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*Exercise 3.1. Show Lemma ?7.
Hint: where are the discontinuities of Fx ¢ How does Fx behaves between these dis-
continuities?

Solution 3.1. First note that as X € Z almost surely, F'y is constant on every interval
of the form (k,k + 1), k € Z, and we have

P(X =k)=P(X € [k k+1)).
In particular, by the formula of total probability,

1t]
Fx(t)= Y P(X€[kk+1))= ZP

k=—o00 k=—o00

The discontinuity points of Fx are therefore D = {k € Z: P(X =k) > 0}.

We first show that 1. implies 2.

If we assume that X,, =% X, we have that for every ¢ € R \ D, Fx, (t) = Fx(t).
Moreover, as X € Z almost surely, one has that for every k € Z, and every € € (0, 1),

P(X=k=P(Xe((k—ek+e])=Fx(k+e) — Fx(k—e).
But, for e >0, k+¢e¢ ¢ D and k — € ¢ D so, on the one hand,

lim lim P(X, € (k—¢,k+¢) <lim lim P(X, € (k—¢k+¢€)

e\ n—o0 e\ n—o00

=lim lim Fy, (k+¢€) — Fx, (k —¢)

e\,0 n—o0

= l%FX(k+e) — Fx(k—e¢)

= lim P(X = k) = P(X = k).

On the other hand,

lim lim P(X, € (k—¢€,k+¢)) > lim lim P(X = (k_gvk"'%])

e\0 n—o0 e\0 n—oo

= lim lim FY, (k‘+ %) _FXn(k_ %)

e\,0 n—o0
~ tim Py (k+5) — P (k)
=lim P(X = k) = P(X = F).

So, lime o lim,, oo P(X, € (k — €,k +¢€)) = P(X = k).

We then show that 2. implies 1
For ¢ > 0, introduce

D. = U(k;—e,k+e).
keD

Here, our assumption is that for every k € Z,

lim lim P(X, € (k—¢,k+¢€) =P(X =k).

e\,0 n—o0
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Let t € R\ D. We need to show that lim, ., F, (t) = Fx(t).
We first show that for any €, > 0, there exist K = K (), N = N(¢,6) > 0, such

that for any n > N,
P(|X,| > K) <4, P(X,¢D.)<o.

Indeed, Let K be such that P(|X| > K —1) < &. Let then 0 < ¢ < ¢, N be such that
forn > N,

K
d P(Xne(k—€k+e) - P(X =k)| <4
k=—K
Then, for n > N,
K-1
P(IX,|>K)=1-P(X, <K)<1- Y P(X,€(k—ek+e)
k=1-K
K-1
<1+3- PX=k=1+2-P(X|<K-1)=3+P(X|>K-1) <4
k=1-K
Also,
P(Xn¢D€) SP(Xn¢DE’):1_P(Xn€DE’>Sl_P(XnEDe’7|Xn| SK)
K K
<1- ) PX,e(k—ék+e)<1+3- > P(X=k)
k=—K k=—K

S 145 PUXI S K) = $ 4 PUX| > K) <545 =4
Now, on the one hand, for any K > |¢|,
Jim Fx, (1) > lim lim P(X, < .X, € Do, | X, < K +¢)
[t] |t]

> lim li — = =k).
2l lim 30 P(Xu€(k-ekta)= 3 PX=H

K being arbitrary, we can take K — oo to obtain

1t)
lim Fy,(t) > Y  P(X =k) = Fx(t).

n—»00
k=—00

Let us now prove the reverse inequality. Let 6 > 0. By the observation made a few
lines above, we have that there is K = K(J) > 0 such that

lim Fy, () <lim lim (P(X, <t,X, € D, |X,| < K)+ P(X, ¢ D) + P(|X,| > K))
n—oo

e\0 n—o0

< 26+ lim lim P(X, < £, X, € Do, | Xp| < K)
e\0 n—o0
t]
<20 + lim lim Z P(X, € (k—ek+e)

e\0 n—o0

[t] 2]
=20+ Y P(X=k)<20+ Y P(X=Fk) =26+ Fx(t).
k=—K k=—o00

d > 0 being arbitrary, we can take § — 0 to obtain lim,_,, Fx, (t) < Fx(t).
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Exercise 3.2. 1. Let X,, ~ Uni([—1, +]). Show that X, converges in law towards
a Uni([—1,0]) random variable

2. For n > 1, let Y,, ~ Bern(1/n). Let X be a random variable with F(X?) < oo
Define X,, = X +Y,,. Show that X,, converges in probability towards X.

3. Let X ~ Bern(1/2) and X,, =1 — X for n > 1. We have that X,, ~ Bern(1/2)
for all n > 1 (in particular, X, I X as X, 2 X). Show that X,, does not
converge in probability towards X.

Solution 3.2. 1. The CDF of a Uni([—1,0]) is

0 if ¢ < —1,
Fity={t+1 if —1<t<0,
1 if ¢ > 0.

In particular, it is continuous everywhere. Now, the CDF of X, is

0 if t < —1,
Fx,(t)=¢™20 jf — ] <t <L
1 ift> 1.

We need to check that for every t € R, Fy, (t) — F(t) as n — oo. This is
obvious for ¢ < —1. Now, for ¢t > 0, we have that for any n > %,

[Fx, (1) = F(#)] = [1 = 1] = 0.
Remains to show the case ¢ € (—1,0). In this case,

[Py, (t) = F(t)] = |55 — (t4+1)] = Ly |n(t+1) — (n+1)(t+1)] = £L 2250,

2. We will show that X,, converges in L? towards X, which implies the convergence
in law.

E(X, - X)) =E(X+Y,-X)?*)=EY})=L"50.

n

3. We have that
P(I X=X, >1)=P(IX -1+ X|>1)=P(2X - 1| >1) =1,

as X € {0,1} almost surely, and so 2X — 1 € {—1,1} almost surely, which
implies |2X — 1] = 1 almost surely. Let X ~ Bern(1/2) and X,, = 1 — X for
n > 1. In particular, X,, does no converge in probability towards X.
Exercise 3.3. This exercise is a prequel to the CLT, more precisely, to Theorem ?7.
Let p € (0,1). Let Xq,..., X, be an i.i.d. sequence of Bernoulli random variables with
parameter p. Introduce

8= %;m—p).

Show that S, 2% Z, where Z ~ N'(0, p(1 — p)).

Hint: remember Theorem 77.



Solution 3.3. We will use Theorem ?7. We first recall the moment generating function
of Z ~ N(0,p(1 - p)) and of X ~ Bern(p):

My(t) = exp<p—(1_2p)t2>, My (t) =1+ p(e —1).
We want to prove that for any ¢ € R,
Mgn(t) e, MZ(t).

First, we have

M, (t) = (eXp( Z (X; —p )) - E(ﬁg(&@/ﬁ)
ﬁ KDY T B = (M (/)

i=1

as the X;’s form an independent family of Bern(p). This gives

Mg (t) = exp(—tpv/n + nln(Mx(t/vn))) = exp(—tp\/ﬁ—i- nln(l + plet/Vr — 1)))

Now, by a second order Taylor expansion around z = 0, we have
52
In(l+2)=z2— 5+ o(2?).
So,

2 t/\/ﬁ_l 2
ln(l +p(et/\/ﬁ—1)> = p(et/Vn —1) _ e 5 )

Now, for n large, another second order Taylor expansion gives

+o(p*(e”Vm —1)?).

t t2
eV 1= — 4 — 4o(nh).

vnoo o 2n
Thus,
2t2

p(1 —p)t°

pt -1
Jn + +o(n™")

Plugging this in the expression for Mg (t), we get

Mg (t) = exp (—tp\/ﬁ +pty/n + 1 — )t —2p)t2 + on(l)) = exp (p—(l —2p)t2 + on(l)),

taking n — 00, 0,(1) goes to 0, and we are left with

lim Mg (1) = exp(zm%w) = My(t),

n—oo

as wanted.



Exercise 3.4. This exercise studies a different regime than Exercise ??7. Here we will
let the parameter of the Bernoulli’s tend to 0 as n goes to oo and show that it changes
the natural re-scaling (from /n to 1), as well as the nature of the limiting random
variable. Let A > 0. For n > 1, let p,, € (0,1) be a sequence of numbers such that

lim np, = A,
n—oo

and let X, 1, X, 9,...
Bern(p,,). Define

, Xnn 0 = R be an ii.d. family of random variable with law

n
Sn: E Xn,i‘
=1
Law

Show that S,, — N, where N ~ Poi(\).
Hint: recall Lemma 7?2, and look first at lim,,_,o, P(S, = k) for k fized.

Solution 3.4. By Lemma 7?7, it is sufficient to show that for any k € N,

lim P(S, = k) = e 2 = P(N = k).

!

Now, S, is the sum of n Bernoulli random variables with parameter p,, thus S, ~
Bin(n, p,), so

P(S,=k)= (k>pfl(1—pn) kll(l—pn Hpnn—k:—l—z)

=1

Now, we first have

(1 —py)" =exp(nin(l —p,)) = exp(n( — pn + o(n_l)))

by a first order Taylor expansion, as lim, ., p,n = A, so p, < C/n for some C > 0.
We get,

n—oo n—oo n—oo

lim (1 — p,)" = lim exp(n( — pn + o(n_l))) = exp(— lim npn> =e

On the other hand, (recall & does not depend on n),

k k k
nlggolj!pn(n k+1) = H( lim pn n— k:—H T}nglopn = )) = H)\ =\

i= =1 =1

E?r

Combining, we have
k

lim P(S, = k) = lim i(1 —pn)" [ [ pn(n = & +1)

n—00 n—oo k!
=1

;‘(hm(l—pn (h_)rgoHpn k:—i—Z):E)\k -

n—oo

which is exactly what we wanted.



Exercise 3.5. Show that
1. Convergence in probability implies convergence in law.

2. Convergence in LP implies convergence in probability.

Solution 3.5. Let X4, X5, ... be a sequence of random variables. Let X be a random
variable.
1. Suppose X,, Proba ¥, Let t € R be such that Fx is continuous at t. We need to
show that

n—oo

First, for any € > 0,

Fx, (t) = P(X, <t)
=P(X, <t |X,—X|<e)+P(X,<t, |X,—X|>¢)
=P(X, <t |X,—X|<e, X<t+e)+P(X, <t |X,—X|>¢
<PX <t+e)+P(X,—X]|>¢)

where we used the formula of total probability and the (deterministic) fact that
if v <tand |x—y| <e then y <t+ e Thus,

limsup Fy, (t) < P(X <t+¢)+limsup P(| X, — X| > ¢€) = Fx(t+¢)
n—oo n—oo

as X, Proba x Now, € > 0 is arbitrary, so we can take ¢ \, 0 on both sides,

and use continuity of Fx at ¢t to obtain

limsup Fy, (t) <= li{%FX(t +¢€) = Fx(t).

n—o0

Let us prove the reverse inequality. We have

Fx,(t) = P(X, < 1)
>P(X, <t | X,—X|<e, X <t—¢)
=P(|X,—X|<e X <t—¢)
=PX<t—e)—P(|X,—X|>¢ X<t—¢)
>P(X <t—e)—P(X,,— X|>¢)

. Prob
where we used the same deterministic fact as before. As X, —— X, we have

that for any € > 0,
liminf Fx, (t) > P(X <t —¢€) —liminf P(|X,, — X| > €) = Fx(t — ¢).
n—00 n—oo
As € > 0 is arbitrary, we can take € \, 0 on both sides and use continuity of Fx
at t to obtain
liminf Fx (t) > lim Fx(t — €) = Fx(t).
n—00 ) e\

So, for every ¢t € R such that Fx is continuous at ¢, Fx(t) < liminf, . Fx, (t) <
limsup,,_,., Fx, (t) < Fx(t), and thus lim,_,., F, (t) = Fx(t), which is conver-
gence in law.



2. Suppose X, X, Then, by Chebychev’s inequality (the moment version), one
has that for any € > 0

E(lX, — X|P
PX - X, 2 o < ZUX 1)

e€p

Now, as X, LN X, E(|Xn —X|p) — 0 as n — oo. So, for any € > 0,
lim P(|X — X,| > ¢€) =0,
n—oo

which is the definition of convergence in probability.

Exercise 3.6. Let X, X5, ... be a sequence of measurements on repetition of the same
experiment (independent sequence of identically distributed random variables). What

can we say on
n
Sn - E Xi)
=1

as n — oo in each of the following cases.

1. The experiment is picking an individual in the population uniformly at random,
and X; is the indicator function that the ith individual knows how to fix a leaking

pipe.

2. The experiment is flipping a fair coin until getting “head”. X, is 10 to the power
the number of tails before getting head in the ith repetition of the experiment
(for example, you play a game where your lose is multiplied by 10 every times
you get “tail”).

3. We can assume that the X,’s are continuous random variables with common
density

1

£(2) = 21 o) -

Solution 3.6. 1. The X, are bounded random variables. In particular, E(|X;|) <
00, so the (strong) LLN implies that

Sn a.s.
— = E(X)).
n
So, we know that S,, behaves like nE(X;) for n large. Moreover, still as the X;’s

are bounded, F(X?) < oo and thus the CLT implies that

S = nB(Xy) _Zg(Xl) 22 N(0, Var(X7y)).

In particular, we can approximate, for n large, the risk that S, deviates from
nE(X1) by more than K/n:

o
e 2Var(Xq) .

P(|S,—nE(X))| 2 Ki) = P(

R

o
e



2. We have that P(X; = 10¥) = 27%=1, So,

E(1X1]) 210’62’61 Z5k—+oo

We thus have that the X;’s do not have a first or second moment, the LLN and
the CLT thus say nothing about S,,.

3. We have that
E(]X1]) :2/ IE'mgd%:?/ 7 dr = 2[—27 P = 2,
1 1

so the X;’s have a first moment. The (strong) LLN thus tells us that

S’I’L a.s.
— = E(X
2% BX).
So, as in the first case, we know that S,, behaves like nFE(X;) for n large. But,

unlike in the first case,
E(X}) = 2/ z? - x3dy = 2/ ™ dr = 2[In(z)];° = +oo,
1 1

so the X;’s do not have a second moment. The CLT does not give any information
in this case, and we thus cannot estimate the risk that S,, deviates from nE(X;)!

Exercise 3.7. We perform the following experiment: we pick graphic cards uniformly
at random in the NVIDIA production and test them. Let X; be the random variable
giving 0 is the ith card tested functions well, and 1 if there is a malfunction. Denote p
the proportion of cards that have malfunction in the production. p is supposed to be
unknown, so you cannot use it directly in computations.

In the following, you can use that if Z ~ N (0, 1),

P(|Z| > 1.96) = 0.05, P(|Z| > 2.31) = 0.04.

1. Propose (and justify your proposition) a method to “guess” p from the sequence
X1, Xo, X3, .. ..

2. Using Theorem 7?7 and some non-rigorous approximation, can you give a minimal
number of tests to be performed if we want to have an estimation of p that is
precise up to an error 0.01, with a risk a failing the estimation at most 0.057

3. Using Theorem ??, can you rigorously give a minimal number of tests to be
performed if we want to have an estimation of p that is precise up to an error
0.017

Solution 3.7. 1. We have that our random variables X; are Bernoulli random vari-
ables. We can suppose them independent as being repeated experiment withour
clear link between them (we can assume that we do not test twice the same
card). As X; gives 1 with probability p, we have E(X;) = p for all i’s. A good



way to guess p is to find a way to approximation of E(X;). This is provided by
the sLLN:

1 n

=3 X 5 B(X)).

n 4=
We can thus take % > i, X; as an approximation of p as long as we take n large
enough.

. As we know nothing on p, we can only assume that the variance of X; is given
by some number o2 satisfying

o = Var(X;) = p(1 — p) < 1.
We want to find n such that

P(IEy0 % Bx)

We can use that \/LEZ?:l(Xi — E(X;)) is approximately a centred Gaussian

> 0.01) < 0.05.

random variable with variance o2. Thus,

P(‘%Zn:Xi—E(Xl)‘>0.01> P(‘\/_ZX BE(X ))‘>0.01\/ﬁ>

P(IN(0,0%)| > 0.01v/n)
Pl

NG
’ 01‘>1000)

< P(IN(0,1)] > ¥,

100

Q

As we know nothing about o except o < 1, we used the worst case scenario in
the last line. Using the indication, we want n such that

Vi > 1.96 <= n > 38416.

. Let S, = #ﬁ Yo (X — E(X;)). Let Z ~N(0,1). We start as in the previous
point and replace the use of ~ by a suitable use of Theorem ?7. Note that
E(|X;|?) < 1 is the only information we have on the third moment of the X;’s.
We have that (again using a worst case scenario on o)

P(|Sa] > 255) < P(|Sa] > 15)
< P(S, < ¥ 411 P(S, < ¥
< 20EUND 4 p(7 < —32) +1- P(Z < i)
g%ﬁ+P(\Z|>m)

where we used Theorem 7?7 in the third inequality. Using the hint, we can, for
example, search for n such that

<0.01 and P(|Z] >

0100)

< 0.04.

f 100)

For the second inequality, the given Gaussian tails yield n > 2312 = 53361, and
we can thus take
n = max(10000, 53361) = 53361.



