3. Linear sﬂstems: teraYive methods
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Given neINV{o,af, AeR™" iaverfible, and be R", find xeR™ such thol” Az=b.

| Gowssiam elimination provdeo the txack sobuhon in exadt arithmebic bk Mgua'res

abouk Zm* arithmehtc _epmahons, which is prohibilie it m is laa’,c. Therahive

method> ant an alkernakive to Goussion eliminalion Hak is intereshing WL mis Ju,x.

| Conkents :
| 4. Jacobi ond Gouss- Gdd methods;
| 2 %ra&‘cwr methods i A s Stjmw\d'g'c PoS;.HK-JQ,-?('ﬂ(rC.
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Both methods "'J‘j on a [Je omposiion A= M-N, whaw, mis tquals Qi 0,
and M is easy Fo invak. The saskm A =b bewwmeo Ma = Narb o
= MONm + M, whith i diced - pocnk urmh'mx. Givon o, e R", e
boced-poinl mebhod imakeo My, = Nag +b for dll lel. Tha, ery
itwahion amoun’s Yo solving an “easy” Lneon 89S ke 3

e M is Hu J{QSamai o) A in the Tacobi method ;

e M S be lown Mojﬂ in b Goanss- Sexdd mekhed.

The ma¥acx M is allid W pncmd&'h‘om‘ns mafwx v precondihiones. me’swh’.
The simplest woy. Fo rwakt f2b as a Jixeol-pa eqrakion s mguobltd
K = (L-R)a +b. The mehhod ek hon jusl been dusnibel CWW:‘)MO(O 1)
Wk cimple hixed -puink method  for Hu s«ds%em M Aa = M7'b, whick is
b Ha prtcom&'h”meo( Systcm.

Compuuhmal @t 2 |
e Na +b Wvgm‘+m anithmehic q'w\o.h‘m;




e solving Hw ® m.s ' lineon %gkm Wi re m m)kuhc o QmH\t
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Cow\w\.}u\n. L.fscMz Cchshu\kj ﬁ("‘-af& nu—;M No o+ Mb
CQuJoJ L.f (5) - IIM N don oy norm on R™ inducd by a norm on [R"
I'I'kuo, comu?v\o. i IIMTIN < 4 | | EEE
‘lkeown (Sao.ol 2003, Tkeorcm‘l 1) | |
Thhm)nw\«~MNm+MLwnvw3»*mw\n«,6R“i{meh
i$ p(MN) <4, . ||

,‘Fm ety AR, e(A) = max | ()] s ool " speckaad nadiwo of A.
At\dmx Re®™™ & saud bo \,ie sl‘:)u,&la &aﬁov\nnb dominenk i{, {mauje{:, ,m}
Ia“|> Z lag;l. A symmebnic maknix ACR™™ s soid ko loe  positive - definihe
nf, por ¥} aLQ ~eR "\ o}, 2"Ax >0,

‘\"\emm\ (SO-M‘ 2003, Theoum 4. g),
I§ ReR™" s ﬂ‘ml Jmsonn”:’ dominawt, Hun Hu. assoam\'cd 3&(0\“ mo‘
IGW\SS Swu ilaohiono (om-m?l. fon Wiy 4, eRM

‘ﬂ\wum ( S .'lao3 Thesrwm 4.10).
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2. Gradiont mobhods  fon sgmmcfu'_c posihfﬂ-vh-_{fnfk A
Tis schion focuses on the case whene A is symmebc posthve-definite.
:‘ﬂmu\, Huw .?funcho'r\ R >R : — taTAm - b is s*mcuv
(convtx and AL is its oniqus 510’901 minimizen . Indeed, fonoll xeR",
iVQ(rx) A -b and Vihw =/ Th tym)lumk an be ompukd as Jollows:
I ol aveR”, Vg, v = 4'@ o = &v:“'“":"““) and , sine
1 =nrT Véla)

Platber) - ¢(a) = i(tt\r"ﬂrz st + BT HM') -tb

= Ef NTAN + tl\rTlel-L),
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' (x4 tar) = plae)

&;v\ ¢ F = T (Ra-b). Thws, for ol w,mreR”, wTV) 24T (An-b),
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which implies Udta) = Rae-b, as announced.

MW , solving the Wawen systemnmounls Yo minimizing ¢, whih can be done
’\7’ line-seanch methodn. That methodn rda on Hu an wnaph.

@g’(nfh'm, A discond direchion Jon ¢ oF eR™ s a vedhor reR™ such Hak
Pl v <o,

Givn o duscent drechon o fou ¢ oF weR", thne el a, € (0,0) such thak,
Amoil e (o, Kel, dtanm) < ga). (Paof. Sina § 15 differenWabh o ac, for
{E = - @l ey o axisls a6 (0,0) such tho, don el we(o, %y, |¢w.:::":www

‘<£ e, IParam)- @ialen - gl & - Lxgnr, whidh implies §atuw) <

anc) +4 cL(Nm)Ar < $n).) Howren, sine. ¢ is ?mn\ml\ i+ s fossiBQt to
Icomrd:e oy 5. AAY )Q(nuemr) Tndud, as sen abov, fon ald <€ (o,@),
¢(¢+-<nr) = 4la0) + oc'an Vi) +—: wTAN s minimum .%Mol m‘v i4u=-vmu.
Hovma oulons a disconk dirchm with Hwy ophmal shep size is wllid xock line
MJ\. T b dscenr dinchm is down to be Hu ﬂ-cqw\’ descent dindion,

] "‘J Hw ngo)nw. y.mhen)r hen B medhod s B sheepedt
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(6—0; I, ¢— b-fa,; ‘She‘pcsf descent with exact line search Jon
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For ey o € R", M precondibioned sheepest dscent  with precon dhioner ¥
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Fon oll i€, VQ(«;)T,,F; :Lr_u:,p, = - mll‘u'; T, theskep size (wunponcls b en
aadr line seonch. |

Theowm  (Nocedad k\lm'w 2006, Theowm 5.3 and (5.36)).
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