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In the following questions, n € N\ {0}, tp € R, and ug € R™ are given.

Question 1 (order of convergence of the backward Euler method). Let 7,7 € (0,00) and f €
C([to,to + 7] x Blug,7],R"). Let L := Lip%to,toJrT]XB[uO’T]f € (0,00). Assume that w : [to,to + 7] —
Blug, r] is the unique solution to the IVP

u'(t) = f(t,u(t)) for all t € [to, to + 7],
u(to) = Up-

Given an integer m > 7L, define h := 7/m. The backward Euler method, which iterates
Uiv1 = i + hf (L1, wit1),

generates a sequence (u1,...,uy) such that, for all i € {1,...,m}, u; € Bluy, %r] Prove that there
exists ¢ € (0,00) such that

c TL
_ < = _ .
lu(to + 7) — um|| < T <exp(1_hL) 1)h

The only result from Section 7.1.3 of the lecture notes that you can use is the following.
Lemma. Let a,b € (0,00) and (v;)ien be a sequence in [0, 00) such that vg = 0 and, for all i € N,
Vi+1 < (1 + a)vi + b.

Then, for all i € N,

S

v; < —(exp(ai) — 1).

Q

Question 2 (absolute stability of the second-order Taylor method). Given f € C'(R x R",R") and
h € (0,00), the second-order Taylor method iterates

2
Wir1 = u; + hf(ti,w) + % (O1f (ts, wq) + O f (tiy wq) f(tiy i) -

Determine the region of absolute stability of that method.



