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Exercise 1.

1. Two methods are given for computing f :
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Method 2 :
Observe that
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and therefore
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One may also obtain this using integration by parts:
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Thus,
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Now let us compute ¢. We have
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which is the desired result.

. Let h(z) = %e_ﬁm. Then Table §15.5, item 7), gives
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The equation can thus be written (take w = 1 for the function f from (i))
u(w) + (u” + h)(z) = f ().

Applying the Fourier transform to the equation and using Propositions
5.7 (i) (derivative transform), 5.12 (convolution transform), together with



the result of (i), we obtain
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Using the result of (i) with w =1 and £ = V2, we conclude that

u(z) = p(z) = (1 - xg)e*ﬁ.

Exercise 2.

The definition in (1) is clearly linear in ¢ as the integral is linear and finite
for any ¢ € D since continuous functions on compact sets are bounded. In
particular, we have:

o= ot

which proves the continuity condition.
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The definition in (2) is also linear in ¢ for the same reason as before. To show
that the integral is finite for any ¢ € D, we use the fact that ¢ is compactly
supported and hence bounded. In particular, for any ¢ € D, there exists a
compact interval [a, b] C R such that supp(¢) C [a,b]. Then we have:

ol=| [ stwras

which shows the continuity condition holds.
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The definition in (3) is not a distribution since it is not linear in ¢. There are
many different ways to see this. For example, consider ¢ € D such that ¢(z) > 0
for all x € R. Set ¢ = —¢ € D. Then we have:

1 1
s<¢+¢>=/0 |¢<z>+w<x>|dx=/o 0dz =0,



but

S(é) + S(¢) = / 16(2)dz + / o)\ de = 2 / 16(z)|dz > 0.

Thus, S(¢ + ) # S(¢p) + S(¢), so S is nonlinear.

Exercise 3.
Let us observe that
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which is a (finite) Fourier series (ap = 6, a1 = %, by =0, as = f%, by =

0, Vn >3, a, = b, =0).

We look for u in the form of a Fourier series, that is, we set

u(x) = AO + i (A cos(nzx) + B, sm(nm))

Then
' (z) = ni; (an cos(nz) — nAn sin(nx)) ,
u"(z) = nil( n2 A, cos(nz) — n2B, sin(nx)),
u(z + ) A? g( 1)" A, cos(naz)+(—1)”BnSin(nw)).
Thus,

v (x)—2u(z+7) = —Ao—i—Z( —n?-2( 1)”)cos(nx)+Bn(—n2—2(—1)")sin(nx)).

By matching term-by-term this Fourier series with the Fourier series of the



right-hand side of the original equation, we obtain:
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Hence we deduce

A0:—3, Alzé, B1:0, 142:L BQZO, An:BnZOfOI‘aH’I’LZB

Thus the solution is

1 1
u(z) = 72 + 3 cos(z) + 5 cos(2x).

Exercise 4.
For any test function ¢ € D, we have by the definition of the distributional
derivative:
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We use integration by parts. Since ¢ is compactly supported, the boundary
terms vanish ([z¢(2)]5° = 0 and [2¢(2)]% ., = 0).
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Substituting these back, we find:

<f’,<b>=/00o ¢>(x)dx—/_ooo o(x) dz.



We define the function g by:

-1 ifx<0,
g(fﬂ){

1 if z > 0.

Apparently, (f',¢) = (g, ¢).

Note that we can also write this in terms of the Heaviside step function H(x),

where
Hiz) = 0 ifz<0,
1 ifx>0.

One easily sees that g(x) = 2H(x) — 1 is an alternative way of writing the
distributional derivative.

Exercise 5.

Step 1 (Separation of variables). This exercise corresponds to Example 18.1,
with L =7, a = 1, and f(x) = cosa — cos(3z). We have seen that the general
solution of the equation is

u(z,t) = Z oy, sin(nx) et
n=1
Step 2 (Initial condition). We still need to choose the coefficients o, so that
u(z,0) = f(x) = cosz — cos(3z) = Z ap, sin(ne).
n=1
We must therefore have
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If n # 1 and n # 3, then
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Thus a, =0 if nis odd (n # 1 and n # 3). If n is even, then
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Moreover,
1

a = /Oﬂ[sin(Qx) —sin(4z) + sin(2z)] dz = 0,

L[ . : _
as = — /0 [sin(4z) + sin(2z) — sin(6z)] dz = 0.

We thus obtain the solution

_ —64 c- k : —4k>t
u(z,t) = - ,; (02— 1) (4k% —9) sin(2kx) e .

Exercise 6.
We begin by finding solutions of

Au=0 x,y € (0,7)
ou Oou
6—y(x,0) = a—y(xﬂr) =0 xz€(0,m)
of the form u(z,y) = v(z)w(y). We have
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6—yu(m,0) = v(z)w'(0) = 6—yu(x,7r) =v(z)w'(m) =0,
that is,
{ w'lu) + doly) =0 (18.28)
w'(0) =w'(r) =0
and
v’ (x) — M(z) = 0. (18.29)

We have seen (cf. example 17.4) that the nontrivial solutions of (18.28) are
given by A = n? with n = 0,1,2,... and w,(y) = aycos(ny) (for n = 0,
wo(y) = ap/2). Equation (18.29) then becomes

bix + by, if n =0,
V(z) —nPo,(z) =0 = w,(z)=
by, cosh(nx) + ¢, sinh(nz), if n # 0.



Therefore the general solution of the given equation is

u(z,y) = % (brz + bo) + Z an (bn, cosh(nz) + ¢, sinh(nz)) cos(ny),

n=1

or, writing 9b; = a, P by = g, anby, = Ay, anc, = By,

u(z,y) = ax + g + i(An cosh(nz) + B, sinh(nz)) cos(ny).

n=1

Step 2 (Boundary conditions). We further require

u(0,y) = cos(2y) and wu(my) =0,

that is,
IB o
5 + Z A, cos(ny) = cos(2y),
n=1
am + g + Z (A, cosh(nm) + By, sinh(n)) cos(ny) = 0.

n=1

The first equation immediately gives § = 0 and A,, = 0 for n # 2 and Ay = 1.
Substituting this into the second equation yields o = 0 and

Ay, cosh(nm) + By, sinh(nm) = 0.
Hence if n # 2 then A,, = B,, = 0, whereas for n = 2 we have

B, — _Cf)Sh(27T)'
sinh(27)

Therefore the solution of the problem is

cosh(2)

Sinh(27) sinh(2x)} cos(2y).

u(x,y) = |cosh(2z) —



