence
forward Euler f(t,x) 1if f € CY([to,to + 7] x Blug,7],R")
backward Euler  f(¢t + h,y) Lif f € CY([to,to + 7] X Blug, 7], R")
Crank—Nicolson (f(t,z) + f(t+ h,y)) /2 2 if f € C%([to,to + 7] X Bluo,r], R"?)
Heun (f(t,z) + f(t +h,x+ hf(t,x))) /2 2if fe C?*([to,to + 7] X Blug,r], R"?)
Table 7.1: One-step methods from Section [7.1.2]
A one-step method is defined by an iteration that can be written as
Uj+1 = Ui + hq)h(ti, Uj, ui+1) (75)

for some continuous function ®;, : R x R" x R” — R™. All methods defined in Section [7.1.2] are
one-step methods, as indicated in Table [7.1] The method is said to be explicit if ®;, does not depend
on its third argument, in which case ®, is considered as a function from R x R™ to R", and implicit
otherwise.

The local discretization error associated with ®, is defined as

u(t + h) —u(t)
h

Ay [to,to+7—h]| > R" 1t — — @y (t,u(t), u(t + h)).

Thus, hAj, measures the error made by the method on one step. The associated method is said to be
consistent if lim__,o+ A. = 0. The local discretization error is said to be of order p € N\ {0} if there
exists ¢ € (0,00) such that ||Ag(t)]| < ch? for all t € [to, to + 7 — h].

Proposition 7.1.22 (convergence of explicit one-step methods). Let &5, : R xR™ — R"™ be continuous
and Lipschitz continuous in the second argument, uniformly with respect to the first argument, on
([to, to + h] x Blug,r]) Ndom ®p,. A method is convergent of order p € N\ {0} if its local discretization
error is of order p.

Lemma 7.1.23. Let a,b € (0,00) and (vi)ien be a sequence in [0,00) such that vo = 0 and, for all
i €N,
Vi+1 < (1 + a)vi + b.
Then, for all i € N,
b

v; < a(exp(ai) - 1)

Proof. The inequality is true for ¢ = 0. If it is true for ¢ € N, then it is also true for ¢ + 1:
b . b ‘ b ‘
Vi1 < (I+a)v; +b< (14 a)a(exp(az) -1)+b= " (14 a)exp(ai) —1) < . (exp(a(i+1)) —1),
where the last inequality holds because 1+ a < exp(a). O

Proof of Proposition[7.1.29 By assumption, there exists ¢ € (0, 00) such that, for all ¢ € [ty, to+7—h],
|AR(t)]] < chP. Let i € {0,...,m —1}. Then,

u(tivr) = tiv1 = (Ap(t)h +ults) + h®p(ti u(ti))) — (ui + hPp(ti, ui))
= (u(t;) —w;) + h (Pp(t;, u(t;)) — Pp(ts, ui)) + Ap(ti)h.
Let L € (0,00) be the Lipschitz constant. Then,
Ju(tive) — v || < [luts) — will + 2 (| @n(ti, u(ts)) — Pu(ts, ue)ll + [ An(ts) || A
< (14 hL)|ju(t;) — ;|| + chP+t.
Therefore, by Lemma

lu(t) = wll < = (exp(hLi) — 1) b,

o

In particular,

lu(to +7) = umll < 5 (exp(Lr) — 1) 7. O

~ o
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The following ensures that the forward Euler and Heun methods satisfy the hypotheses of Propo-
sition

Proposition 7.1.24. For the forward Euler method,

)
LiDpf, 447 Blug,r) h = L-
For Heun’s method,
Lip; o, < L1 hL
1p[to,to+77h}xB[uo,(k%)r] hS + 5 )
The following is an analogous result for implicit one-step methods.

Proposition 7.1.25 (convergence of implicit one-step methods). Let @ : R x R™ x R™ — R" be
continuous and assume that there exists L € (0,00) such that, for all t € [to,to + 7] and w,x,y,z €
Blug, r] such that (t,z,y), (t,w,z) € dom Py,

1@ (t, 2, y) = Palt,w, 2)| < Lllz —wl]| + [ly — 2[)).

Ife € (0,1), hL <1 —¢, and the local discretization error is of order p € N\ {0}, then the associated
method is convergent of order p.

Proof. By assumption, there exists ¢ € (0, 00) such that, for all ¢ € [tg, to+7 — h], ||An(t)|| < chP. Let
i€{0,...,m—1}. Then,

u(ti_H) — Uj4+1 = (Ah(tz)h + u(tl) + h(ph(ti, u(ti), u(ti+1))) — (uz + h@h(ti, Us, ui+1))
= (u(tz) — uz) +h ((I)h(ti, u(ti), u(ti+1)) — (I)h(ti, Us, ui+1)) + Ah(ti)h.

Thus,

Nw(tive) = wipt| < flu(ts) — wl| + 2| ®@p(ts, u(ts), u(tiv1)) — Pnts, wi, wirr)|| + | An(ts) || b
(14 hL)|lu(t;) — ug|| + chPt?

< =

- 1—hL
Therefore, by Lemma [7.1.23]

c 2h L1
o)l < 5 (om0 (245 ) 1)
In particular,
c 2L c 27L
lu(to + 7) — um|| < Y3 (exp (1 — hi) - 1) hP < 27 (exp <5> - 1) hP. O

Proposition 7.1.26. For the backward Euler method, [to,to + T — h] X R™ X Blug,r] C dom ®;, and,
forallt € [to,to+7 — h], w,z € R", and y,z € Blug, 7],

H(I)h(taxvy) - ‘I)h(t>w>z)H < L”y - ZH
For the Crank—Nicolson method, [ty,to + T — h] X Blug,r] X Blug,r] C dom @}, and

- L
L<—.
-2

To justify the last column of Table it remains to prove that the local discretization error is of
order 1 for the forward and backward Euler methods and of order 2 for the Crank—Nicolson and Heun

methods.

Proposition 7.1.27. If f € C([to, to+7] x Blug, 7], R"), then the respective local discretization errors
of the forward and backward Euler methods are of order 1.
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Proof. By Proposition u € C?([tg,to+ 7], Bluo,7]). Thus, by Taylor’s theorem (Theorem ,
for all t € [to,to + T — h],

—_

1
A <= h <= "(s)]|h. O
AR < P Il (s)llh < 5 sephax ]HU (s)ll
Proposition 7.1.28. If f € C?([to, to+7] x Blug, 7], R"), then the respective local discretization errors
of the Crank—Nicolson and Heun methods are of order 2.

Proof. By Proposition u € C3([to,to + 7], Bluo,r]). Consider the Crank-Nicolson method. As
can be deduced from Section for all g € C2([a,b],R"),

H(b_a)g(a)Jrg(b) _/bg 1

< —(b—a)’ max ||g"(2)]|c-

2 12 z€lat]

‘OO
Thus, since, for all ¢ € [to,to + 7 — h],

u'(t)+u'(t+h) 1 t+hu,
2 h Ji ’

—Ap(t) =

it holds that

1 1
Ay (¢ < = " 2 < /// h2
1800l < 5 max 0" ()looh® < 5 max[u"(5)]c

Consider Heun’s method. For all t € [tg,to + 7 — h], by Taylor’s theorem (Theorem ,

h? 1
_ / " < " 3
w(t + h) <u(t)+u(t)h+u ) 2) < 5 (s
hence (t+ 1) 0 h .
u(t+n)—u ' " m 2
_ — t t < - h”.
) (v +wo3)] < 5 max, o

For all t € [to,to + 7],

u'(t) = f(t,ult)),

u(t) = 01 f(t,u(t)) + Oof (t, w(t)u'(t) = O f(t, u(t)) + D2 f (t, u(t)) f(t, ult)).
Thus, for all ¢t € [tg,to + 7 — h],

MR = (fu(0) + 00 u(e) + e 6 ) S(eu) § )| < 5w [ (5) 02,

For all i € {0,2}, let ¢; = max(, y)e[to,to+r|x Bluo,r] 19 (s,y)|; for every (s,y) € [to, to + 7] x Blug, 7],
" (s,y) € EQ(R x R™,R™) and the norm is that defined in Proposition By Taylor’s theorem
(Theorem [B.3.3)), for all (t,z) € [to, to + T — h] x Blug, (1 — L)r],

1 (#+ bz hf(t2) = (F(t2) + O f ()b + Oaf () f (1, 2) )| < %max{l,c%}czhz,

hence

h 1
Bat.0) — (£(0.0) + @1 7(0.2) + 0uf(t.)f(10)) 5 ) | <  max{t, peal®
Therefore, for all t € [tg,to + 7 — h],

W - (f(t,u(t)) + (O f (¢, ult)) + Do f (¢, u(t)) £t u(t)) Z) H

(50,00 + @10 00) + 070 )10 ) &) — Bt o)

[An@)] <

1 1
< (méﬁ?ﬁ lu™ ()] + 4max{1763}02> h?
<

1 " 1 2 2
- - 1 h=. ]
(6 e[ ()l+  max{1, e
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7.1.4 Absolute stability of one-step methods

Let f : R®™ — R" be locally Lipschitz continuous and dom f be open. Let % be an equilibrium point
of f and assume that f is differentiable at  and the real part of each eigenvalue of f’(u) is negative.
Then, by Theorem for every wug sufficiently close to u, the solution u to the IVP (f,0,uq)
converges to u at infinity. Consider a method that, given h € (0, 00), generates a sequence (u;);en {0}
such that, for all i € N\ {0}, u; ~ u(hi). Does the generated sequence converge to u?

This section answers the question for one-step methods in the case where f is linear and diago-
nalizable. Then, as seen in Section [7.1.1], the IVP is equivalent to n decoupled equations of the form
0, = A\t;, where \; € C and R(\;) < 0, for all i € {1,...,n}. Thus, it suffices to consider the case
where n = 1 and f : (¢,z) — Az for some A € C such that #(A) < 0. Then, the unique solution to the
IVPis u: R — C: t — exp(M)up and lim; o |u(t)| = 0. Furthermore, the iteration simplifies
to

uir1 = d(h\)u;

for some continuous function ¢ : C — C, which yields
u; = G(h\) ug.
Thus, (u;)ien converges to 0 if and only if [¢(hA)| < 1. The set
{zeC|lp(2)] < 1}

is called the region of absolute stability of the method. The method is said to be absolutely stable for a
step size h € (0,00) if A is in the region of absolute stability. The method is said to be unconditionally
absolutely stable (or A-stable) if its region of absolute stability contains {z € C | £(z) < 0} (in which
case (u;)ien converges to 0 for all h € (0,00)), and conditionally absolutely stable otherwise ((u;)ien
converges to 0 for some h € (0, 00)).

The region of absolute stability of each one-step method from Section [7.1.2]is given in Table [7.2]
and represented in Figure The two implicit methods are unconditionally absolutely stable. In
contrast, the two explicit methods are only conditionally absolutely stable. For example, if A € R,
then both methods are absolutely stable if and only if hA € (—2,0), i.e., h < —2/\. Actually, it is
a general fact that explicit methods are, at best, conditionally absolutely stable; see Section [7.1.5
Thus, explicit methods are not suitable for stiff problems, where R(\) < 0.

Method o(2) region of absolute stability
forward Euler 142 {zeC||z+1| <1}

1
backward Euler 1 {zeC||z—-1| > 1}

-z

2

Crank-Nicolson Rk {z e C|R(z) <0}

—z
Heun 1+z+2%/2 {zeC||(z+1)2+1] <2}

Table 7.2: Region of absolute stability of each one-step method from Section [7.1.2]

7.1.5 Further topics

This section gives an overview of more advanced methods that are out of the scope of this course.

Runge—Kutta methods

Given s € N\ {0}, A € R**% and b, c € R®, an s-stage Runge-Kutta method iterates

{ kj = f(t; + cjhyui + h Y5y ajiky) for all j € {1,...,s}, (7.6)

Uip1 =Uu; +h Ej':l bjkj.
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1R 1R

1R iR
—1+4+1/3

—1—1\/§

Figure 7.2: Region of absolute stability of each one-step method from Section explicit methods
on the left, implicit methods on the right, first-order methods on the top, second-order methods on
the bottom.

The method is explicit if A is strictly lower triangular (i.e., a;; = 0 if ¢ < j) and implicit otherwise.
The method is said to be semi-implicit if A is lower triangular (i.e., a;; = 0 if i < j), in which
case every iteration requires solving s decoupled equations in R. The well-definedness of implicit
Runge-Kutta methods is discussed in [HNW93| §I1.7] and [HW96, §IV.14]. Runge-Kutta methods
are one-step methods, and the four methods from Section are Runge-Kutta methods.

The method is consistent if and only if > 7_; b; = 1. Other constraints on the triplet (A, b, c)
are given in [SW22, Theorem 19.4] and [HNW93, §II1.2].

The maximum order of an s-stage explicit Runge—Kutta method is sif 1 <s<4,5s—1if5 <s<7,
s—2if 8 < s <9, and at most s—2 if s > 10. The maximum order of an s-stage implicit Runge-Kutta
method is 2s. See [Gaul2, §5.6.5], [QSS07, p. 520], [MMO02, p. 56], [HNW93| §§I1.5 and II.7], and
references therein. For example, the classic Runge-Kutta method, defined by

1/6 0

12 s 12
A= 1/2 ’ b= 13| =il

1 1/6 1

is of order 4.

The region of absolute stability of every explicit Runge-Kutta method is bounded; see [QSS07,
§11.8.4], [SMO03| p. 351], [HW96, §IV.2], and references therein.

Runge-Kutta methods are covered in [HNW93| Chap. II], [HW96, Chap. IV], [MMO02, Chap. III],
[SB0O2, §7.2.1], [SMO03, §12.5], [QSS07, §11.8], [Gaul2l §5.6.5], and [SW22, Chap. 19].
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Linear multistep methods

Given s € N\ {0} and ag,...,as, by, ...,bs € R with as # 0 # apbg, a linear s-step method iterates

Y ajuivg =hY bif(tivs, unts)- (7.7)
=0 =0

The method is explicit if by = 0 and implicit otherwise. Except Heun’s method, the one-step methods
from Section are linear multistep methods.

The method requires s initial iterates wug,...,us—1. Thus, the iterates ui,...,us—1 must
be computed with another method. Informally, a linear s-step method is said to be zero-stable, or
D-stable, if, for sufficiently small h, a small perturbation of the initial iterates ug,...,us—1 induces a
small perturbation of the next iterates.

According to the Dahlquist first barrier theorem [Dah56, Theorem 4a], the order of a zero-stable
linear s-step method is at most s + 1 if s is odd and at most s + 2 if s is even.

According to the Dahlquist second barrier theorem [Dah63, Theorems 2.1-2.2], in the class of
linear multistep methods:

1. no explicit method is unconditionally absolutely stable;
2. the order of an unconditionally absolutely stable method is at most 2;

3. the second-order unconditionally absolutely stable method with the smallest error constant is
the Crank—Nicolson method (constant 1/12).

Thus, unconditional absolute stability, also called A-stability, is a restrictive property.
Linear multistep methods are covered in [HNW93|, Chap. IIT], [HW96], Chap. V], [MMO02, Chap. VII],
[SB02|, §§7.2.6-7.2.13], [SMO03,, §12.6], [QSS07), §§11.5-11.6], [Gaul2l, Chap. 6], and [SW22l, Chap. 20].

Step-size adaptation

Practical methods do not use a constant step size: they adapt the step size at every iteration. Step-
size adaptation is covered in [SB02, §§7.2.5 and 7.2.13], in [HNWO93, §§I1.4 and I1.9], [HW96|, §§IV.2
and IV.8], [QSS07, §11.8.2], and [Gaul2, §5.8] for Runge-Kutta methods, in [HNW93| §I11.5] for linear
multistep methods, and in [MMO02] §II1.6] for explicit methods.

7.1.6 Notes and references

The material from Section can be found in textbooks such as [CL55, Chap. 1 and Chap. 13 §1],
[Har02, Chap. II-III], [KhaO2, Chap. 3-4], [Tesl2, Chap. 2 and §6.5], and [LR14, Chap. 4-5]. The
local existence theorem (Theorem is due to Peano, who proved it in 1890. Modern proofs rely
on the Arzela—Ascoli theorem to show that the forward Euler method converges to a solution; see,
e.g., [LR14, §4.1].

The rest of Section is based on [SB02, §§7.0-7.2], [SMO03, Chap. 12|, [QSS07, Chap. 11],
[Gaul2l Chap. 5], and [SW22| Part IV] and the specialized books [HNW93, [HW96l MMO02|. Except
[HNW93| [HW96l, SW22], these references focus on n = 1.

7.2 Boundary-value problems



Appendix A

Elements of linear algebra and matrix
theory

A.1 Eigenvalues and eigenspaces

Let n € N\ {0,1} and A € C"*". The characteristic polynomial of A is det(X1, — A), where X is
the indeterminate. It holds that det(XI, — A) = X" + ?;01 a; X" with a1 = —tr A and oy =
(—1)"det A. Moreover, for every invertible P € C"™*" A and P~!AP have the same characteristic
polynomial. By the fundamental theorem of algebra, the characteristic polynomial of A has n complex
roots, which are called the eigenvalues of A. If A € C is an eigenvalue of A, then ker(AI,, — A) is called
the eigenspace associated with A. If the sum of the eigenspaces of A equals C”, then A is said to be
diagonalizable and there exists an invertible P € C™*™ such that

P71AP = diag(\1, ..., \n),

where A1, ..., A, € C are the eigenvalues of A.

A.2 Symmetric positive-semidefinite matrices

A symmetric A € R™ " is said to be positive-semidefinite if, for all x € R™\ {0}, T Az > 0; A is said
to be positive-definite if the strict inequality holds. If A € R™*™ is symmetric, then its eigenvalues are
real. A symmetric A € R™*"™ is positive-semidefinite if and only if all its eigenvalues are nonnegative,
and positive-definite if and only if all its eigenvalues are positive. If A € R™*" is symmetric positive-
semidefinite and k € N\ {0, 1}, then there exists a unique symmetric positive-semidefinite B € R™"*"

such that B¥ = A; B is called the kth root of A and denoted by Ak [HJ12, Theorem 7.2.6].

A.3 Linear and multilinear maps

This section is based on [Die69, §V.7]. Let X and Y be finite-dimensional real vector spaces. The
real vector space of all linear maps from X to Y is denoted by L£(X,Y). Let p € N\ {0} and
XP = szl X be the pth Cartesian power of X. A map L : XP — Y is said to be p-linear if it is
linear in each of its p variables. The real vector space of all p-linear maps from XP? to Y is denoted
by L,(X,Y). A map L € L,(X,Y) is said to be symmetric if, for all z1,...,2, € X and every
permutation s : {1,...,p} = {1,...,p}, L(Ts)s - Ts(p)) = L(71,...,7p). Amap L € Lo(X,Y) can
be identified with the map L € £(X, £L(X,Y)) defined by (Lx1)ze = L(x1,x) for all 21,29 € X.

93



54

APPENDIX A. ELEMENTS OF LINEAR ALGEBRA AND MATRIX THEORY



Appendix B

Elements of analysis

B.1 Function, graph, domain, and image

A function is a triplet f := (A, B, G), where A and B are nonempty sets and G is a nonempty subset
of A x B such that, for every x € A, there exists at most one y € B such that (z,y) € G; if such a y
exists, it is called the image of x under f and denoted by f(x). The sets A, B, and G are respectively
called the set of departure, the set of destination, and the graph of f. Moreover, f is said to be a
function from A to B, written f : A — B. The domain of f, denoted by dom f, is the nonempty set
of all x € A such that there exists y € B such that (z,y) € G; f is said to be defined on a nonempty
set X if X C dom f. The image of a nonempty set X C dom f under f is f(X) = {f(z) | z € X}.
The image of f is f(dom f).

B.2 Normed spaces

Definition B.2.1. A norm on a real vector space X is a real-valued function || - || defined on X such
that:

1. ||z|| # 0 for all z € X \ {0};
2. ||ax|| = |a|||z|| for all @ € R and = € X;
3. [lx+yl| < |lz||+ ||ly|| for all z,y € X.
A real normed vector space is a pair (X, || -||), where X is a real vector space and || - || is a norm on X.

In this text, real normed vector spaces are simply called normed spaces. Moreover, if (X, | - ||) is
a normed space and there is no risk of confusion, X is sometimes called a normed space.

Let X be a normed space. The open and closed balls of center x € X and radius r € (0, 00) are
respectively Bx (z,r) ={y € X | ||t —y|| < r} and Bxlz,r] == {y € X | ||z — y|| < r}; when there is
no risk of confusion, Bx(z,r) and Bx|[z,r] are simply denoted by B(x,r) and Blz,r], respectively.

A sequence (z;);en in X is called a Cauchy sequence if, for every € € (0,00), there exists k € N
such that, for all integers 4,5 > k, ||z; — x| < e. A sequence (z;);en in X is said to be convergent if
there exists © € X such that, for every ¢ € (0,00), there exists k € N such that, for all integers i > k,
|lx; — z|| < e. Every convergent sequence is a Cauchy sequence. The normed space X is said to be
complete if every Cauchy sequence in X converges in X. A subset of X is said to be compact if every
sequence in the subset contains a convergent subsequence.

The interior of a subset U of X is the set of all z € U such that there exists 6 € (0,00) such that
B(xz,0) CU. A subset of X is said to be open if it is equal to its interior. A subset U of X is said to
be closed if X \ U is open. If a sequence contained in a closed subset of X converges, then the limit is
in the subset. A subset U of X is said to be bounded if there exists r € (0, 00) such that U C BJ[0,r].

Let Y be a normed space. A function f : X — Y is said to be continuous at x € dom f if, for every
e € (0,00), there exists 6 € (0,00) such that f(Bx[z,d] Ndom f) C By[f(x),e]. A function is said
to be continuous on a nonempty subset of its domain if it is continuous at every point of the subset.
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A function is said to be continuous if it is continuous on its domain. The reverse triangle inequality,
which states that, for all x,y € X,

ezl =yl < flz = yll,

implies that the norm || - || is continuous. A point y € Y is called a limit of a function f: X — Y at
z € X if, for every € € (0,00), there exists § € (0,00) such that the set (Bx[z,d] Ndom f) \ {z} is
nonempty and its image under f is contained in By [y, ¢]; if such a y exists, it is unique and denoted
by lim, f or lim,_,, f(2).
A norm ||| - ||| on X is said to be equivalent to the norm || - || if there exist a,b € (0, 00) such that,
forall z € X,
allz] < [ll=[l < b=l

The equivalence of norms is an equivalence relation. Two equivalent norms have the same properties,
e.g., the same Cauchy and convergent sequences, the same open, closed, bounded, and compact sets,
and the same continuous functions.

Let m,n € N\ {0}. Examples of norms on R" are given in Table

Theorem B.2.2 (Bolzano—Weierstrass). A subset of R™ is compact if and only if it is closed and
bounded.

Theorem B.2.3 (extreme-value theorem). Let f : R™ — R and C be a nonempty subset of dom f. If
f is continuous on C' and C' is compact, then there exist x,y € C such that f(C) C [f(z), f(v)].

Theorem B.2.4. On a finite-dimensional real vector space, all norms are equivalent.

Theorem B.2.5. FEvery finite-dimensional normed space is complete.

Proposition B.2.6. Let || - || and || - ||| be norms on R™ and R™, respectively. Let X be L(R™,R™)
or R™*" Then, the function
L
X—>R:L— sup L]
z€R"\{0} [kl
is a norm on X.
In the preceding proposition, if m = n and || - || = ||| - |||, then the norm on X is called the norm

induced by || - || and is also denoted by || - ||
The preceding proposition can be extended to multilinear maps.

Proposition B.2.7. Let X and Y be two finite-dimensional normed spaces. For every p € N\ {0},
the function

L
L(X,Y) = R:L—  sup IL(z1, .. 2p)lly
a1 ezpex\foy Z1llx - llzpllx

is a norm on L,(X,Y).

For every nonempty subset U of R”, C°(U,R) denotes the set of all continuous f : R® — R such
that dom f = U. If U is compact, then the function

I Jlo + f = ma | ()

is a norm on C°(U, R).

B.3 Derivative

In this section, based on [Die69, Chap. VIII], X and Y are finite-dimensional normed spaces. Let
f+ X — Y such that the interior U of dom f is nonempty. The function f is said to be differentiable
at x € U if there exists L € £(X,Y") such that

_|If(x+h) — f(x) — Lhlly

lim
h—0 ||h||X

=0.
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If such an L exists, it is unique, denoted by f’(x), and called the derivative of f at x. If f is
differentiable at every point of U, then f is said to be differentiable and the function f' : U —
L(X,Y):z+ f'(x) is called the derivative of f. If f is differentiable and f’ is continuous, then f is
said to be continuously differentiable.

If f is differentiable and f’ is differentiable, then f is said to be twice differentiable and the
derivative of f’ is called the second derivative of f and denoted by f”. For every z € U, f"(z) is
an element of the real vector space L£(X, L£(X,Y)), which can be identified with L2(X,Y), as seen in
Section Moreover, f”(x) is symmetric: f”(z)(v,u) = f"(x)(u,v) for all u,v € X.

Define fO = f fM) .= f and f® = f”. By induction, for every p € N\ {0}, if f®=1 is
differentiable, then its derivative is called the pth derivative of f, denoted by f®), and f is said to be
p times differentiable. For every x € U, f®)(2) € £,(X,Y) is symmetric.

For every nonempty subset V of X and every p € N\{0}, CP(V,Y') denotes the set ofall g : X — Y
such that the interior of dom g contains V, g is p times differentiable on V, and ¢ is continuous
on V.

Theorem B.3.1 (chain rule). Assume that f is continuous on U. Let V be an open subset of Y that
contains f(x). Let Z be a finite-dimensional normed space. Let g : V — Z be continuous on V. If f
is differentiable at x € U and g is differentiable at f(x), then go f is differentiable at = and

(go f)(x) =g (f(z))o f'(z).

Theorem B.3.2 (mean-value theorem). Let x and y be two distinct points in U such that U contains
the segment {(1 — t)x +ty | t € [0,1]}. If f is continuous on U and differentiable at every point of
{1 —=t)z+ty|te(0,1)}, then

1f(@) = fWlly < llz —yllx sup [f'((1 =)z +ty)l],
te(0,1)

where || - || is the norm defined in Proposition [B.2.6 (or Proposition[B.2.7 with p =1).

Theorem B.3.3 (Taylor’s theorem). Let x and y be two distinct points in U such that U contains
the segment {(1 —t)x +ty |t € [0,1]}. Let p € N\ {0}. If f is p times differentiable on U, then

p—1
HﬂwE:;ﬂ%@@xV

=

el

Y

= sup || FP((1 =t + ty)ll,
p: te(0,1)

where || - || is the norm defined in Proposition [B.2.7

If X =R, then f is differentiable at x € U if and only if the limit
L )~ f ()

h—0 h

exists, in which case, f/'(z) € L(R,Y) can be identified with the limit, which is in Y. This limit can
be computed if, for every ¢ € (0, 00), there exists y € dom f \ {z} such that |z — y| < §; x does not
need to be in the interior of dom f.

A subset I of R is called an interval if it contains at least two elements and, for every a,b € [
such that a < b, [a,b] C I. Thus, every interval can be written as (a,b), [a,b), (a,b], [a,b], (—0,a),
(—00,a], (a,00), or [a,c0) with a,b € R and a < b.

If X =R and V is an interval, then the definition C?(V,Y") can be broadened as follows: CP(V,Y")
denotes the set of all g : X — Y such that V C domg, ¢ is p times differentiable on V, and ¢® is
continuous on V. All results from this section extend to that broader setting.

Theorem B.3.4 (Taylor’s theorem for real-valued functions of a real variable). Let p € N\ {0} and
a,b € R such that a < b. If f € CP~1([a,b],R) and P~V is differentiable on (a,b), then there exist
c € (a,b) such that

f®(c)

p!

(b—a) + (b—a)?.
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B.4 Integral

Let n € N\ {0} and a,b € R such that a < b. For every f € C°([a,b],R"), ff f is defined component-
wise.

Theorem B.4.1 (fundamental theorem of calculus). If f € C!([a,b],R"), then
b /
[ 1=t~ s@.

B.5 Inner product

Definition B.5.1. An inner product on a real vector space X is a real-valued function (-, --) defined
on X x X such that:

1. (x,z) >0 forall z € X \ {0};

-
2. (ax+ By, z) = alx,z) + By, z) for all a, B € R and x,y, 2z € X;
3. (y,x) = (x,y) for all x,y € X.

If (-,--) is an inner product on a real vector space X, then the function X — R: z — /(z,x) is a
norm on X called the norm induced by (-, ).
Let n € N\ {0}. The function

n
RPXR" - R: (2,y) »y x= Z:L‘Zyl
i=1

is an inner product on R” called the usual inner product on R”.
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