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Exercise 2.1. In each of the following cases, give a realisation set {2 and a probability
mass function p : Q — [0, 1] modelling the situation.

1.

2.

3.

Simultaneous tossing of a 1chf coin, a 2chf coin and a 5chf coin.

We do the following procedure: first toss a biased coin that does head twice as
often as it does tail. If the coin shows “head”, roll a fair 4 faces dice. If the coin
shows “tail”, roll a fair 6 faces dice.

Toss two fair dice and look at the total number of points obtained.

Solution 2.1. 1. One can take as realisation space

O ={H,T}x {HT} x {HT},

the first coordinate representing the result of the 1chf coin, the second coordinate
the result of the 2chf coin, and the last coordinate gives the result of the 5chf
coin. The probability mass function is the the uniform probability measure on
Q) as all coins are fair:

1
= —- — = - Q_
p(w) o 8 Vw €

. The result of our experiment is a pair “result of the coin” and “number of points

on the face of a dice”. We have several options, we illustrate two here.

e We could take Q = {H, T} x {1,2,3,4,5,6}, and p given by
1 1
Ti)==--=,1=1,...

p( 72) 3 67 1 Y 767
2
Hi)= 2.
p(H,9) = 3

e We could take
Q={(H,1),(H,2),(H,3),(H,4),(T,1),(T,2),(T,3),(T,4),(T,5), (T, 6)},

and p given by

p(T, Z) =

p(H,i) =

DO | = DN

. We only look at the total number of points, which ranges from 2 = 1 + 1 to

12 = 6+ 6, so we can take Q = {2,3,...,12} and p given by

p(2) = p(12) = o, p(3) = p(11) = =, p(4) = p(10) =
p) = p0) = 5. p(6) = p(8) = o, D7) =

where the 36 is the total number of cases for the result of the two dices, and the
numerators correspond to the number of cases which give the wanted number of
points.



Exercise 2.2. Let 2 be finite and p : Q — [0, 1] be a probability mass function.
1. Show that P,(Q) =1, P,(@) = 0.
2. Show that if A, B C Q are such that AN B =@, P,(AUB) = P,(A) + P,(B).

3. Let n > 2. Show that if Ay,..., A, C Q are such that A, N A; = @ for all ¢ # j,
then Py(AiUAU---UA,) = PF,(A1) + P(Ay) +--- + B,(A,). Hint: remember
what is a proof by induction.

4. Show that for any A C Q, P,(A) =1— F,(2\ A).
5. Show that for any A, B C Q, P,(AUB) = P,(A) + P,(B) — P,(AN B).

Solution 2.2. 1. We have
P©) = 3 pw) = 1.

we

by definition of a mass function. On the other hand,

> pw)=0

weg

as it is an empty sum.

2. As ANB =g, for any w € 2, 14 p(w) = 14(w) + 15(w). Thus,

P(AUB)= > plw)=> Lapwpw)=>_ (Law)+1sw))pw)

weAUB wel weld
=D Ma@p@) + Y 1ppw) =Y pw) + Y pw) = P(A) + B(B)

where we used that sums are linear.

3. The previous point show the claim when n = 2. We suppose that the equality
is true for n > 2, and let us show that is it true for n + 1. By assumption,
B=AU---UA, and A, are such that BN A,,,1 = &. By the previous point,
we have

Pp<B U An+1) - Pp(B> —|— Pp<An+1) == PP<A1 Jy---u An) + Pp(AnJrl)
= Pp(Al) +ot P(An) + P(An—H)
as we supposed the equality true for n.
4. For any w € Q, 14(w) =1 —1g\a. So,

Py(A) =) Tawhp(w) =Y (1 - Lowa(w))pw)

we wes

—1- Y Lgu@)pw) = 1 - B(Q\ A).

weN



5. Proceed as in points 2. and 4. using that for any w € €2, we have that
Taup(w) =Ta(w) + 1p(w) — Lanp(w).
Exercise 2.3. Which of the following p are probability mass functions®?
1. Q={0,1,...,L}, p(n) = 1 for n € Q.
2. Q =N, p(n) = = for n € Q.
3. Q=7 p(n) =X forn € Q.
4. Q=N, p(n) =2""" for n € Q.

“Recall that 02, n~2 = Z-.

Solution 2.3. 1. This is not a probability mass function as it does not sum to 1:
ZL: L_L+1l
L L
k=0

3. This is not a probability mass function as p(—1) = —1 < 0.

4. This is a probability mass function: p(n) > 0 and

> pn) = Z :% r =1L

nes
Exercise 2.4. We have a bag containing 10 blue balls and 15 red ones. We pick four
of them out of the bag. All the balls are assumed to have the same shape and weight
(uniform sampling).

[\’)"—‘
YT

1. What is the probability that we picked two blue and two red balls?
2. What is the probability that we picked at most one red ball?

3. What is the probability that we picked at least one blue ball?

Solution 2.4. We start by computing the total number of possible draws. We can
suppose that all the balls are numbered from 1 to 25 with the blue going from 1 to 10
and the red from 11 to 25. In that case, there are (245) possible draws.

1. We need to pick two balls out of the 10 blues, which gives (120) possibilities, and

two out of the 15 red, which gives (125). The probability is thus

(%) - (3) 10115121141 10-9-15-14-6 189 _ 037
() 2M18213125!  25.24-23-22 506 D




2. We need to pick either 0 red ball or 1 red ball. The first case has (140 favourables

cases (pick 4 balls amongst the 10 blue), the second has (130) - (1) favourable
cases. This gives a probability of

(140) + (130) ) (115) _ 201 ~ 016

(*) 1265

3. The wanted probability is 1 minus the probability of picking 0 blue ball. The
later has (145) favourable cases (4 red balls amongst 15), so the wanted probability
is

15
2257
()

Exercise 2.5. In which cases is the function f a probability density function?

1. Q = R, f(.f[,') = ]1[073](33).
2. Q= R, f(flj') = %]1[71’3}.

3. A=R, f(z) =11,

5. Q= R2, f(l’,y) = ﬂwzoﬂyzoeiﬁi‘y.

Solution 2.5. 1. This is not a probability density function as fj;o f(x)dx = fog dx =
3# 1.

2. This is not a probability density function as f(—1/2) = 2+ < 0.

3. This is a probability density function: f(x) > 0 for all z, and

+o0 1 400 1
f(z)dz = —/ dx

_ T ) oo 1+ 22
= l lim (arctan(R ) — arctan(—R )) = l(z + Z) =1
T T R_,Ri—oo + S g\2 0 2) 7

4. This is not a probability density function: as it does not integrate to 1:

+o0 +o00 +o0 +o00 27 +o0
/ f(z,y)dzdy = / / e VT drdy = / / re "drd
— 0 —c0 —00 —00 0 0

—+o0 —+o0
= 27?/ re "dr = 27r/ e "dr =2m
0 0

where we changed to polar coordinates: x = r cos(#), y = rsin(0), dedy = rdfdr,
and integrated by parts in the fourth equality.

5. This is a probability density function: f(x,y) > 0 for all x,y, and

+oo  ptoo +oo  ptoo +oo 2
/ f(z,y)dzdy = / / e " Vdxdy = (/ e_rdx> =1.
—0o J—c0 0 0 0
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Exercise 2.6. Let f : R?> — R be given by

1 1

f(ﬂf,y):_

—lyl
2771—|—x2€ .

1. Show that f is a probability density function on Q = R2.

2. Show that for any events A, B C R, we have
pf(A X B) = Pf(A X R)Pf(R X B)
In particular, “the first and second coordinates are independent”.

Solution 2.6. )

T 2€—|y\.
x

1
f($,y):§

1. We have that f(z,y) > 0 for all z,y, so we need to check that it integrates to 1.
We have

+oo +oo 1 +oo +oo 1 ]
/_Oo - f(x,y)dxdy:%/_oo /_OO 1+x26 Yidaxdy

= %(/jw ] _:x2d:v) (/_+OO e*\yldy)

[e.9] o0

! < lim (arctan(R)—arctan(—L))) (2 /O+OO e—ydy> = i<ﬂ+ﬂ>.2 = 1.

:% L,R—00 21 § 5

2. For any events A, B C R, we have
+o00 +oo
Paxs) = [ [ ta@tat) s sy

+oo x +oo e~ vl
= (/_ ]lA(I)h)(/_ 15(y) 2dy>'

o0 o0

But now, as (see the first point) f+°° e Mdy _ 1, we have

—00 2

—+o0 d(l? —+o0 —+o00 dSC €—|y\dy
Ta(z)—— = 1
/. ) ) A AT 2

+o0o +oo
= / / Laxe(7,y)f(z,y)dzdy = Pr(A x R),

and proceed similarly to obtain [ ]lB(y)% = P;(R x B).



*Exercise 2.7. Consider the set {1,...,n}. Let S, be the set of permutation of
1,...,n (i.e.: the set of bijections from {1,...,n} to {1,...,n}). Call ¢ € S, a
derangement if ¢ has no fixed point®. Denote

Dy =10 €S,: ¢ has exactly k fixed points},

so that the set of derangements is D,,o. Let P, be the uniform probability measure on
S,.

1. Enumerate all elements of S3. What are the values of P5(Ds ), P5(Ds 1), P5(Ds2),
Pg(D&g)?

2. What is |S,|?
Forl<k<nand1l <1 <ip<---<i <n,denote
Anirin ={0€ S, 0(i;) =45, =1,...,k},
the set of permutations which fix 4q,..., 7.

3. Show that for any fixed iy, ..., % as above,

n—=k)!
Pn(An;il ..... zk) = ( ) .

n!

4. Show that Sn \ Dn,O = U?:lAn;i'

5. Show that

and deduce that lim,, o, P, (D, o) = e .

®A fixed point of ¢ is a number k such that ¢(k) = k.

Solution 2.7. 1. We can represent a permutation by a list of n elements: the first
is the image of 1, the second is the image of 2 and so on and so forth. We have

83 = {(1727?))’(17372)7(2’]‘73)7(27371)7(37271)7(37172)}'
We then get
2 1 3 1 0 1
PS(D3,0) = 6 = 5, P3(D3,1) = 6 = 5, P3(D3,2) = 6 =0, P3(D3,3> = 6

2. nl: there are n possible images for 1, n — 1 for 2 (n minus the one that was
picked for 1), n — 2 for 3, and so one and so forth.

3. For 1 <4y < --- < i <n, we have that permutations fixing I = {iy,...,ix} are
in bijection with permutations of ¢ = {1,...,n} \ I: one simply restricts the
first sort of permutation to /¢ to obtain a permutation of the second sort, and
complete a permutation of the second sort by setting it to be the identity on I to



obtain a permutation of the first sort. As there are |I°|! = (n — k)! permutations
of the elements of 1¢, we obtain

n—k)!
Po(Aviy i) = (n=k)!

n!

4. Every permutation that is not a derangement possess at least one fixed point,
so Sy \ Do C U A, Moreover, if ¢ € U, A,;, then there is i, such that
¢ € Ay, so ¢ fixes i, and is therefore not a derangement, so ¢ € S, \ D, 0,
which gives S, \ Dy 0 D UL A,

5. By the complement formula and the previous point,
Po(Dyo) =1—=P(S,\ Dnpo) =1— P(UL; Ayy).

Now, from the Inclusion-Exclusion principle (Lemma ?7?), we obtain

n

P(UL i) = 3 (=DM Y7 Pk Auy)

k=1 1<t << <n

(D > P(Aniri)

1 1<i1 << <n

(1)1 Z (n—k)!

n!
1<i1 < <ipg<n

k=1

M:

i

M-

3

—_

k=1

where we used the third point and the fact that Zl§i1<"‘<ik§n 1= (Z) (the sum
counts the number of ways to pick k elements in {1,...,n}). Plugging this in
the previous display, we obtain

- 1
k=1 ’

Notice that this is the Taylor series of the exponential function truncated at
rank n and evaluated at —1. By convergence of the Taylor series, we obtain the
wanted limit.

Exercise 2.8. Suppose that X : Q@ — R is a random variable such that Image(X) =
{2,5,7}. Let po = P(X = 2), ps = P(X =5), pr = P(X = 7).

1. Show that X is a discrete random variable (i.e.: what set Dx can we take?).
2. What is the value of py + ps + p7 ?

3. Check that the function Py : P(R) — [0, 1] defined in Definition ?? is a proba-
bility measure on R.

As functions of po, ps, p7, what are the values of
4. P(X €[0,6]) 7
5. P(X <3)7



Solution 2.8. Suppose that X :  — R is a random variable such that Image(X) =

1. We can take the set Dx = {2,5,7} as P(X € Image(X)) = 1.
2. We have
p2tps+pr=PX=2)+P(X =5+ P(X=T7)=P(X €{2,57}) =1

3. We have that Px(@) = P(X € @) = 0 and Px(R) = P(X € R) = 1. We
only have to check additivity. Let A, As,--- C R be disjoint. Then, the events
{X € A1}, {X € Ay}, ... are disjoint events (as X : 2 — R is a function). Thus,
as P is a probability measure,

pX( Uist AZ-) _ P(X c u@Ai) - P( Uis1 {X € Ai}>

=Y P(xeA)=) Px(A

i>1 i>1

where we used that an element belong to the union of disjoint sets if and only if
it belongs to exactly one of them.

4. P(X €]0,6]) = P(X €10,6]N{2,5,7}) as P(X € {2,5,7}) = 1. So,
P(X €10,6]) = P(X € {2,5}) = ps + ps.

5. P(X <3) = P(X € (—0,3]) = P(X € (—00,3]N{2,5,7}) as in the previous
point, so P(X < 3) =

Exercise 2.9. Let Q =R, f(z) = 11jp4(z). Let X : R — R be given by X (z) = z?.
1. What is the value of P;(X <4) ? and of P;(X <9) ?

2. Find a density function fx such that Pr(X € A) = [p 1a(x) fx(z)dz
Solution 2.9. 1. We use the definition:

PrX <4)=P({x: X(x) <4}) = Py({x: 2* <4}) = Py([-2,2]) = e =3

as r? < 4 if and only if x € [—2,2]. We proceed similarly to obtain Py(X < 9) =
3

1°

2. Writing the definitions, we want to find fx such that for any set A:

Pi(X €A =P({z: 2° € A}) = /R]lA(xQ)f(x)dx

! / a(?)de = / L4(w) fx (2)da

We can then make the change of variable y = 22 to obtain

i/@ ]lA(ZL‘Q)d{L':i/O Ta(y )# y—i/R]lA(y)]low]( )#dy

We thus find that we can take fx(z) = 1} ¢ (x)#E

8



Exercise 2.10. For each of the following random variable, say whether it is discrete
of continuous.

1. The number of rainy days in Lausanne during March.

2. The volume of rain in Lausanne during March.

3. The number of problems that you will correctly solve during the exam.
4. The number of points that you will get at the exam.

5. The time you will need to complete the exam.

Solution 2.10. 1. A number of days is an integer, in particular, the variable takes
value in (a subset of) a countable set, it is therefore discrete.

2. The volume of rain is a continuous non-negative quantity, it thus takes value in
the whole of [0, +00)] and is thus a continuous random variable.

3. This is again an integer, so discrete RV as in the first point.
4. This is again an integer, so discrete RV as in the first point.

5. This is a continuous random variable (you can take anywhere between 0 and the
max duration of the exam), so continuous random variable.

Exercise 2.11. Let X : 2 — R be a random variable. Compute Fx in each of the
following cases.

1. X is such that P(X = —-1)=P(X =1) =
2. X is such that P(X =3) = 1.

3. X is a continuous random variable with density
fx (@) = 3hp,q(2).
4. X is a continuous random variable with density
fx(x) = Lo o0y (T)e™™.

Associate each of the above with one of the following graphs.

Solution 2.11. 1. We have that P(X € {—1,1}) =1, so,



o fort < —1, P(X <t)=0,
o for -1 <t<1, PIX<t)=P(X =-— ):%7
o fort>1, P(X <t)=P(X e{-1,1}) =

The associated graph is the (b).
2. This is a constant variable, so

o fort <3, P(X <t)=0,
o fort>3 P(X<t)=P(X=3) =1

The associated graph is (d).

3. We can compute:

. Lt 0 ift<O,
P(X <t)= / fx(x)der = Z/ Loa(z)de = ¢ %+ ift €0,4],
- - 1 ift>4

The associated graph is (a).
4. We can compute:
t t
P(X <t) :/ fx(z)dx :/ Lio,400) (z)e ™ "dx
)0 if t <0,
B fote*xdle—e*t ift>0
The associated graph is (c).

*Exercise 2.12. Let X :  — R be arandom variable. Suppose that [Image(X)| < oo,
and that for any = € Image(X), P(X =z) > 0.

1. Show that there is € > 0 such that for any x € Image(X),

P(X=z)=P(X€(z—¢cz+¢).

2. What are the discontinuity points of F'x, the cumulative distribution function of
X7
3. For every = € Image(X), express P(X = ) in terms of Fy.

4. Let Y : 2 — R be a random variable. Suppose that Fy(t) = Fx(t) for every
t € R. Show that for every event A C R,

P(Xe€A) =P € A).

10



Solution 2.12. 1. Forz,y € Image(X), consider the distance between them |z—y|.
If x # vy, |vr—y| > 0. We can take

1
€= 5min{|x —y|: z,y € Image(X), z #y} >0

as it is the minimum of finitely many positive numbers. Indeed, for any = €
Image(X), we have that (x —e, x +¢€) NImage(X) = {z} as the distance between
x and any other points in Image(z) is at least 3e. So,

P(X € (z—€,z+€)) = P(X € (z—¢, z+e)NImage(X)) = P(X € {z}) = P(X =2z).

2. They are precisely Image(X) as for any ¢ ¢ Image(X), Fx(t) = P(X < z(t))
where x(t) is the smallest point in Image(X) which is larger than ¢. In partic-
ular, Fx is constant between two successive points in Image(X), if is therefore
continuous on R\ Image(X). On the other side, if ¢ € Image(X), we have that
for any 0 > 0,

|Fy(t) — Fx(t — 8)| = Fx(t) — Fx(t —0) = P(X <t) — P(X <t —0)
—P(X€e(t—61t)>P(X=t)>0

as we assume the X takes any of its values with strictly positive probability. In
particular, this shows that F'y is not left continuous at ¢.

3. Using the same € as in the first point, we have that
P(X=z)=P(X€(r—er+¢€)=Fx(r+e) — Fx(x—e).
4. Use the same € as in the first point. For any ¢’ € (0, €], we have (recall that by
assumption, Fy = Fx)
PYe(x—€d,x+eé])=F(v+e)—Fy(x—€)=Fx(x+¢€)— Fx(x+¢€)
P(X € (z—€,xz+¢€]).
Letting ¢ — 0, we obtain that for any = € Image(X), P(Y = z) = P(X = z).

In particular,

P(Y €Image(X))= » P =z)= Y PX=z)=1

r€lmage(X) r€lmage(X)

So, Y is a discrete random variable (we can take Dy = Image(X)), and for every
event A C R,

PyeA= Y PY=z= )  PX=z)=PXecA).
z€ANImage(X) z€ANImage(X)

Exercise 2.13. In each of the following situations, give a probability space associated
to the situation (the probability measure does not need to be an explicit one), and
random variables giving the quantities of interest.

1. We test a new model of graphic cards. We have 1000 cards of this model to
perform our test on, and we want to know how likely it is for a card to reach 100
degrees during the test.

2. We pick 100 humans uniformly at random in the population and give them an
IQ test. We wonder how what is the best and worst I(Q amongst them.

11



Solution 2.13. 1. We can take = R!9% each coordinate representing the tem-
perature reached by the corresponding card. The probability measure can be
taken to be a continuous probability measure

1000

P(A) = /: . /: a1, 21000) 1} F(wi)das

where f is some density function on R which is 0 on the negative numbers. The
product structure reflects the fact that the results of the tests are independent,
and the fact that we use the same f for different cards reflects the fact that
they are all of the same model (and so their temperatures share the same law).
We can then take the random variable “average number of cards reaching 100
degrees™

1000

1
X: 00— R, X(l’l, . ,xlgoo) = m Z ]1[1007_,_00) (Il)

=1

2. Denote by Pop the world population (elements of Pop are living individuals).
For i € Pop, let I1Q; denote the IQ of i. Let then IQPop = {(i, IQ;) : i € Pop}.
We can take €2 to be the set of subsets of I[QPop with size 100:

Q={A: AcIQPop, |A| =100}.

The probability measure can then be taken to be the uniform probability measure
on 2: P(A) = |A|/|Q] for any A C Q. The random variables of interest are then

e the maximal IQ of an individual in our sample: for w € €2,
MaxIQ(w) = max{IQ; : (i,1Q;) € w}.
e the minimal 1Q of an individual in our sample: for w € €2,

MinlQ(w) = min{/Q; : (i, 1Q;) € w}.

Exercise 2.14. Let  be a finite realisation set, p : Q — [0, 1] a probability mass
function, and P, the associated probability measure on 2. Let X,Y : 2 — R be two
random variables.

1. Show that for a,b € R, Ep (aX +bY) = aEp,(X) + bEp (V).
2. Show that if X <Y, then Fp (X) < Ep (V).

Solution 2.14. Recall that in the present case,
Ep,(X) =) pw)X(w),

and that the sum is finite.

12



1. For a,b € R,

Ep,(aX +Y) =Y p(w)(aX (w) + bY (w))
weN
=) pW)X(W)+bY_ pw)Y(w) = aBp,(X) +bEp,(Y)

where we used linearity of finite sums.

2. For X <Y,

Ep,(X) =) pw)X(w) <Y pw)Y(w) = Ep,(Y),

weN weN

as a < d and b < U implies a +b < @ + ¥, and p(w)X(w) < p(w)Y (w) as
p(w) > 0 and X (w )gY( ) for all w € Q.

Exercise 2.15. Let X the the random variable which gives the life duration of a
television (in years). Assume that X is a continuous random variable with density
given by
—2/10
fX( ) - ]10-1—00)( )1106 i
1. What is the probability that the television lasts at least 10 years?
2. What is the average time you will be able to keep your television without repairing
it?

Solution 2.15. 1. This is the probability that X > 10, which is given by

+oo
/ Ix (@) 110 400) () dx = 1_0/ e M0dy = [_e_m/m]ﬁ)oo =e
1

0

2. This is given by the expected value of X:

E(X) = / zfx(z)de = & ze” /0y = [ze~®/10)° —|—/ e~/ 0y
- 0

[e's) 0

= [10e~*/"]5> = 10,
where we used integration by part.

Exercise 2.16. A casino wants to offer the following game. The player pays a sum
of money, x CHF, to start playing. The player starts with a Gq = 2 CHF initial gain.
Then, at every step, the player can chose to either take the current gain, or to play a
fair coin toss to double his gain or lose everything. The game stops when the player
choses to exit or loses. Imagine the casino has infinite money, so that the game can
carry on for as long as needed. What is the amount of money z that the player should
pay in order for the casino to not be at lose on average?

Solution 2.16. The casino has to ask for the expected gain of the player in order not
to be at lose on average. The player can chose when to stop: so there is a number N
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(chosen by the player) such that he will stop as soon as he will have won N times (if
he wins that many times at all). For a fixed N, the average gain of the player is

VG2V +0(1 —27) =2

as there is a probability 2= that he will win N consecutive coin flips and 1 — 2=
that he loses before that. So, independently of the value of N, the expected gain is 2,
so the casino should ask to pay at least x = 2 to play the game.

Exercise 2.17. Let f : R? — R be given by

flz,y) = i6_(17—1.7)2/0.086—(y—loo(z_l))2/50
’ 2T .

1. Check that f is a probability density function.®

Let X = (X1,X3) be a continuous random vector with density f. One can think
of X as modelling the height (in meters) and weight (in kilograms) of an individual
in a given population (which “fact” about height and weight is not respected by this
modelling?).

2. What is the density of the random variable X7
3. What is the average height in that population?
4. What is the average weight in that population?

5. What is the probability that an individual taken uniformly at random in the
population is taller that 1.8m. whilst weighting less than 70kg.? (You can answer
with a definite integral, your computer can estimate it later).

“You can use jj;o e~ /2dy = Vv 2m, it will be computed later in the notes.

Solution 2.17. 1. One has that f(z,y) > 0 for all z,y € R. We then need to
check that f integrates to 1.

/OO /OO f(x, y)dyda: _ /OO /oo QLe(:c1.7)2/0.086(leO(xl))2/5Odydx
—00 J —00 —o0 J —o0 4T
1 oo

_ 1 o—(@=1.7)2/0.08 /oo e~ W)?/25 dy'dx

2m o
_ L h e~ @20 9. 4y’ /OO e~ W25 . gy
27T — 00 —00

1 o 2
= %</_OO e*xQ/zdx) =1.

where we changed variables: ' = (y —100(z — 1)) /5, and 2’ = (z — 1.7)/0.2 and
used the indication.
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2. X is the first marginal of X. So, its density is given by

fx(a / £, 9)d

6—(1‘ 1.7)2/0.08 —(y 100(z—1)) /50dy

27T

_ ie—(x—1.7)2/0.08 /Oo W) /25 dy = D o~ (@=1.7)2/0.08

2 oo V2T
where we changed variable to y' = (y — 100(x — 1))/5.

3. The average height in that population is given by the expected value of X; which
is (using the previous point):

xfx, (x)dr = ge~(F1T?/008 4,
. .

24 1.7)e @2y
\/271’/

2e @2y — 1.7
5\/% /_oo

where we changed variable to 2’ = (z — 1.7)/0.2, used the indication, and used
that the integral of an odd function on a symmetric interval is 0.

4. The average weight in that population is given by the expected value of X5 which

1s
/ / nyL“ y dydl'_—/ / ye —(z—1.7) /008 —(y—100(z—1)) /50ddeE

2_ e /2/ (5¢' +100(0.2 - 2’ + 1.7 — 1))e~ @ 2dy da’
™ —00

1 oo (o.9]
= — 6_I2/2 / (5y + 20z + 70)e ¥ 2dydx

2 oo
=70+ —/ e ™ 4 / e~V 2dy =70,
/—27T ) Y
where we changed variable to v/ = (y — 100(z — 1))/5 and 2’ = (x — 1.7)/0.2.

5. This is the probability that X; > 1.8 and that Xy, < 70. This gives the expression

+o00 70
P(X; > 18, Xy <70) = P(X € [1.8, +oo)><(—oo,70]) = / f(x,y)dydx.
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Exercise 2.18. Let X = (X, X3) be a random vector with density

15

fX(xvy) = 31

—Lp1(x) L (y)(z + y)*.

1. What is the density of X7

2. Give a density for the random vector

Y =(Y1,Y,) = (X1 + Xo, X; — Xo).
3. Give a density for the random vector
Z =(Zy,Z2) = (X1 + X2)%, (X1 — X2)?).
Solution 2.18. 1. X is the first marginal of X. Its density is thus given by

+00 +oo
P = [ ity = o) [ oyl + 'y

= St @ | 'y = Fon@[3e+)7; = Srlan@) (1) =)

31
2. We have that
i\ (1 1) /X X\ (12 1/2)\ (Vi
) T\l —1)\x,)’ X)) T \12 —172) \va )
—— ——
=M —M-1

In particular, Corollary 7?7 gives that the density for Y is

15

Fr(y) = fx(M~y)| det(M™1)] = %fx(Wa “5%) = G lon ("3

2) Lo (1522 i

3. We have that
Z = (Y2,Y9).

So, considering ¢ : R, xR — R, xR, p(x,y) = (2%,9%), we have Z = o(Y) and

w_l(xvy) = (\/5’ y1/3)7 D¢($,y) = (2(.)%. 322) .

So, det D, (z,y) = 6zy?, and thus Corollary ?? gives that the density for Z is

1
_ 1/3
fZ(xvy) fY(\/Evy )|det D@(\/E, yl/g)‘
1 15 1/3
\f
6‘\/—y2/3’62]l[0 1](

5a3/?

= WE[O,Q](\/E+ Y ) 1o (Ve —y'?).

)1, ](ﬁ_zyl/g)fUQ
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Exercise 2.19. Let X be a continuous random variable with density fx. In each of
the following cases, compute the density fy of Y = g(X).

L fx(z) = ﬂ(1+w2 and g(z) = .
2. fx(z) =L 1o0)(x)e ™ and g(z) = 2522
3. fx(z) = %]l[o,ﬂ/z](x) and g(z) = sin(z).
Solution 2.19. In each case, we apply Corollary 77 with ¢ = g.

1. We have U =R, V =R, ¢(x) = 23, ¢~ }(x) = 2'/3, and thus

1 1
Jria) = 3|x|?/3 (1 4 a?/3)

2. We have U = (0, +00), V = (0, +00), ¢(z) = 2522, "' (z) = L2'/2, and thus

1 —Vxz/5
fy(z) = W1[0,+oo)($)€ Ve,

3. We have U = (0,7/2), V = (0,1), o(x) = sin(z), ¢~ (x) = arcsin(x), and thus
fy(x) = | arcsin’(z)| 2]1 (arcsin(z)) = ! 2]1 (x)
Y - T [0,71’/2] - mﬂ_ [071] .
Exercise 2.20. Compute the first three moments of the random variable X in each
of the following cases.

1. X is a continuous random variable with density fx(z) = %1p,10)(2)25.

2. X is a discrete random variable with P(X = —-1) = P(X =4+2)=P(X =0) =
1

5.
3. X is a discrete random variable with P(X = —1) = P(X = +1) = 3

4. X is a continuous random variable with fy(z) = le~Il,

Solution 2.20. The transfer theorem (Theorem ?7) gives that the pth moment of a
continuous random variable X is given by

E(X?) = /_Z fx(x)aPde,

and similarly for discrete random variables.

1. We have that the first moment of X is

* 9 9 [11 9
1

[e.9]



And the third moment is

< 39 1 9 [ 999
E(Xg) = / $31—1[1,10}($)—2d$ = —/ zdr = ——.
oo 0 T 1

a continuous random variable with density fx () = $51p1,10/(2) 5.
2. We have that P(X € {—1,0,2}) =1 so,

E(X)=(-1)-P(X ==1)+0-P(X = 0)+2P(X =2) = 3(-1+0+2) =
E(X?) = (-1 P(X=-1)40*-P(X =0)+2°P(X =2) = 3(1+0+4) =
B(X*) = (-1 P(X ==1)+0*- P(X =0) + 2°P(X =2) = 3(-1+ 0 +8)

3. We have that P(X € {—1,1}) =1 so,

EX)=1-P(X=1)-1-PX=-1)=1-1=0,
EX*)=1*PX=1)+(-1)*PX=-1)=1+1=1
EX*)=1"PX=1)+(-1°-PX=-1)=3-1=0.

4. First note that as x%e*m and x?’%e*‘m' are odd functions, we have E(X) =
E(X?) = 0. Let us finally compute the second moment of X.

+00 1 400 400
E<X2) = / x2fX($)dCL’ = —/ e 1Pldy = / e dx
- — 0

o0 2 o0

+00 +oo
= [—2%e 7| + 2/ xe tdr = 2[—xe "|° + 2/ e Tdr = 2[—e "] = 2.
0 0
Exercise 2.21. Let X : 2 — R be a random variable. Show that if there is 6 > 0
such that E(e’X) < oo, then, for any p € N,
E(|XP) < co.
Can you find explicit bounds on E(|X|?) depending on p and C = E(?X1)?

Solution 2.21. Let C' = E(e’X) < co. We have that for any x > 0, and any p € N,

— n! p.
So, for p € N, X1 > w. In particular,
p!
oP| X|P oP
€ =B > B(= ) = E(XP)

So,
E(|X|P) < Cplo™? < oo.
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Exercise 2.22. 1. Let 2 be a finite set. Let P be the uniform probability measure
on €2, and let A C 2 be non-empty. Show that P( | A) can be seen as the uniform
probability measure on A (i.e.: for every B C A, P(B|A) = |B|/|A]).

2. Let P be the law of a fair (6 faces) dice roll. Let even be the event that we
obtain a face with an even number of points. What is the probability mass
function associated to P(|even)?

Solution 2.22. 1. Let B C A C 2. We have that the probability of B under
P( | A) is (using the definition):
P(BNA) |BNAl-Q |B|

PBIY="p@ = oAl [

as we have B C A,so BNA=B.

2. Our realisation set is Q = {F, Fy, ..., Fs} (F; stands for “face with ¢ points”). We
then compute the probability of each realisation in €2 under P(|even): recalling
that even = {Fy, Fy, Fg},

P({F;}|even) =

12
P(even)

P({F;} Neven) B U8 if i is even,
o ifdis odd.

So, the probability mass function

if 7 is even,

1
F)=14?
p(F) {o if 7 is odd,

is the probability mass function associated to the probability measure P( |even).

Exercise 2.23. Nicole would like to go to the hairdresser, but she can’t decide between
hairdresser A and hairdresser B. So she roll a fair 6-faces dice: if she obtains a 5 or
a 6, she goes to hairdresser A, and if she obtains a 1,2,3, or 4 she goes to hairdresser
B. Suppose that the waiting time (in minutes) is random and is a uniform random
variable on [0, 30] for hairdresser A, and that it is a uniform random variable on [0, 20]
for hairdresser B. The following questions are independent of each others.

1. Nicole obtains a 5. What is the probability that she waits at least 25 minutes?
2. What is the probability that she waits at least 15 minutes?

3. Nicole waited for at least 15 minutes. What is the probability that she rolled a
47

Solution 2.23. Denote T' the time that Nicole waits, H4 the event that she goes to
hairdresser A, Hp the event that she goes to hairdresser B, and D the result of the
dice. From the pieces of information we have, we get

P(Hs) = P(D € {5,6}) = %, P(Hg) = P(D € {1,2,3,4}) = &,

30 20
E(T|Hy) :/ Ladr =15, E(T|Hp) :/ Lade = 10.
0 0
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1. We want to compute P(T > 25| D = 5). Conditionally on Hyu, T is a uniform
random variable on [0, 30], so using that {D =5} C Ha,

30 30
P(T >25|D=5)=P(T >25|D =5, H,) :/ 35125 400) (¥)dr = 55 [ do = ¢.
0 25

2. As HynN Hg = @ (Nicole goes to at most one of the two hairdresser), we have
1g,+1g, <1. On the other hand, she goes to at least one the two so HyUHp =
Q, and ]lHA + ]lHB >1. So, 1= ]lHA + ]lHB7 and thus

P(T > 15) = E(Lirs15y(L, + 1uy,))
= P(T > 15,Hy) + P(T > 15, Hp)
=P(I'> 15| Ha)P(Ha) + P(T' > 15| Hp)P(Hp)

30 20
= %/0 %1[157+m)(x)dx+%/0 %1[15,+00)(x)dx

Wl
8lo
+
wiN
8ler
Il
W=

3. We use the definition of conditional probability twice:

P(T>15D =4
P(D=4|T >15) = (T 2 15 )

P(T > 15)
_ P(T>15|D=4)P(D = 4)
B P(T > 15)
1/6 1 [ 1
= P =15 D = 4. Hp) = 3] i@ = ¢
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*Exercise 2.24 (The two envelopes problem). The problem is a famous seemingly
paradoxical situation. It goes as follows.

magine you are given two identical envelopes, each containing money. One
contains twice as much as the other. You may pick one envelope and
keep the money it contains. Having chosen an envelope at will, but before
inspecting it, you are given the chance to switch envelopes. Should you
switch?

(D)
The two contradictory conclusions are

1. The situation is obviously symmetric, so it does not matter whether you switch
or not. Formally, let z,2x be the money in the two envelopes, and S be the
money in the first envelope you pick. Then, one the one hand, if you keep your
envelope, you have an expected gain of

3
20P(S =2x)+2P(S=1x) = 5%
as, by symmetry, P(S = 2z) = P(S = x) = 1/2. On the other hand, if you
switch, you have an expected gain of

zP(S =2z)+2sP(S=1) = ;:1:

2. You should always switch as, given the money in the envelope you have, you can
double the sum with probability 1/2 or divide it by two with probability 1/2,
which has higher average gain than the number you see. More formally, let A be
the money in the first envelope you pick. Then, the other envelope contains either
2A or A/2 each with probability 1/2, so you gain A if you keep your envelope,

but on average you gain

1A 1. 5
“2 4 coa=24>4
22 T34 T 107

if you switch.

Which one of the two reasoning is incorrect? can you spot why?

Solution 2.24. The second reasoning is incorrect. The problem lies in the modeli-
sation step: in the first case, we define everything from the start by fixing the total
amount of money in the two envelopes. The second reasoning assumes that the amount
is random (which can sound reasonable as we do not know how much money there is
in total). Letting A be the amount in the envelope you first pick, the second reasoning
gives the money distributions (A,2A) and (A, A/2) to be equally likely. But we do not
know which envelop we picked, so if we assume that these two situations are equally
likely, we picked the envelop containing 2A with probability }l = % . % (proba % of
picking situation (A,2A) times proba % of picking the envelop containing A)... which
is a contradiction with the fact that A was the amount of money in the envelop you
picked from the start, so that you should have a probability 1 of picking an envelop

containing A.
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The only value of A not leading to a contradiction is A = 0, which is the only value
of the total money for which the two reasoning give the same solution!

Exercise 2.25. A communication system is composed of n components. Each com-
ponents works with probability p, independently of the others.

1.

What is the law of the random variable X which gives the number of working
components? (i.e.: give P(X = z) for all x).

For the system to work properly, we need that at least half of the components
are working. For which values of p does a system with 5 components has bigger
chances of working that a system with 3 components?

Solution 2.25. 1. Let Yi,...,Y,, be the random variables corresponding to the

status of each components: Y; = 1 is component i is working, and Y; = 0 else.
As the components are all independent from the others, for any €, ... ¢, € {0,1},

PYi=e,..Y,=c)=][[PVi=e)=[[p"(1—p)'
=1

i=1

In particular, for any sequence €1, ..., €, € {0,1} containing exactly k 1’s,
PYi=¢e,...Y,=¢)=p"(1—p""

Then, we have that the number of working component is given by X = >"" | Y; €

{0,1...,n}. The probability of X = k is then given by the probability that

exactly k of the Y;’s are 1. There are (:) possibilities for choosing which of the

Y;’s give 1, and by the previous computation, the probability of each choice is

PH(1—p)"F, s

P(X = k) = 1,...n} (F) (Z)p'“(l —p)" "

This is a Binomial distribution.

. The probability of working for the 3 components system is

(;)ﬁ(l —p)+ (g)p?’ =3p*(1 —p) +p’.

The probability of working for the 5 components system is

(g)pg(l -p)°+ (i)ﬁ(l -p)+ (2)195 = 10p*(1 — p)? + 5p*(1 — p) + p".
We thus want to find for which values of p we have
10p*(1 — p)* 4+ 5p*(1 — p) +p° > 3p*(1 — p) + p
= (1-p)(10p(1 —p) +5p* =3) +p° —p >0
<= (1-p)(10p(1 —p) +5p* = 3) +p(p* —1) > 0
<~ (1—=p)(10p(1 —p) +5p* = 3) —p(1 —p)(p+1) >0
< 10p(1 —p)+5p° =3 —p(p+1) >0
= Ip—6p*—3>0
— 3p—2p"—1>0.
As 3p —2p? — 1= (2p — 1)(1 — p), the last condition is equivalent to p > 1/2.
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Exercise 2.26. Bob has an appointment with the dentist at 10:00. The waiting
time between the appointment time and the actual moment Bob will be able to see
the dentist is random and assumed to be a continuous random variable with density
f(z) = cljg+o0)(x)e”** for some ¢ > 0. The time the meeting takes is independent of
the waiting time, and is uniformly distributed on [5, 15].

1. What is the value of ¢?
2. What is the density of the meeting duration?

3. On average, at what time will Bob get out of the dentist office?

At 10:20, a gas leak in the building of the dentist office kills everyone in the office.
4. What is the probability that Bob survives?
Solution 2.26. Denote W the time Bob waits and 7" the time duration of the meeting.

1. f has to be a density function, so f(z) should be non-negative, so ¢ > 0. Then,
f must integrate to 1, which implies

+00 oo
cl= / Lo, 400)(T)e ¥ dx = / e *dy = [ — %e_%]go =3
- 0

o0

so ¢ = 2.

2. The meeting duration is uniform over [5, 15], so a density for the meeting duration
T is ]

fr(z) = 1—0]1[5,15](56)

as the length of [5, 15] is 10.
3. It is given by the expectation of W + T,

“+oo —+00

EW+T)=EW)+ E(T) = / zf(z)dx +/ zfr(z)d

—00 —00

+oo 1 15 1
= 2/0 xe 2 dx + 0 i zdr = 3 + 10 = 10.5.

4. To survive, Bob must leave the dentist office before 10:20, which is equivalent to
say that the waiting time + meeting time should be less than 20. We thus want
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to compute P(W + T < 20).

“+o0o “+oo
P(W +T < 20) = / duw / 4t (w) o (E) Lo a0y (w + 1)

N
10 dw/ dte” w 020)(’(1) + t)
15 +oo
= — dt/ [—£,20—¢) (w)
_2 [Ty /
1
L dt —2(20 t)
10 (1- )
6—40 15
-1-— dte?
0,
e 101
=1- 1—05(630 —e') =1— %" — e ) ~ 0.99995.

Exercise 2.27. Let P be the uniform probability measure on {1,2,3,4}. Define the
events

A={1,2}, B={13}, C={2,3}.

1. Show that A and B are independent, that A and C are independent, and that B
and C' are independent.

2. Show that P(ANBNC) # P(A)P(B)P(C). Are A, B, C forming an independent
family?

3. Based on the two previous points, construct three random variables X, X5, X3
that are two-by-two independent but that do not form an independent family.

Solution 2.27. 1. We have P(A) = P(B) = P(C) = 2 = 1. Then,
P(ANB) = P{1}) = L= -1 = P(A)P(B)
P(ANC) = P({2) = =} 1 = PP
P(BNC) = P(3)) =1 =1L = P(B)P
2. We have
PIANBNC) = P(@)=0#1=1-1-1 = P(APB)P(O)

so A, B, C are not forming an independent family.

3. We can take the random variables

Xl = ]lAa X2 = ]137 X3 = ]lC'-
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Exercise 2.28. 1. Let X,Y : Q — R be two independent random variables. Show
that

Mx. vy (t) = Mx(t) My (t).

2. Letn > 2, let Xq,..., X, : Q2 — R be an independent family of random variables.
Show that

My x,(t) = H My, (1).

Solution 2.28. 1. As XY are independent, E(f(X)g(Y)) = E(f(X))E(g(Y)) for
any functions f,g. Applying this with f(x) = g(z) = '*, we get

Mx .,y (t) = E(eXY = B(eXte¥t) = BE(eX)E(e¥!) = Mx (t) My (t).

2. Same reasoning as in the previous point using the “expectation of product of
functions” definition of being an independent family.

Exercise 2.29. 1. Let X,Y : Q2 — R be two independent random variables. Show
that

P(max(X,Y) <t) = Fx(t)Fy(t).

2. Letn > 2 let Xq,..., X, : Q = R be an independent family of random variables.
Show that

=1

Solution 2.29. 1. As X, Y areindependent P(X € A,Y € B)=P(X € A)P(Y €
B) for any A, B C R. In particular,

P(max(X,Y) <t) =P(X <t,Y <t)=P(X <t)P(Y < t) = Fx(t)Fy(t).

2. We use the same reasoning as in the previous point: as Xi,..., X, form an
independent family, P(X; € Ay,...,X,, € A,) = P(X; € A))...P(X, € A,)
for any Ay,..., A, C R. In particular,

P( max X; <t)=P(X; <t,Xo<t,.... X, <t)

i=1,...,

= P(X; <t)P(Xy <t)...P(X, < 1) = ﬁFXi(t).

i=1
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Exercise 2.30. Three teams, numbered 1, 2,3 are handling customer service. They
all have different efficiency. We suppose that the treatment time (in hours) of team ¢
to a given customer request is a continuous random variable 7T; with density

fru(2) = Lpp400)(2)e ™, fr(@) = 2Lpp1o0)(2)e™™, fr(2) = Lo 400) (2)e ™",

When a customer submits a request, it is assigned uniformly at random to one of the
three teams. You submit a request to customer service. Denote X the random variable
corresponding to the time that your request takes to be treated.

1. What is the expected value of X7
2. What is the probability that X is less than 17
You now have waited for an hour and your request has not yet been treated.
3. What is the probability that the team assigned to your request is team 17 team

27 teams 37

Solution 2.30. Let us first compute the expected treatment time of team i € {1,2, 3}.
It is given by

E(T;) = z/ xe Cdr = -.
0

]

Let U be a uniform random variable on {1,2, 3} independent of 71, T3, T3, which rep-
resent the team assigned to the request. We then have that X = Ty.

1. Using the formula of total probability (total expectation in this case), we get
3
E(X)=E(Ty) =Y E(T;|U =i)P(U =),
i=1
Then, we know that P(U = i) = 1/3 for i = 1,2, 3, and that T} is independent

of U, so

. BT1nU)  E(T)EyU)  ET)PU=1) -
ELIU=0="p0=0) = po=0 ~ PU=n CT=

Putting things together,
poytion
i 3

2. Using the formula of total probability, we get

P(Xgl):P(TUg1):23:P(TZ-§1\U:i)P(U:i).

=1

As in the previous point, T; being independent from U gives that
1
P(T; <1|U=14)=P(T; <1) = 2/ ey =[—e "y =1—e"".
0
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So, putting things together,

3

PX<1)=) (1—e7)-

=1

=1—2(e"+e?+e )~ 08157

W =

3. We know that X > 1 and we want to know the probability that U = i for
i €{1,2,3}. So, we want to compute P(U =i|X > 1). Using Bayes formula,

P(X >1|U =4)P(U =)
P(X >1)
_ P(T;>1|U=4)3  P(T;>1)
T 1-P(X<1) el4e?24es

PU=i|X>1)=

where we used the previous point, that under the event U =1, X =Ty =T,

and that T; and U are independent. Now, using the computation of the previous

point, ‘ _
PT,>1)=1-PT;<1)=1—-1+4+e"'=€".

So,

—1

e

PU=ilX>1)= 55—

Exercise 2.31. Let X be a discrete random variable with P(X = —1) = P(X =
3) = 1, and P(X = 0) = 5. Let Y be a continuous random variable with density
fr (@) = 1y 100y () (xf +. Finally, let Z be a discrete random variable with P(Z =
0)=P(Z=1) =3
random variable

)
Suppose that X,Y, Z form an independent family. Define the

W =2ZX + (1 - 2)Y.
Compute E(WW).

Solution 2.31. Note that W is neither discrete nor continuous. Nevertheless, using
the formula of total probability (total expectation in this case),

EW)=EZX+(1-2)Y)=P(Z=1)E(X|Z=1)+P(Z=0)E(Y|Z=0)

=lEMU+lE@3=l<l%—n+i~3+l-0+/%m—§£—d@
2 2 2 4 4 2 0 ($+1>4

1/, [T 1 1
= — | = ‘d):—’
2<?+A @+137) 72

as Z is independent from X,Y.
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Exercise 2.32. Suppose that we have two identical bags contain each 30 marbles. In
one of the bag (bag 1), there are 10 red, 10 green, and 10 blue marbles. In the other
one (bag 2), there are 3 red, 8 green, and 19 blue. You chose one of the bags uniformly
at random and start drawing marbles out of the bag, one by one without putting them
back in the bag. The first marble you pick is blue.

1. What is the probability that you chose bag 17

2. What is the probability that the next marble you pick is red?
You draw a second marble. It is again blue.

3. What is now the probability that you chose bag 17

4. What is now the probability that the next marble you pick is red?
Based on the first two draws, you evaluate that the bag you picked is bag 2.

5. What is the probability that your evaluation of picking bag 2 is correct?
You draw a third marble. It is red.

6. What is now the probability that your evaluation of picking bag 2 is correct?

Solution 2.32. Denote Bag the bag that you pick. Denote My, M, ... the colours of
the marble that you pick first, second,...

1. We know that M; = blue, we thus want to compute P(Bag = 1| M; = blue).
We first compute

P(M, =blue|Bag =1) = 53, P(M; = blue|Bag = 2) = 2.
So, using Bayes’ law, and the formula of total probability,

P(M; = blue |Bag = 1)P(Bag = 1)
P(M; = blue)
P(M; = blue |Bag = 1)P(Bag = 1)
P(M; = blue |Bag = 1)P(Bag = 1) + P(M; = blue| Bag = 2) P(Bag = 2)
3 10

0 , 19 90
3 T 30 29

P(Bag = 1| M; = blue) =

as P(Bag =1) = P(Bag=2) =1/2.
2. We use the formula of total probability:

P(Mjy = red | M; = blue) = P(M; = red | M; = blue, Bag = 1)P(Bag = 1| M; = blue)
+ P(Ms = red | M, = blue, Bag = 2) P(Bag = 2| M; = blue).

Now, using the first point,
P(Bag = 1| M; = blue) = 1

299

P(Bag = 2| M; = blue) =1 — P(Bag = 1| M; = blue) = 3.
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Moreover, counting the balls of each colour in each bags, we have
P(My =red | M; = blue, Bag =1) = =¢
P(M, = red | M; = blue, Bag = 2) = 2
So,
P(M, = red | My = blue) = 5 E+ 2.1 _ 157

29 20 29 841

3. We now know M; = My = blue. We proceed as in the first point: we first
compute

P<M1 - M2 blue | B&g = 1) 30- 2997 P(Ml M2 blue | Bag = 2) = %

Then, using Bayes’ law, the formula of total probability, and P(Bag = 1)
P(Bag =2)=1/2,

P(Bag = 1| My = M; = blue)

B P(M; = My = blue|Bag = 1)

- P(M; = M, = blue|Bag = 1) + P(M; = M, = blue| Bag = 2)

109
— 30-29 _ 45
— 109 19-18
3029 + 30-29 216

4. We proceed as in the second point: using the third point,
P(Bag = 1| M, = My = blue) = 2

2167
P(Bag:2|M1:M2 blue>_ —%—%

Moreover, counting the balls of each colour in each bags, we have

P(M; = red | M, = M, = blue, Bag = 1) =
P(Mj3 =red | M; = M, = blue, Bag = 2) =

28 )
28

So, by the formula of total probability (as in the second point)

— _ _ __ 10 45 3 171 963  __ 107
P(M3—red|M1—M2—blue)—%'m—'—%'m—28.216 ﬁN016

5. This probability is the probability that you picked bag 2 given what you already
saw: that is M; = My = blue. From the computations of the previous point,
this probability is equal to

P(Bag = 2| M; = M, = blue) = £ ~ 0.79.

6. This probability is the probability that you picked bag 2 given that M; = M, =
blue and that Mz = red. This is given by (again using Bayes’ law)
P(Bag = 2| My = My = blue, M3 = red)
_ P(Mj3 =red| M, = M, = blue, Bag = 2) P(Bag = 2| M; = M = blue)
B P(M3 = red | M, = M, = blue)

3171

_ 28216 _ 57

= Yo7 = 157 ~ 0.53,
672

where we used the quantities computed at the fourth point.
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Exercise 2.33. Let X,Y : Q — R be two random variables such that P(X € {0,1}) =
P(Y €{0,1}) = 1. Suppose that

Cov(X,Y)=0.
1. Show that for any a,b € {0,1}, P(X =a,Y =b) = P(X =a)P(Y =0).

2. Using the first point, show that for any events A, B C R, P(X € A,Y € B) =
P(X € A)P(Y € B).

Hint: what is P(X € (AN{0,1}))?
Solution 2.33. 1. We have that for any x,y € {0, 1},

1 ifzx=y,

2oy —x—y+1=
Y Y {0 else.

So, for any a,b € {0, 1},

P(X =a,Y =b) — P(X =a)P(Y =)

=E((2aX — X —a+1)(20Y =Y —b+1))
—E(2aX - X —a+1)E(20Y —=Y —b+1)

— B(XY)(2a —1)(2b—1) + E(X)(2a —1)(b—1) + (1 — a) E(Y)(2b — 1)
+(1-a)(1-b)—EX)EY)2a—-1)(20—1)— E(X)(2a —1)(b— 1)
—(1—a)E(Y)(20—1)— (1 —a)(1—0b)

= (2a —1)(2b — 1)Cov(X,Y) = 0

where we used that P(X € {0,1}) = P(Y € {0,1}) = 1.

2. AsP(X €{0,1}) =1= P(Y € {0,1}), we have that (X,Y) is a discrete random
vector with P((X, Y) €0, 1}2) = 1. So, for any A, B C R

P(X € AY € B)
= P(X =0,Y =0)14x5(0,0) + P(X =1,Y = 0)1 4.5(1,0)
+P(X=0,Y =1)1axp(0,1)+P(X =1V = Dlap(1,1)
D15(0)
= Dla(1)15(1)

=P(X=0)PY =0)14(0)15(0)+P(X =1)P(Y = 0)]1A(
+P(X =0)P(Y =1)140)15(1) + P(X =1)P(Y
=P(X € A)P(Y € B).

by the first point.
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Exercise 2.34. Let (X,Y) and (X',Y’) be two independent vector such that
(X,Y) haw (X', Y’). Show the following points.

1. Var(X) = E(X?) — E(X)? = 1E((X — X")?) = Cov(X, X);

[N}

. Cov(X,Y) = E(X — E(X))(Y — B(Y)));

Lo

. 2Cov(X,Y) = E((X = X')(Y = Y"));

4. Cov(X,Y) = Cov(Y, X);

5. Cov(aX,bY) = abCov(X,Y);

6. Cov(X,Y + Z) = Cov(X,Y) + Cov(X, Z).

Solution 2.34. We detail the calculations of the first point, the others follow the
exact same scheme: expand, use linearity, re-combine. First, expanding the square
and using linearity of the expectation,

Var(X) = E((X — BE(X))?) = B(X? — 2X E(X) + E(X)?)
= E(X?) - 2B(X)*+ E(X)* = BE(X?) — E(X)*.

Then, using the definition,
Cov(X, X) = E((Xp(X))(X - E(X))) = E((Xp(X))?) = Var(X).
Finally, as X, X’ are independent,

E((X - X')?) = E(X*-2XX'+(X')*) = B(X?
=2BE(X?) - 2E(X)E(X') =

/[:_’)\\_/
&
>

as X "2 X' implies that E(X) = E(X’), and E(X?) = E((X")?).

Exercise 2.35. In each of the following cases, compute the covariance between X and
Y.

1. The random vector (X,Y) is a discrete random vector with

P((X,Y)=(2,1) =1 P(X,Y)=(1,0) =3 P(X,Y)=(0,0)=1.

2. The random vector (X,Y) is a discrete random vector with

P((X,Y)=(0,1) =%, P(X,Y)=(23) =%, P((X,Y)=(55) =+,

157 152

P((X,Y)=(1,0) =2, P((X,Y)=(0,0))=%.

3. The random vector (X,Y) is a continuous random vector with density

f(x,y)( Y) (150 )( ) (1+ )(y)(x+y)5
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Solution 2.35. 1. We compute
E(X)=2-P((X,Y)=(2,1)) + 1 P((X Y) = (1,0)
EY)=1-P((X,Y)=(2 1)) +0- P(

Thus,
Cov(X,Y)=E(XY)-EX)E(Y)=4-1-7=1.

2. Proceed as in the previous point:

EX)=0-++2-£+4+5-2+1-2+0- 1= =2,

B =1+ #3450 40 & 400 =,
1 7 4 2 1 142
B(XY)=0-%+6-L+25-44+0-240-& =142

Thus,
Cov(X,Y) = E(XY) - E(X)E(Y) =42 - 2 -5 = 3.

3. We note that f(xy) is invariant under the exchange of .y, for (X, Y)
and thus X "2 Y, so E(X) = E(Y). We then compute

E(X) = 96/ dx/ dy x—l—y
96 [
= d
4/ xm—I—l

96 W
= 3(:r+1 ! x(x+ 1)3)

4
96
z&+ﬁ)

E(XY) —96/ dx/ dy =5
+Z/

by successive integration by parts (or asking WolframAlpha) Thus,
Cov(X,Y)=EXY)-EX)E(Y)=5-2-2=1.

Also,

= (Y, X)

Exercise 2.36. We do a study on the processors produced by a small firm. We study
the price and durability of each models. The firm proposes three models, and the

observed data are given in the following table.

Model | Price | Average lifetime | Number produced
A 537 5.6 135k
B 425 6 208k
C 368 3.7 67k

We pick a processor produced by this firm uniformly at random, what is the covariance

between its price and average lifetime?
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Solution 2.36. Let us formalize the situation. Given the numbers, the picked proces-
sor model is A with probability %, B with probability %, and C with probability %.
In particular, writing X for the price of the picked processor and Y for its expected

lifetime, we have that (X,Y) is a discrete random vector with

135 208
P((X,Y) = (537,5.6)) = 10 P((X, Y); (425,6)) = 110’
P((X,Y) = (368,3.7)) = o
In particular, we have:
1 2 185551
E(X) = 537 - 4—?;3; 425 -510%5 + 368 - éf;T?O :2221?5905 ,
e 5-163'5@ . @); *m g%w 10275992
E(XY) = 53756 =5 +425-6- =5 +368 3.7 oo = —oo—

So,

10275992 185551 22519
Cov(X.Y) = B(XY) ~ E(X)E(Y) = — 005 — — o oo

Exercise 2.37. Associate each of the values of pxy to a graph of samples from (X,Y).

~ 20.66.

(A) PXYy = 0.66, (B) PXy — 0, (C) PXYy = 1.

. O g ‘ ‘ ‘ . 4 °
2 . ]
S e, e 6
e ® 8 3
1 I & V4
® o ® 4 o °
. O J ‘o
0 : e 2
° . . o D) &L s
% o / 4
L]
1} T . 0 s 1 A
‘ L]
L) L]
P S . S S i
L& | 0L o e® |
-2 -1 0 1 2 -2 —1 0 1 2 0 1 2 3 4

Solution 2.37. (A) with (c), (B) with (a), and (C) with (b).

Exercise 2.38. Compute pxy in each of the following situations.

1. Y =aX + b for some a,b € R with a # 0.

2. X is a continuous random variable with density fx(z) = Ljpq(z), and ¥V =
Ljo,1/21(X).

3. U,V are two independent continuous random variables with density f(z) =
Lpy(z). X, Y aregiven by X =U +V, Y =UV.

4. X is a continuous random variable with density fx(z) = 31 3(2), and ¥ = X2

5. (X,Y) is a continuous random vector with density f(x,y)(z,y) = e V¥,
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Solution 2.38. In each cases, we need to compute the covariance between X and Y

as well as the variance of X and of Y.

1. We have
Cov(X,Y) = Cov(X,aX + b) = aVar(X),
Var(Y) = Var(aX + b) = a*Var(X).
Thus,
~ Cov(X)Y)  aVar(X)
Py = \/Var(X)Var(Y) B \/a*Var(X)? a
2. We have

E(X)=3 EY)=PX<1/2) =3,
Cov(X,Y)=1-1.1-_1

Var(X) = BE(X?) — E(X)* = /01 dr—1=1-1=21
Var(Y) = E(Y*) - E(Y) = E(Y) — E(Y)?

as Y2 = 1[071/2] (X) . 11[0,1/2] (X) =Y. Thus,
pxy = —E= = [ =
3. We have
EU)=E(V)=1 EU?=EV?) = /lxgdx =1,
Cov(X,Y) = Cov(U + V,UV) = Cov(U,UV) + Cov(V,UV)
2E(U*V) —2E(U)E(UV)=2E(U*)E(V) - 2E(U)’E(V) =3 — 1 = 15,

Var( ) = Var(U + V) = Var(U) + Var(V) + Cov(U,V) = 2(E(U*) — E(U)?) = &

E{UV)?=E{U*)E(V?) - E(U’E(V)’ = § -

Var(Y) = Var(UV) = BE(U*V?) —
s U,V are independent and 1dentlcally distributed. Thus,

6144 _
PXYy = 7144 :
\/ 144

4. We have
E(X)=3, EY)=EX?=3 EXY)=EX 3)—24—7,
Cov(X,Y) = E(XY) - E(X)BE(Y)=2 - 3.

Var(X) = E(X?) - B(X)* =3,

Var(Y)=E(Y?) - E(Y) =% -9 =

Thus,

= [©

PXy =



5. As fix vy (@, y) = fixy)(y, ), we have (X,Y) haw (Y, X) and in particular, X haw

Y. Moreover, fixyy(—z,y) = fixy)(z,y) for every y, thus z — zfxyvy(z,y) is
an odd function so

1
E(X)=EY)= g/Rd:c/Rdyevx”y% =0,

and

1
E(XY)=— [ de | dye V¥ zy =0.
2 Jr R

Thus, Cov(X,Y) =0, and pxy = 0.

Exercise 2.39. 1. Prove Lemma 77.

2. Let X ~ Bin(n,p). Show that
E(X) =np, Var(X)=np(l-p), E(¥)=(1+p("-1)"
for any t € R.

Solution 2.39. 1. As the X;’s only take values in {0,1}, the variable Y = 3" |
only takes values in {0,1,...,n}. We just need to check that for any k €
{0,1,....n}, P(Y = k) = (})p"(1 — p)"*. Now, for any set I C {1,...,n}
with |I| = k, we have

P(Nier {Xi =1} Mjere{X; = 0}) = [[ P =1) - [[ P(X; =0)

icl jele
=Pl —p) M = pF(1 —p)"F,

where we used independence between the X;’s. Now, the event Y = £k is the event
that there is exactly one set I C {1,...,n} with |I| = k such that (N {X; =
1}) N (Njere{X; = 0}) occurs. The probability this event for a given I is p*(1 —

p)"* as computed previously, and there are (Z) subsets of {1,...,n} with size
k, so
LAWY n—k
Py =1 = ()t -
as wanted.
2. We can use the previous point. Let Xi,..., X, be ii.d. random variables with

X, ~ Bern(p). By the previous point, X Lo > X, so

E(X) = E(iX) = iE(Xi) = ip= np,

where we used the properties of Bernoulli random variables. Also,

Var(X) = Var(ZXZ) = Z Cov(X;, X;) = ZVar(Xi) =np(1l —p),

4,j=1
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where we used that the X;’s are independent in the third equality, and where
we again used the properties of Bernoulli random variables in the last equality.
Finally,

E(etx):E(exp<tiXi>> :E<ﬁetxi> HE Xy = (14 plef — 1))

where we used that the X;’s are independent in the third equality, and where we
again used the properties of Bernoulli random variables in the last equality.

Exercise 2.40. Let X ~ Geo(p).

1. Show that

2. Show that

B(e!X) = % for t < |In(1 — p)|,
+00 for ¢ > |In(1 — p)|.

3. Show Lemma ?77.

Solution 2.40. 1. We first compute E(X):

=Y p(1=p)"'n=p> 2" 'n
n=1 n=1

d 1

drl—=x

d <~ ,
B 1
:z:lp (1-1’)21:

r=1-p

1 1
1-p p p

=P

Then, we compute the second moment E(X?): using the computation of the
expectation, we have

n12 Zpl_ n1n+ Zpl_

1
)" 'n n+1)—2—9—p2x" "n(n+1)

n=1 e=l=p P
P & 1 & oz 1
_pd$2;xn+lx:l—p_p_pd.%Ql—iUxlp_]_?
p 1 2 1 2-p
POl TR T T R
as
& =z d 1 x 1 1 2x 2
@1—95:%(1_:5*(1_;5)2):(1_:1;)2*(1_3;)2*(1—9@)3:(1—93)3'

The variance is then given by

Var(X) = B(X?) - B(X)? = =2 - — =




2. For t > |In(1 — p)| = —In(1 — p), we have

E Xy (1 — n—l - p —In(1-p)n 1 — p)"
(e) ;6 p(1—p) _—1_pn:16 (I-p)
P — _ P —
(I RIU R SR A LR
1 P n=1 ( 1 _pnzl
Now, for t < —In(1 — p),
E(e™) =) emp(l—p)" " =pe'> (1 —p)""
n=1 n=1
T i) (e —
— 1 —et(l—p)

where we were able to use the geometric series as e’(1 — p) < 1 by the choice of
t.

3. Let X, Xy, ... beani.i.d. sequence of Bernoulli random variables with parameter

p. Define
Y=1+> JJa-x)

n>1 i=1

Then, as [, (1—X;) takes valuesin {0, 1} (itis 1if X;, i = 1,...,n all take value
0, and is 0 otherwise), one has that P(Y € N*) = 1, as does a geometric random
variable. It is thus sufficient to check that P(Y = n) = p(1 — p)" for all n € N*.
For n > 1, we have that Y_n if and only if Hle(l —X;)=1forall k <n-1
and []" (1 — X;) = 0. This happens if and only if X1 = Xo =--- = X,,_; =0,
and X,, = 1. Thus, using independence,

PY=n)=P(X = =X,1=0, X, =1)
= P(X; = 0) - P(X,oy = 0)P(X, = 1) = (1—p)" 'p,

which is indeed the probability that a geometric of parameter p takes the value
n.

Exercise 2.41. Let A € [0, +00), and X ~ Poi(]).

1. Show that
E(X) =X\, Var(X)=2)\ E(¥)=exp(A(e' —1)) Vt €R.

2. Show Lemma 77.

Solution 2.41. 1. We use a slightly different trick than in the previous exercises:
we first compute the moment generating function.

tX - A" - Y (Aeh)" Aet—1)
Mx(t) = E(e ):Ze e :Ze e
n=0 ’ n=0 ’

37



where we used the exponential series: > °° = e® for all z € R. We then use

that

nOn'

BE(X) = Mx(0), B(X?) = My(0),
by Theorem ??. This gives

:A7

t=0

E(X?) = (e’\(et_l))\et + e’\(et_l))\Qezt>

B(X) =MDt

= A+ N

t=0

Thus, the variance is then given by

Var(X) = B(X?) - BE(X)? =2+ X2 =\ =\

2. We first show that 1. implies 2.: suppose X ~ Poi()), then, P(X = 0) = e,

and for k € N,
—A Akt
PX=k+1) € "Gyon A
P(X=k) e k41

We then show that 2. implies 1.: suppose that X is a random variable such that

P(X =0)=¢* and for all k € N, P(XX—ICZ)I) = %ﬂ Then, for any k > 1,

P(X =k)
P(X=k—1)
 P(X=k) P(X=k-1) PX=1
T P(X=k-1)P(X=k—-2) P(X=0)

A

P(X =k) = P(X =k-1)=

which is indeed the probability that a Poisson random variable take value k.

Exercise 2.42. Let n > 1.

1. Let X ~ Uni({0,1,...,n}). Show that®

n? +2n i |
12 N

BE(X) = g Var(X) =

2. Let Y ~ Uni({1,...,n}). Show that

n+1 n?—1 et
E(Y) = . Var(Y) = , Eeﬂ’——\ﬁeR
“Hint: first show that Yp_, k = 2 that Y2p_ k% = 2HUEHD F504 recall the truncated

k _ ZWszn+1
1-z

geometric series: > ;2

Solution 2.42. 1. Start with the expectation. We have

2§ék:§3k+§ém+1—k)zﬁé@+wn+1—M):nm+1%
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SO Y i k= @ In particular,

"1 1
k

k::[)n+1 n—klki1

Then, we show Y | k* = w by induction over n. The case n =1 is

(I+1)(2+1)
— 6

Suppose the equality true for n and let us prove it for n + 1.

n+1 n
YR =mn+1)?+> K
k=1 k=1
1)+ n(n + 1)6(2n +1)
_ m+1)(n2n+1)+6(n+1))
6
_(n+ 1)(2n* + Tn + 6) _ (n+1)(n+2)(2n+3)
6 6 7

where we used the induction hypotheses in the second line. Using this, we obtain

S| 1 < n(2n+1)
E(X?) = 2= e
(X%) Zn—i—lk n—l—lkz:;k 6

k=0

So, the variance is given by

2n+1) n?* 4n(2n+1)—6n*> n’®+2n
X)= B(x2) — px)z = M2t n - .
Var(X) = E(X7) - E(X) 6 1 24 12

Finally, let us compute the moment generating function. For ¢t € R,

n 1 " 1 1— e(n-i—l)t e(n—i—l)t -1

(™) ;nﬂe ntl 1—e  (ntl)(et—1)

where we used the truncated geometric series identity.

2. Proceed exactly as in the first point:

E<Y):Z%k:n—2l—17 E(Y2):Zlk2: (n+1)é2n—l—1)7
k=1

Var(Y) = BE(Y?) — E(Y)? = ( ; _

4
22n+1) - 3(n+1) n—1 n?-1
(n+1) 12 (n+1)— 12
n 1 1 et o 6t(n-i—l) ent -1
E ty — — tk _ = — ]
(™) Z n’ n 1l—et n(l—et)

k=1
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Exercise 2.43. Let a < b and X ~ Uni([a, b]).

1. Show that

_a)? 1 if =0
B(X) = i Var(X) = &—d . B =< : ’
el it A 0.

2. Prove Lemma ?77.

Solution 2.43. 1. We have

E(X):/+Ooxfx(a:)da: ! /abxdx: ! E

o b—a

In the same fashion,

+oo 1 b 1 \ 3 3
E(XQ):/ $2fx<$)dl’: /Ile’: [%}b: b a .

o b—a

So,

Var(X) — E(X2)—E(X)2 _ b3 — (Z3 _(b+a)2 _ 4b3 - 4&3 — 3(b+ (1)2(5 - a)

3(b—a) 4 12(b — a)
AP —4a® =300+ a)(b* —a®)  4b® —4a® — 3b° + 3ba® — 3ab® 4 3a®
B 12(b — a) B 12(b — a)
b —ad®+3ba* —3ab® (b—a)®  (b—a)
12(b — a) C12(b—a) 12

Finally, for t # 0,

+oo 1 b 1 b 6tb_em
X T T e’
E(e! ):/_OO ef fx(x)dx:—b_a ’ e dw:b—a[T}a:t(b—a)'

2. As X is a uniform random variable on [a, d, for any a < b < ¢ < d,

P(X € [b,c]) = Z:Z.

So, for any a < b < t; <ty < c<d,

_ P(X e[ti,to]Nb,c])  P(X € [ty,ta])
PX el bl Xebd) == ~ Pxepd)
tQ—tld—a . tQ_tl

d—ab—c b—c’
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Exercise 2.44. Let u € R, 0 > 0.

2
1. Show that [T e~ "% dz = /2707, so that fy defined in (??) is indeed a
probability density.
Hint: change variables to reduce to p = 0, o = 1. Then, try to compute the
square of this integral as an integral over R?, and use polar coordinates.

2. Show that if X ~ N (u, 0?),

E(X)=p, Var(X)=0° BE()= eXp(ut + %) vt €R.

Hint: for the last point, try completing the square.
3. Show that if X ~ N(0,1), and m € N*,

. 0 if m is odd,

m if m is even.

Hint: remember what is an induction.

Solution 2.44. 1. First using the change of variable y = (v — p)/o

+00 2 400 2
_(@=n)
/ e 2t dx = 0/ _Tdy
Now, using the hint, we compute
+o00 +o00 +oo
([oesm)y =] [ <
B T 0 T2
:/ / T€_2d9d’r’:2ﬂ'/ re 2 dr
0 -7 0

where we used polar coordinates (z,y) = (rcos(#),rsin(f)), see Remark ?7?.
Finally, we compute using direct integration (note that d%e*’ﬂ/z = —re "/2);

/Oore_rjdr: [—e %];roo = 1.
0

Gathering everything, we obtain the wanted result.

2. First, using y = v — p and the previous point,

“+o0o
E(X) = / (y+p)e” 2 dy

+o00 42
/ ye 202dy = u,

Foo G u)2
dx =
V2o / V2mo?

vV 2mo?
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as the last integral is the integral of an odd function over a symmetric domain.
Then, using again y = =*

Var(X) = B((X — E(X))?) = E((X — p)?)

1 +oo (=) o2 [t W2
- (z — p)le” =2 do = yle T dy
V2mo? /oo V2T J oo

= o= l-ve T+ UQW e~ Tdy
\% ~———— —00
=0 S——
=V2r

N

where we used integration by part (primitive ye~ 7 and differentiate y) in the

fifth equality, and the first point. Let us now compute the moment generating

function. Using again y = %,

E( tX) 1 /+OO tx —(17?2 d etM /+°° oty _%d
[ = ee 20 €T = e e y
V2mo? J_w V2T J oo

2 2
et'u+02% /+OO (y—ot)? etu+o—2% oo y2
= e 2 dy= / e zdy
V2T oo V2T oo
~————

=V2r

where we used another shift of the variable y, and a completion of the square:

yQ

oty — 5= —L(*t* = 20ty + ) + % =—i(y—ot)’+ #

in the third equality.

. First, let m be odd. Then, the function z — 2me"*/2 is odd. In particular,

1 Hoo o2
E(X™) = E/ z™e” 2dr =0

as it is the integral of an odd function over a symmetric domain. Now, for
m = 2n even, define the sequence

1 +oo o2
a, = B(X™) = E/ v*e” 2 dx.

We know from the previous point that a; = F(X?) =1 (as we have p = 0 and
0? =1). Now, using an integration by part, for n > 2,

1 +oo 2
Ap = —2 22 ™7 dr
T ) =)
1 2 1 400 2n—1 oo 2
= — [_xzn—1e—7}iroo+( n2 )/ 22020=% Ao
V2T V21 ) s

2n —1 too o2
= (n—\/z_)/ " 2e v dr = (2n — 1a,_1.
™ —00
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We then prove then wanted result, which is a,, = (22:2!!,

n = 1 follows from

by induction. Then case

2! 2
ST 1=a,.
Then, suppose that the equality holds for n > 1, and let us show the equality for
n+ 1. By the relation we derived on the sequence (and the fact that n+1 > 2),

2n)!
any1 = (2(n+1) = 1)a, = (2n + 1)( )
2nn!
by the induction hypotheses. Now, (2n + 1) = %, SO

(2n+2)(2n+1) (2n)!  (2(n+1))!
2(n+1) 2nn!  2ntl(p 4 1)

Ap+1 =

which is the wanted induction step.

Exercise 2.45. Let A > 0 and X ~ Exp(\).

“+o00
-z _ 1
/ e dr = 5,
0

so that fx defined in (?7) is indeed a probability density function.

1. Show that

2. Show that | |
E(X) = v Var(X) = ’%h

3. Show that
B(e!X) = 2 ift< ),
+oo  ift> A\

4. Prove Lemma 77.

Solution 2.45. 1. We have that %e‘” = —Xe ™, 50
e A 1,—Az]+o0 1
/ e dr = [—5e ] =5
0
2. Using integration by parts, we have

+oo +00
B(X) = A/ we Mdr = N[ — 2e7] " 4 A/ Lo=de gy,
0 — 0

=0 ~\~

by the first point. Then, again using integration by parts,

+00 +oo
E(X? = /\/ e Mdr = )\[ — %e_)‘ﬂ;roo + 2/ re Mdr = %E(X) =
0 0

X

Thus,

Var(X) = E(X?) - BE(X)’ =3 — & = &
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3. We have that for t > A,
“+oo “+oo
E(e™) = )\/ ee M dy > )\/ ldx = +o0,
0 0

ast—X>0,s0 e N >1 for x > 0. Now, for t < \,

“+00 —+o00
E(e™) = /\/ e e M dy = )\/ e M0y = A
0 0 A—

<~

as in the first point.

4. First, for t > 0, we compute,

+o00 +o0
P(X >1t) = )\/ Ljpoo) (z)e M da = )\/ e Mdr = \[ — %e‘“}jw = e,
0 t

Then, for 0 < a < b,

PX>0,X > P(X >0
PX>b|X>a)- LEZ0X2a) PX2D)
P(X > a) P(X >a)
oAb oo
— L= PX 2b-a)
Exercise 2.46. Let X;, Xs,... be an independent family of exponential random vari-

ables with rate 1 (X; ~ Exp(1) for all i’s). Let Sy = 0, and for n > 1, define

i=1
Now, let A > 0 and define
M =max{n >0: 5, < A}.

1. What is the value of P(M = k) for k € N?

2. Deduce the law of M.

Solution 2.46. 1. To have M = k, we need that the sum of the first k variables is
less than A, and that adding the k+ 1th makes the sum bigger than A. Formally,

We can now compute the probability of this event.

P(M:k):P(SkSA, Xk+1>A—Sk)
= / drie " -- / dxjqqe” " Loy +5Ek<A]lZ’k+1>A (z1+-+xp)
0

:/ dxie "t / drie 11, 4. +xk<AP(Xk+1 >A— (x4 +xk))
0 0

[e.e] [e.e]
0

00 oo
—-A
=€ / dxy- - / d$k]lx1+ ez <A
0 0
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where in the fourth line we used the fact that X, is an exponential random
variable with rate 1 so for ¢t > 0,

P(Xj1 >t) = / e Fdr=e".
t

To conclude, we need to compute the value of

(o] (o)
ap = / dxry- - / drily 4otg<A-
0 0

apg = 1, ay = / dxllxlgA = A.
0

Then, for k£ > 2, we make the change of variable

First, we have

Y1 T1 T
x 1+
Y2 7 2 _ 1' 2
Yk T $1+$2+"'+l’k
1 00 0
1 10 0
T —
1 11 ... 1

We have |detT'| =1 as it is a lower triangular matrix with 1’s on the diagonal,
so the change of variable formula gives

o0 0 A Yk Y2
W :/ dfﬁl"'/ drply, 1 yap<a =/ dyk/ dyk—l"'/ dy,
0 0 0 0 0

as the image of [0, +00)* under T is {y € [0, +0)* : y; <y < -+ <y}, and
yr =21+ -+ x5, < A. To conclude, we have

A Yk Y2 A Yk Y3
a =/ dyk/ dyk—l"'/ dy =/ dyk/ dyk_1-~~/ dyay2
0 0 0 0 0 0
A Yk Y4
Z/ dyk/ dyk—l"’/ dys
0 0 0
A

k—1 Ak
:...:/ dyk_yk = —.
0 (k=1 K

—A L
P(M =k)=e"a;, = {e itk =0,

e 44l if ke N*,

N8

We obtained

. We recognize the Poisson law of parameter A, so M ~ Poi(A). This observation
justifies the use of Poisson random variables when we want to model “the number
of occurrences of an event in a certain time duration” like the number of cars
passing on a given road between 13 : 00 and 14 : 00. It also tells us that the
parameter of the Poisson variable should be proportional (linear in) the length
of the time interval.
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Exercise 2.47. Let Z ~ N(0,1) and U ~ Uni([0, 1]).
1. Show that F; is continuous and strictly increasing.
2. Show that Fy : R — (0, 1) is invertible. Denote its inverse F,' : (0,1) — R.
3. Show that the random variable F,*(U) has the same law as Z.

Solution 2.47. 1. Asalready observed, F is a primitive of the density of Z, which
is continuous. In particular, F; is differentiable and therefore continuous.

2. The function Fy : R — (0,1) is continuous. Moreover, for ¢ < t/,

t t t

2 2
e—%/2 e—%/2 o
o dx o dr =

— 00 —00

2
e—%/2

Fz(t") — Fyz(t) = o

dx > 0,

so F is strictly increasing. Moreover,

t——o0 t—+o00

As seen in analysis I (consequence of the intermediate value theorem), F is thus
a bijection between R and (0,1). Denote its inverse F,': (0,1) — R.

3. Tt is sufficient to see that F,'(U) has the same repartition function as Z. We
thus write the definition: for t € R,

P(F;'(U) <t) = P(U < Fz(t))

as Iz is an increasing bijection. Finally, as U ~ Uni(|0, 1]),
Fz(t)
P(U < Fy1)) = / du = Fy(t).
0

So, we obtained that Fy—i (t) = Fy(t) for all t € R, thus F,'(U) g
What did we use about Z7 Can we do the same procedure for other laws than the
Gaussian? This kind of operation is extremely useful when sampling random numbers
on a computer: it is sufficient to know how to sample a Uni([0, 1]) to be able to sample
more complicated random variables by applying a suitable function!

Exercise 2.48. A professor knows from experience that students grades at a final
exam are random variables with expectation 4.3.

1. Give an upper bound on the probability that a given student grade is higher than
5.5.

Suppose now that the professor also knows that the variance of the grade is 0.4.

2. What can we say about the probability that a given student obtains a grade
between 4 and 5.57

3. How large should a class of students be in order to have a probability at least 0.9
to have that the average grade of the class is in [4,4.6]?
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Solution 2.48. Let GG denote the grade of the student.
1. From Markov’s inequality, we get

E(G) 43
P >HH) < —— = — =~0.78.
(G255)s 55" =55 ~078

2. From Chebychev’s inequality applied to the random variable G— E(G) = G—4.3,
we obtain

P(G € [3.3,5.3]) = P(|G—4.3| < 1) = 1-P(|G—E(G)| > 1) > 1—Var(G) = 0.6.

3. Denote n the number of students in the class. Denote Gy,...,G, the grades
of the studentsi(we suppose that they are all independent and identically dis-
tributed). Set G = > | G; the mean of the class. We have that the expected

value of G is 1 1
EG) == E(G;) = —nd.3 =4.3.
(@) nE; (Gi) = —nd.3 =43

Its variance is then

Var(G Cov( ZG“ ZG> 3 i Cov(Gi, Gj)

ij=1

Zcov (G:, Gi) ZVar = —04

=1

as Cov(G;,G;j) =0 for ¢ # j (by independence). We can then used Chebychev’s

inequality:
10.4 40
G—43/>0.3 K —.
utt | )< 0.09  9n

So, in order for the mean grade to have probability at least 0.9 to be in [4,4.6],
it is sufficient to take n such that 40 < 0.1, which amounts to take n > 45.

Exercise 2.49. X is a Pareto random variable of parameter («, ) € (0, +00)? if its
CDF is ;
1—(% if ¢
Fx(t) = () ift>a
0 else.

1. Check that Fx is indeed a repartition function (right-continuous, non-decreasing,
and tends to 0 at —oo and to 1 at +00).

2. Compute the first and second moments of X. Under which conditions are they
finite?

3. Pareto random variables are often used to to model rare events (big stock market
drop, heavy snowfall,...). For ¢ > a, and t € R, compute

P(X <t|X>c), E(X|X>o).
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Solution 2.49. 1. from the expression, Fx is continuous on (—oo, &) and on (o, +00).
Moreover,

lim e (f) = lim0 =0, lim Fx(t) = lim (1 — (

=2

)') =0,

so Fx is continuous (in particular, it is right-continuous). Fx is constant 0 on
(—o0,al, and t — (a/t)? is decreasing to 0 on (a, +00), so we have the wanted
monotonicity and limits.

2. We saw that the density function for X is given by the derivative of its CDF F.
So, for p > 0,

400 400
E(XP) :/ pr)'((:E)dx:/ xPHz‘;%dx
as Fy is constant on (—oo, ). We then have

+oo 0 +o00o
/ 2P0-g=dr = Hae/ 2P0,
X
«

«

which converges if and only if # > p. In particular, we have

E(X) = %a if0>1, FBE(X? = %oﬂ if 0> 2.

Thus,

Var(X) = E(X?) — E(X)* = %oﬂ — (ef—l)?aQ

0 —1)2—0(0—2)

= a’f 0—2)(0— 1)
20 o
— =20 -1

and is finite only if § > 2.

3. For ¢ > a, and t € R, we have

P(X>¢)=1-P(X <¢)=1—Fx(c) = =,
C
and so, for t > ¢,
P(X >1t)
Gx(t) =P X<t|X>c)=1-PX>t|X>c)=1-
x(t) = P(X < 1] X >0 (X>t1X >0 =1- 5o
¥l <
t? of t?

Then, Gx(t) = 0 for t < c¢. Now, realize that Gx(t) is the CDF of X under
P( | X > ¢). And that it is the CDF of a Pareto random variable of parameter
(c,0). Thus, if 0 > 1,

EX|X >c¢) = c.

0—1
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Exercise 2.50. Let X, Xy,... be and independent family of random variables with
X, ~ Bern(p) for all i’s, p € (0,1). Let Sy = 0, and for n > 1,

Sy = zn;X Sp = =Sn.

1. What are the values of F(S,) and E(S,)?
2. What is the value of Cov(Ss, S10)?
3. Give a value of n (as small as you can) such that

P(|S, —p| > 0.01) < 0.01.

Solution 2.50. 1. We compute using linearity of the expectation:

- E(ix) - i E(X:))=np, E(S,)=21E(S,)=p.

2. We use bi-linearity of the covariance and the fact that Cov(X;, X;) =0 for i # j
by independence:

5
Cov(Ss, Sho) = COV(ZX“ZX>:Z Cov(X;, X;)

3. By the weak Law of Large Numbers (Theorem ?7), for any € > 0, and any n > 1,
P(|S, - B(Xy)| > €) < Y,
Using E(X;) = p, Var(X;) = p(1 — p), and € = 0.01, we find that for any n > 1,
P(|S, —p| > 0.01) < 2P,
We thus want n such that 104@ < 0.01, which amounts to take
n > 10%(1 — p).
Exercise 2.51. Let X : 2 — R be a random variable.
1. Show that if F(X?) < oo, then F(|X]) < oo.

2. Show that if E(X) =0, Mx(t) > 1 for any t € R.

Solution 2.51. 1. Suppose F(X?) < co. By Jensen’s inequality (using that z
\/x is concave over R ), we have

E(|X])=E(VX?) <VE(X?) <
2. The function x — €'® is convex for any t € R. Thus, by Jensen’s inequality

Mx(t) = E(e'*) > etEX) = o0 = 1,
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