EPFL IN, SC PROBABILITY and STATISTICS
Semester 4 — Spring 2018 A. C. Davison

TEST - solutions
16 April 2018

Ex. 1 a) |2 marks| Let ¢; and ¢z denote the outcomes of the first and second coin respectively. The
sample space is Q = {(c1,¢2) : a1,c0 € {H,T}} = {(H,H),(T,T),(H,T),(T,H)}. The
probabilities assigned to the elements of Q are Pr{(H, H)} = p?, Pr{(T,T)} = (1 — p)? and
Pr{(H,T)} = Pr{(T, H)} = p(1 —p).

b) [8 marks| We have Ay = {(H,H),(H,T)}, Ao ={(H,H),(T,H)} and B={(H,T),(T,H)}.
The corresponding probabilities are

Pr(A1) =p® +p(1—p)=p, Pr(As)=p’+p(l-p)=p, Pr(B)=2p(1-p).
c) [3 marks] In this case Pr(A;) = Pr(As) = Pr(B) = 1/2, and
Pr(Ai1NAs) =Pr(AiNB)=Pr(A2NB)=1/4,
so they are pairwise independent. However
0="Pr(A1 N AN B) # Pr(A;)Pr(As)Pr(B)

so they are not mutually independent.
d) [2 marks| We have
Pr(A1nB) Pr{(H,T)} 1

P B = =5 m T aiop) 2

Even if the coin is biased, since Pr(A4; | B) = Pr(As | B) = 1/2, one can get the result of a
fair coin by performing the experiment until B occurs, and then checking whether the first
coin shows a head.

Ex. 2 a) [8marks| Let X, G, B denote the negative daily percent returns on a day, on an ordinary day
and on a panic day respectively, and let pg, pp denote the probability of having an ordinary
or panic day respectively. Since

Pr(B>4):/ Bdz = [—%} =1
4
the law of total probability gives
Pr(X >4) = pgPr(G >4)+ ppPr(B > 4)
= pgPr <% > %) +ppPr(B > 4)
= 0.999(—4/v4) +0.01 x 1
0.02507.

b) |3 marks| Let H denote the event of a panic day. Our definition in part (a) gives Pr(X >4 |
H) =Pr(B > 4). We also have Pr(H) = pp = 0.01, so Bayes’ theorem gives

Pr(X >4 | H)Pr(H) Pr(B>4)Pr(H) 1/4x0.01
Pr(X > 4) ~ Pr(X>4)  0.02507

Pr(H | X >4) = ~ 0.09972.



c) |3 marks| The expectation of B is

but since
o
E(B?) = / Bdz = oo,
2
the variance of B is infinite. Because of this, many large losses are possible on a panic day.

d) [4 marks| With y > x > 2, we have

Pr(B>vy) 4/y> 22
Pr(B>y\B>x):Pr(B>$) :4/902 :?.

Hence, the conditional distribution function of B, given that B > x is
Pr(Bgy\B>x):1—§—j, Yy >z,
and the conditional density is

d(1 —22/y?) 222
fB1B>2(y | ) = T Ay = e y>x.

Hence, the conditional expectation is

o0 22 22
E(B|B>§c):/ yigdy:i:%t.
Yy x

xT

Note that this tends to 4 if z — 2, as we should expect from part c).

Ex. 3 a) |2 marks| For fxy to be a density function, it must be non-negative (obvious), and must

satisfy
3 3
//fX,Y(x,y)dydx_/ / c(x + y)dydz = 1;
0 0

integrating yields ¢ = 1/27.
b) |2 marks| Here

3 pr3-z
Pr(X 4V <3) = / / Lz +y)dyde = L.
0 JO
c) |3 marks| The marginal density of X is

6z +9

3 3
fx(x)_/o fX,Y('Tawdy_/o 37 (2 +y)dy = 71 =%+5 0<z<3.

By symmetry, fy(y) = £+ 4 (0 <y < 3). Since fx,y(2,) # fx()fy(y), X and Y are not
independent (which is obvious anyway, since x + y does not factorise as a function of z and
a function of y).

d) [4 marks| For any = € (0,3), we have

_Ixy(my) o (@+y)/2T  (z+y)
W) = = = (a1 9)/51 ~ 26x+9°

0<y<3,

so the expectation of Y | X = x is

3 9z+18 3z+6
o 6x+9 2x+3’

3 2 3
E(Y|X:x):6x2+9/0 v+ o)y = g2 [F + 4] e (0,3).

Setting = = 2 gives E(Y | X = 2) =12/7.



Ex. 4 a) |3 marks| Here is one possible formulation (we accept other equivalent ones). Let D; denote
the document being in box j € {1,2,3}. Let S; denote the event where box j has been
searched but the document was not found. From the information given, since Pr(D;) =

Pr(D;) = Pr(D3) = £ and
PI‘(Sl) = PI‘(Sl ‘ Dl)PI‘(Dl)-i-PI‘(Sl | DQ)PI‘(DQ)-i-PI'(Sl ’ D3)PI‘(D3) = (l—pl)%—l—lx%—i—lx%,

we see that

Pr(D; | S)) = Pr(DiNS1) _ Pr(Si|Dy)Pr(Dy)  (I—p1) X 3 _1-p
Pr(S1) Pr(S1) Q-p)i+istl  3-p

b) [3 marks| Let B denote the event where boxes 1, 2 and 3 have been searched but the document
has not been found. Clearly, B = 51 N S2 N S3. Since the S;’s are conditionally independent

given Dy,
- PI”(B | Dl)Pr(Dl) - Pr(51 ’ Dl)PI'(SQ ‘ Dl)PI'(Sg | Dl)Pr(Dl)
Pr(Dy | B) = Pr(B) - Pr(B)
$(1—p)x1x1 1—m

Hl—-pi+1-po+1—ps} 3—pi—p2—p3
c) |4 marks] If the number of searches is N, then we seek
E(N) = E(N | D1)Pr(D1) + E(N | D2)Pr(D2) + E(N | D3)Pr(Ds).

Now

[e.o]

E(N|Di) = Y (1+3r)pi(1—p1)
r=0

= ZP1(1—p1)T+3ZTp1(1_p1)T
r=0 r=0

= 1+3(1/p1—1)

= 3/p1—2,

where (71 is a geometric variable with probability p;. Equivalently, the hint gives

(o]
_ 1-
rpi(L—p) =pi(L—p) Y r(l—p)~' = pl(pz)m) =1/p1 — 1.
1

WE

r=1

I
o

T

Similar calculations will clearly yield
E(N|[D2) =1+ (3/p2—2)=3/p2—1, E(N|Ds)=2+(3/ps—2)=3/ps.
Since Pr(D; =1/3),

E(N) = (3/p1—2)x5+B3/p2—1) x5+ (3/ps3) x 3
= 1/pr+1/p2+1/p3—1.



