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MATH-232 Midterm Solutions to the Open Problems

Spring 2023

Question 10 (6 points)

Assume that X is a random variable that only takes non-negative values, i.e., X � 0, and assume that

its expected value, E [X], exists. For any a > 0 prove the following inequality:

P (X � a)  E [X]

a

(The above is true for both continuous and discrete random variables, however, you can write the proof

for the case that you prefer.)

Solution

We prove the statement when X is a discrete random variable taking non-negative values in ⌦X .

E [X] =

X

xi2⌦X

xi P (X = xi) by definition. (1)

=

X

0xi<a
xi2⌦X

xi P (X = xi) +

X

xi�a
xi2⌦X

xi P (X = xi) splitting the sum. (2)

�
X

xi�a
xi2⌦X

xi P (X = xi) dropping a non-negative term as X � 0. (3)

�
X

xi�a
xi2⌦X

aP (X = xi) as the xi’s in the sum are � a. (4)

� a
X

xi�
xi2⌦X

P (X = xi) a is a constant. (5)

� aP (X � a) summing over a partition. (6)

Which gives the desired result by dividing both terms of the inequality by a > 0.

For the case when X is a continuous variable, the proof is similar replacing the sum with integrals.
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Question 11 (9 points)

Problem Statement

Raphael and his n�1 friends sit around the table and play the following game: at the beginning (step 1)

Raphael has a card and passes the card to one of his friends randomly (each of his n� 1 friends receive

the card with equal probability). In each of the next steps, the person who has the card passes the card

randomly to someone at the table. The game finishes when Raphael receives the card (when the card

returns to Raphael). Note that no one can pass the card to himself/herself.

a)[4 points] What is the expected number of times the card is passed through the game until it ends?

(The game needs at least two passes to finish.)

b)[5 points] (This part is relatively harder than the rest of the exam, you may want to leave it for the

end.) What is the expected number of people that never receive the card during the game?

You may want to use the following formula for this question:

1X

i=0

xi
=

1

1� x
for |x| < 1.

Problem Solution

a)

The game always lasts more than 1 round since Raphael cannot pass the card to himself at the beginning.

Let X be the random variable that tracks the number of additional rounds (after the first) for which the

game continues. Hence, the total number of rounds will be given as X + 1, and the expected number of

rounds becomes E [X + 1] = 1 + E [X] by linearity of expectation.

Now, notice that X follows the geometric distribution Geom(p) with success probability p = 1/(n�1).

Indeed, conditioning on the event that the game has not ended at round t � 2, the game ends at round

t + 1 with probability 1/(n � 1) since Raphael is one possible choice from a total of n � 1 possible

recipients:

P (X + 1 = t+ 1|X + 1 > t) = P (X = t|X > t� 1) =
1

n� 1
.

Therefore,

P (X = t) = P (X = t|X > t� 1)P (X 6= t� 1|X > t� 2) . . .P (X 6= 2|X > 1)P (X 6= 1)

=
1

n� 1

✓
n� 2

n� 1

◆t�1

.

Thus,

E [X] =

1X

t=1

tP (X = t)

=

1X

t=1

t
1

n� 1

✓
n� 2

n� 1

◆t�1

=
1

n� 1

1X

t=1

t

✓
n� 2

n� 1

◆t�1

=
1

n� 1

d

dx

✓
1

1� x

◆ ���x=n�2
n�1

=
1

n� 1

1

(1� n�2
n�1 )

2

= n� 1.

So, we conclude that the expected number of rounds is E [X + 1] = n.
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b)

Let Raphael be denoted as Player 1 from now on. We introduce the indicator random variables Y2, . . . , Yn

such that Yi = 1 if Player i did not receive the card during the game and Yi = 0 otherwise. Hence,

the random variable Y = Y2 + · · ·+ Yn tracks the total number of players who did not receive the card.

We are interested in computing E [Y ] = E [Y2] + · · ·+ E [Yn] = (n� 1)E [Yi] for any i 2 {2, 3, . . . , n} by

symmetry.

Let X be the random variable from a) which keeps track of the number of additional turns. Now,

notice that if we condition on the game having t+ 1 turns, we get that

P (Yi = 1|X = t) =
n� 2

n� 1

✓
n� 3

n� 2

◆t�1

.

In the above expression, the term (n� 2)/(n� 1) represents the probability that Player i did not receive

the card on the first turn, and (n�3)/(n�2) stands for the conditional probability that Player i did not

receive the card on turn j 2 {2, 3, . . . , t} given that Player 1 also did not receive the card on this turn.

Indeed, conditioned on the card returning to Player 1 on round t + 1, on each round j 2 {2, 3, . . . , t},
the card has n� 2 equally likely recipients.

Recall that P (X = t) = 1
n�1

⇣
n�2
n�1

⌘t�1
. Hence,

P (Yi = 1) =

1X

t=1

P (Yi = 1|X = t)P (X = t)

=

1X

t=1

n� 2

n� 1

✓
n� 3

n� 2

◆t�1
1

n� 1

✓
n� 2

n� 1

◆t�1

=
n� 2

(n� 1)2

1X

t=1

✓
n� 3

n� 1

◆t�1

=
n� 2

(n� 1)2

1

1� n�3
n�1

=
n� 2

2(n� 1)
.

Therefore, the expected number of players who did not receive the card is E [Y ] =
n
2 � 1.
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r�j

�
=
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r

�
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(1� x)�n =
P1

i=0

�n+i�1
i

�
xi, |x| < 1.

limn!1 n�r
�n
r

�
= 1

r! r 2 N

P(
n[

i=1

Ai) =
nX

r=1

(�1)r+1
X

1i1<i2<...<irn

P(Ai1 \Ai2 \ · · · \Air )

X Y = g(X) g
g�1

fY (y) = |dg
�1(y)

dy
|fX(g�1(y)).



p
P(X = 1) = p

P(X = 0) = 1� p p p(1� p)

n, p

P(X = k) =
�n
k

�
pk(1� p)n�k

k 2 {0, 1, 2, . . . n} np np(1� p)

p
P(X = k) = (1� p)k�1p

k 2 { } 1
p

1�p
p2

r, p

P(X = x) =
�x�1
r�1

�
pr(1� p)x�r

x 2 {r, r + 1, r + 2, . . . } r
p

r(1�p)
p2

w, b, n

P(X = k) =
(wk)(

b
n�k)

(w+b
n )

k 2 {0, 1, 2, . . . , n} µ = nw
b+w

⇣
w+b�n
w+b�1

⌘
nµ

n (1�
µ
n )

�

P(X = k) = e���k

k!

k 2 { } � �

a, b

f(x) = 1
b�a

x 2 [a, b] a+b
2

(b�a)2

12

(�)
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1
�2
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p
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