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Remark.
The theorems introduced in this Series were studied in Analysis II.

Definition 1.
Let Ω ⊂ Rm be an open set, F = (F1, . . . , Fn) : Ω → Rn, such that F ∈
C1 (Ω,Rn) and 1 ≤ i ≤ m. We define:

∂F

∂xi
=

(
∂F1

∂xi
, . . . ,

∂Fn

∂xi

)
.

Exercise 1.
Let Ω ⊂ Rm be an open set, F , G ∈ C1 (Ω,Rn) and 1 ≤ i ≤ m. Show that:

1.
∂

∂xi
[⟨F , G⟩] =

〈
∂F

∂xi
, G

〉
+

〈
F ,

∂G

∂xi

〉
,

where for any a, b ∈ Rn, ⟨a, b⟩ denotes the dot product of these two
Euclidean vectors a and b, and is defined by:

⟨a, b⟩ =
n∑

i=1
aibi,

2. In three-dimensional space (n = 3),

∂

∂xi
[F ∧ G] = ∂F

∂xi
∧ G + F ∧ ∂G

∂xi
,

where for any a, b ∈ R3, a ∧ b ∈ R3 denotes the cross product of a and b,
and is defined by:

a ∧ b =

 a2b3 − a3b2
a3b1 − a1b3
a1b2 − a2b1

 .

Definition 2 (Jacobian matrix and determinant).
Let u = (u1, . . . , un) : Ω ⊂ Rn → Ω′ ⊂ Rn, u = u(x) such that:

• u ∈ C∞ (Ω; Ω′),



• u is invertible and u−1 ∈ C∞ (Ω′; Ω).

The Jacobian matrix of the vector-valued function u, represented by ∇u, is a
square matrix whose entries are:

(∇u)i,j = ∂ui

∂xj
.

The Jacobian determinant, or simply the Jacobian, denoted by Jac u(x) is de-
fined as:

Jac u(x) = det ∇u(x).

Exercise 2 (§8.5 pages 119-121).
Compute the Jacobian for the following mapping functions:

1. Polar coordinates:
u(r, θ) = (r cos θ, r sin θ),

2. Spherical coordinates:

u(r, θ, φ) = (r cos θ sin φ, r sin θ sin φ, r cos φ),

3. Cylindrical coordinates:

u(r, θ, z) = (r cos θ, r sin θ, z),

4. Cartesian coordinates:

u(x, y, z) = (x, y, z).



Theorem 3 (§8.5 page 119).
Let f : Ω′ → R be an continuous function, u : Ω → Ω′ be a function as the one
involved in Definition 2, and A ⊂ Ω′ be a closed and bounded set. Then:∫

A

f(x)dx =
∫

u−1(A)
f(u(x̃)) | Jac u(x̃)| dx̃.

Exercise 3.
Sketch the set A, and compute the integral

∫
A

f(x) dx in the following cases:

1. A =
{

(x, y) ∈ R2 | x2 + y2 ≤ 4
}

, and f(x, y) =
(
x2 + y2)− 1

2 ,

2. A =
{

(x, y) ∈ R2 | 0 ≤ x ≤ 3 , x − 3 ≤ y ≤ 3 − x},
and f(x, y) = x2 + sin3(y),

3. A =
{

(x, y) ∈ R2 | −1 ≤ x ≤ 1 , 0 ≤ y ≤
√

1 − x2
}

,
and f(x, y) = y

(
1 + x2)

,

4. A =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 9
}

, and f(x, y, z) =
√

x2 + y2,

5. A =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 4
}

,
and f(x, y, z) = arccos z√

x2+y2+z2
.

Theorem 4.
Let Ω ⊂ Rn, Ω′ ⊂ Rm, f ∈ C1 (Ω′) and g = (g1, . . . , gm) ∈ C1 (Ω,Rm) such that
g(Ω) ⊂ Ω′. Then, the chain rule expresses the derivatives of the composition
function f ◦ g ∈ C1(Ω) as:

∂f ◦ g

∂xi
(x) =

m∑
j=1

∂f

∂xj
(g(x))∂gj

∂xi
(x), for i = 1 . . . n.

Exercise 4.

1. Let p ≥ 1 and the function:

hp(x) := |x|p =
(√

x2
1 + · · · + x2

n

)p

, ∀x = (x1, . . . , xn) ∈ Rn\{0}.

Compute ∇hp(x).

2. Let G ∈ C1 (Rn;Rn) be a map that never reaches zero, and fp the function
defined by:

fp(t) := 1
p

|G(tx)|p, ∀t ∈ R.

Compute d
dt fp(t).


