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In the following questions, n € N\ {0}, top € R, and up € R" are given.
Question 1 (order of convergence of the backward Euler method). Let 7,7 € (0,00) and f €

CY([to, to + 7] x Blug,7],R"). Let L := Lip§07t0+T]XB[u07T]f € (0,00). Assume that u : [tg,to + 7| —

Blug, r] is the unique solution to the IVP

W (t) = f(t,u(t)) for all t € [to, to + 7],
u(to) = Up-

Given an integer m > 7L, define h := 7/m. The backward Euler method, which iterates
Uiy1 = ui + hf(tiv1, vit1),

generates a sequence (u1, ..., uy,) such that, for all i € {1,...,m}, u; € Bluy, %r] Prove that there
exists ¢ € (0,00) such that

c TL
_ < = _ .
lu(to + 7) — um|| < T <exp(1_hL> 1)h

The only result from Section 7.1.3 of the lecture notes that you can use is the following.

Lemma. Let a,b € (0,00) and (v;)ien be a sequence in [0, 00) such that vg = 0 and, for all i € N,
Vig1 < (1 + CL)’UZ' +b.
Then, for all i € N,

S

v; < —(exp(ai) — 1).

S

Define the local discretization error as

t+h)—ul(t
Ah:[to,to+r—h]—>antn—>u(+})Lu()

By Proposition 7.1.5 of the lecture notes, u € C?([to,to + 7], Blug,r]). Thus, by Taylor’s theorem
(Theorem B.3.3 of the lecture notes), for all ¢ € [to,to + 7 — h],

1
AL < = "(s)|h < = " h.
18] < 5 max, W' G)Ih< 5 max[la"(s)]

— f(t+ hyult + R)).

Let i € {0,...,m — 1}. Then,
u(tivr) — wiv1 = (Ap(t)h +u(ts) + hf(tivr, u(tivr))) — (wi + hf(tiv1, uiv1))
= (u(ti) — ) + h (f(tivr, u(tivr)) — f(tiv1, wiv1)) + An(ti)h.
Thus,
u(tivr) — wirrll < [luts) —will + R f (Fipr, u(tivn)) — v, wirn) |+ [An(t)][h

_ luts) — il + cn?
- 1—hL

c hLi
D —wll < S 1) h.
Jutt) =il < 5 (exp (7257 ) ~ 1)

c 7L
— < — — .
lu(to + 7) — uml| < 7 <exp (1 hL) 1) h

Therefore, by the lemma,

In particular,




Question 2 (absolute stability of the second-order Taylor method). Given f € C!(R x R”, R") and
h € (0,00), the second-order Taylor method iterates

2
Uit = u; + hf(ti, u;) + % (OLf (ts, wi) + O f (tiswq) f (tiy i) -

Determine the region of absolute stability of that method.
Given A € C such that ®(\) < 0, we consider f : (t,z) — Az. Then, for all (¢,z) € R x R",

Olf(t, l‘) = 0, agf(t, ZE) = )\In.
The iteration becomes
Uuiy1 = P(hA)u;
with
2

¢:CHC:Z+—>1+2+%.

The region of absolute stability is
{zeCllo(2)] <1},

the same as that of Heun’s method.



