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Exercise 1.

1. Let us note that

g D O O OB OF
rot® = o [@2] ay [@1] = [Fl] y[ FQ] = or + ay =div F.

Thus, by Green’s theorem,

// div F(z,y)dzdy = // rot ®(z,y)dxdy = / O -dl
Q Q o

Moreover, if ¥ = (v1,72): [a,b] — R? is a parametrization that keeps the
domain on the left (i.e. 9 is positively oriented), we have
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Furthermore, using the formula for computing a line integral of (F,v), we
have
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/ (F,v)dl = / (Fu(v(8)), Ba(r (1)), (4a(t), 74 () dit
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— [ F6@rs0 - Baomod = [ o-d
a onN

Hence, the result follows.

2. By applying the divergence theorem to F' = V f, we have

//Q Af(x,y)drdy :/Qdiv(Vf) (z,y)dxdy = /89 (Vf.v)dl,

which is the desired result.

Exercise 2.
We switch to cylindrical coordinates: (x,y,z) = (rcos6,rsin@, z), with r > 0,
0 € [0,27], and z € R.



Our conditions become:

z2>0

Pyt = err=cr=| z

0 < z <1 remains unchanged.

and therefore a parametrization of the surface is given by o: [0,1] x [0, 27r] — R3

defined by
o(r,0) = (rcosf,rsind,r).
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Moreover, we have
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=e1(—7cosf) + ea(—rsin @) + e3(r cos® 6 4 rsin’ )

—rcosf
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and therefore,

llow A ogl| =12 cos2 0 + r2sin2 0 + r2 = /2r.



Finally,

f(o(r,0)) =r?cosfsinf + r?
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Exercise 3.

1. For a 3D representation of €2, seehttps://www.geogebra.org/calculator/
ctqgftsbl

2. The parametrization is u: [0,a] x [0, 27] x [0, 27] — R? defined by
u(r,0,¢) = ((R+rcosg)cost, (R+rcosp)sinb, rsinp).
Thus, the Jacobian matrix of ¢ is

cospcos) —(R+rcosp)singd —rsingcosd
Vu(r,0,0) = [ cospsind (R+rcosp)cosf —rsinpsind
sin 0 T COS ¢

and therefore the Jacobian determinant of u is

det Vu(r, 8, ¢) =r(R + cos @) cos? @ cos? § + r(R + r cos @) sin? ¢ sin? 4
+7(R 4 7 cos ) sin? g cos? § + r(R + r cos @) cos® psin? 0
=r(R + rcos p) (cos® p(cos® 0 + sin® 0) + sin® p(cos? O + sin® )
=r(R 4+ rcos ).
Note that since 0 < r < a < R and cos ¢ € [—1, 1], we have R+r cosp > 0,

and thus
|det Vu(r, 0, ¢)| = r(R + rcos ).


https://www.geogebra.org/calculator/ctqgfts5
https://www.geogebra.org/calculator/ctqgfts5

3. We have

27 2w
vol(©2 /// dxdydz—/ / / r(R + rcosp)df dodr

—271'/ [r(Re + rsin ga)}o —471'2R = 212 Ra’®.
0

4. The parametrization of the surface of the torus consists of fixing r = a.
Thus, o: [0,27] x [0,27] — R? is defined by

o(0,p) =u(a,0,9) = ((R+acosyp)cosl, (R + acosp)sinb, asinp),
and we have

09(0,0) =(—(R+ acosy)sinb, (R + acosp)cosb,0),
0,(0,¢) =(—asinpcos, —asin psin b, a cos p),

el €2 €3
oo No, =|—(R+acosy)sing (R + acosy)cosb 0
—asin ¢ cos b —asinpsin 6 acos g
a(R + acos p) cos p cos
= a(R + acos ) cos psin @
a(R + acos p) sin psin? § + a(R + a cos ¢) sin ¢ cos? §
cos p cos
=a(R+ acosy) [ cospsind |,
sin

which is a normal vector to the surface.

5. We have

log A oy =a(R + acos gp)\/cos2 ¢ cos? 6 + cos? psin® 0 + sin® ¢ = a(R + acos ),
27 2w
Area(0Q) // dsf/ / a(R 4+ acos ) df do
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=27 [a(Ry + asin cp)] = 4r%aR.
6. We have
a 27 2
/// z2dxdydz:/ / / r2sin? o - (R + rcos @) df dp dr
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=27 / Rr®sin? ¢ + r3 sin? o cos @ do dr.
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Using that
1
/sim2 pdyp =3 (¢ —sinpcos ),

1
/sin2 pcospdp =3 sin® ¢,



or, using Euler’s formulas:
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/sm peospdp =— sm -1 sin(3¢).

Thus, returning to our computation,
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/// 2% dx dy dz :27r/ Rr3— (p —sinpcosg) +ri-sindp| = 2772R/ r3dr =
Q 0 2 3 0 0

Exercise 4.

1. D; is the triangle with vertices (0,0), (0,1), and (1,0). We can parame-
1

1
terize it as Dy = {(z,y) € R? 1z € [0,1], y € [0,

/ vV1—z—ydedy =
D,

2. To parameterize D5, we use polar coordinates, x = rcosf and y = rsinf,
with 6 € [0,27] and r € [0,2(1 + cos 6)]. Indeed, observe that

0§x2+y2§2<x+ x2+y2)¢>0§r§2(1+c059).

b
2
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Recall that for polar coordinates, the Jacobian is 7.

2 2(1+cos0)
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// dzdy _ dady _/d9 / ?ﬁ%rd_/g\/mda
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(22 +y?)1

using the trigonometric identity 1+ cosf = 2 cos?(6/2), we find

2m ™ 2
:4/|COS(9/2)| d9:4/Cos(9/2)d9—4/cos(9/2) dé

= 85in(0/2)|5=7 — 8 sin(6/2)|5=>" = 16.
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Exercise 5.
For the two domains D; and Ds, we use cylindrical coordinates x = rcos#,
y=rsinf, and z = 2.

1. The paraboloid, obtained by rotating around the Oz axis of the curve
_ 2 . . . .
z = r°, intersects the sphere, obtained by rotating around the Oz axis of
the curve r2+2%2 = 1, when 224+ 2—1 =0 and z > 0, hence at z* = @
The domain D = P U B is therefore composed of a piece of paraboloid
and a piece of sphere

pP= {(rcos@,rsin@,z) €eR?:2¢€0,2%],0 0,2, r € [0,\/2]},
B = {(rcos@msin&z) ER?:z€[251],0€(0,2n],r € {0,\/1 —22]}.



Its volume is given by

Volume(D; ) = Volume(P) + Volume(B) = /// dzdydz + /// dzdydz
P

B
N ] 1 o 1—22
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2. For the domain Ds, the condition 22 + y? < 1 translates to 0 < r < 1.
The two conditions 2 > 0 and y > 0 translate to 0 < 6 < 7/2. The last
conditions z > 0 and z4+y+2 < V2 become 0 < z < v/2—7rcosf —rsin6.
Note, however, that for all 0 < » < 1 and 0 < 0 < 7/2, the quantity
V2 —rcosf — rsinf > 0, with equality if and only if r = 1 and 6 = /4.
Thus,

Dy = {(rcos@,rsin&,z) eR?:rc0,1],0€[0,7/2], z € [Qﬁ—rcos@—rsin@}}.

Its volume is given by

/2 2—rcosf—rsinb

1
Volume(Dy) = /// dzdydz = /rdr / dé / dz
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